MATH 142 — MIDTERM 2
April 4, 2016

NAME: Solutions

1. (5410 points) Let f(x) =4+ /3 + 2z.
(a) What is the domain of f(z)?

In order for x to be in the domain of f(z) we must have 3 + 2z > 0. In other words,
the domain consists of x > —3/2.

(b) Find f~!(z) (including its domain!)

Set y =4+ /3 + 2x. We now solve this for x:

y=4++v3+2
y—4=+v3+2
(y—4)? =342z
1
= S((y—4*-3).

We now interchange x and y and have

The domain for this function is all real numbers.

2. (10 points each) Solve the following equations for x:
(a) X2 = 4¢”
We apply the natural logarithm to both sides to obtain
In(e**72) = In(4e").
We have In(e?*~2) = 22 — 2 and In(4e*) = In(4) + In(e*) = In(4) + . Thus,

20 —2=1n(4) + =z
x=1n(4) +2.



(b) In(z) +In(z —1) =1

We have In(z) + In(z — 1) = In(x(x — 1)) = In(z? — x). Thus, we want to solve the
equation In(z2 — ) = 1. We exponentiate each side to obtain en@® =) — ol Thus,

22—z = e. This is a quadratic equation 22—z —e = 0, so we use the quadratic formula

to obtain
1+v1+4e
r=———
2
Note that 1=vl+ie VQIHG < 0 and since In(z) has domain x > 0, this cannot be a solution.
14+T1de
5

Thus, the only solution is z =

3. (b points each) Evaluate the following integrals:

(a) / ze” dx

We set u = 2 so du = 2zdx. This gives

1
/erQdm = 2/e“du

lu
= — C
26 +

1 22
= - C.
¢

(b) / e lnix) dz

We set u = In(z) so du = Zdz. The limits change to start at In(e) = 1 to In(e?) = 2.

This gives
2
e’ 2
/ Md:lc = / udu
e z 1



2 330
d
(c) / e

We set u = 3% + 2 so du = 3% In(3)dz. The limits change to being from 3' +2 =5 to

32 +2 = 11. This gives
2 11
37 1 1
dx = ~d
/1 3o 27" 1n(3)/5 u™
1

~ o Il B
In(11) — In(5)
In(3)

In(11/5)

In(3)

(d) / (2° + 22)da

We have

(e) If f(0) =3, f(7/2) =4, and f(1) = 10, evaluate /OTF/2 f'(cos(z)) sin(x)dx.

Let u = cos(z) so du = —sin(x) and the limits change from 0 to 7/2 to being from
cos(0) =1 to cos(m/2) = 0. Thus, we have

/2 0
/0 f'(cos(z)) sin(z)dx = —/1 f(u)du
=f(1) = f(

0)
=10-3
=T.

Note we used the fundamental theorem of calculus above.



4. (5 points each) Differentiate the following functions:

(a) f(x) = zIn(z) — cos(z?)
We use the product rule on xIn(x) and the chain rule on cos(z?):

f(z) =1In(z) + % + Sin(x2)2x

= 1+ In(z) + 2z sin(z?).

(b) f(t)=5""

Set y = f(t) = 5V, Taking the natural logarithm of each side gives In(y) = ln(5\/z) =
VtIn(5). Tt is important to note that In(5) is a constant! Using implicit differentiation

1 1
to differentiate both sides we obtain Ldy = In(5) —=. Thus,
ydr 2/t
dy  In(5) 5\/gln(5)
dr v 2/t N 2/t

(c) f(2) = (sinz)")

Set y = (sinz)™*). We take natural logarithms of each side to obtain In(y) =
In((sin z)ln(zg)) = In(2?) In(sin(z)) = 21In(z) In(sin(z)). We now differentiate each side

to obtain L4 ) (
y . cos(z

——=-1 21
yiz 2 n(sin(z)) + 21n(z) Sn(2)

~—

Thus, we have

% _y (i In(sin(z)) + QIH(Z)Z?;((;)>
— (sin 2)¢%) 2 n(sin(z mz e
( ) (zl( ())+21()Sin(2)>‘

22

(d) g(z) = /3 R

One can do this two ways: one can evaluate the integral and then take the derivative
or one can use the fundamental theorem of calculus. Using the fundamental theorem
of calculus and the chain rule we obtain

g (x) = cos(e:"’2 )er 2x.



(e) h(v) = tan(4"")

This requires chain rule:
2 2
R (v) = sec?(4Y) In(4)4" 2v.

5. (748 points) Under certain circumstances a rumor spreads according to the equation

=175
P = pe et
where a, b, and k are positive constants.
Find li t).
(a) Find lim p(t)
Since k is a positive constant, we know that lim e = oo. Thus, lim be ¥t =
b —00 t—o00
lim — = 0. Thus,
t—o00 ekt
lim p(t) = a.

t—o00

(b) Find the rate of spread of the rumor.

The rate is given by p/(t). We have p(t) = a(1 + be™*) so

p'(t) =a(-1)(1+ befkt)fzbefkt(—k:)

B abke™kt
14 be Kt
abk

ekt +p



