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Chapter 1

Introduction

These notes are the product of teaching Math 8530 several times at Clemson
University. This course serves as the first year breadth course for the Algebra
and Discrete Mathematics subfaculty and is the only algebra course many of
our graduate students will see. As such, this course was designed to be a serious
introduction to linear algebra at the graduate level giving students a flavor of
what modern abstract algebra consists of. While undergraduate abstract algebra
is not a formal prerequisite, it certainly helps. To aid with this an appendix
reviewing essential undergraduate concepts is included.

It is assumed students have had an undergraduate course in basic linear al-
gebra and are comfortable with concepts such as multiplying matrices, Gaussian
elimination, finding the null and column space of matrices, etc. In this course
we work with abstract vector spaces over an arbitrary field and linear transfor-
mations. We do not limit ourselves to R™ and matrices, but do rephrase the
more general results in terms of matrices for the convenience of the reader. Once
a student has completed and mastered the material in these notes s/he should
have no trouble translating these results into the results typically presented in a
first or second semester undergraduate linear algebra or matrix analysis course.

While it certainly would be helpful to use modules at several places in these
notes, the main content of these notes is presented without modules. There are
some sections dealing with modules (and more forthcoming), but these sections
are for the interested reader and are not presented in the actual course.

Please report any errors you find in these notes to me so that they may be
corrected.

The motivation for typing these notes was provided by Kara Stasikelis. She
provided her typed class notes from this course Summer 2013. These were
greatly appreciated and gave me the starting point from which I typed this
vastly expanded version.



Chapter 2

Vector spaces

In this chapter we give the basic definitions and facts having to do with vector
spaces that will be used throughout the rest of the course. Many of the results
in this chapter are covered in an undergraduate linear algebra class in terms of
matrices. We often convert the language back to that of matrices, but the focus
is on abstract vector spaces and linear transformations.

Throughout this chapter F' is a field.

2.1 Getting started

We begin with the definition of a vector space.

Definition 2.1.1. Let V be a non-empty set with an operation

VxV >V
(v,w) = v+ w

referred to as addition and an operation

FxV =V
(c,v) = cv

referred to as scalar multiplication so that V satisfies the following properties:
1. (V,4) is an abelian group;
2. clvtw)=cv+cwforal ce F,v,weV;
3. (c+dv=cv+dvforalle,de F,veV;
4. (ed)v = ¢(dv) for all ¢,d € F, v e V;

5. 1p-v=vforallveV.
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We say V is a vector space (or an F-vector space). If we need to emphasize the
addition and scalar multiplication we write (V,+,-) instead of just V. We call
elements of V' vectors and elements of F' scalars.

We now recall some familiar examples from undergraduate linear algebra.
The verification that these are actually vector spaces is left as an exercise.

a
a2
Example 2.1.2. Set F"" = . | ra; € F ). Then F™ is a vector space with
Qn
addition given by
a by a; + by
a9 b2 as + b2
+ = .
an by, an + by,

al Ca

an Cao
C = .

Qp CQp,

Example 2.1.3. Let F and K be fields and suppose F' C K. Then K is an
F-vector space. The typical example of this one sees in undergraduate linear
algebra is C as an R-vector space.

Example 2.1.4. Let m,n € Zs¢. Set Mat,, ,(F) to be the m by n matrices
with entries in F'. This forms an F-vector space with addition being matrix
addition and scalar multiplication given by multiplying each entry of the matrix
by the scalar. In the case m = n we write Mat,, (F') for Mat,, ,(F).

Example 2.1.5. Let n € Z>(. Define
Po(F) = {f € Flz]|deg(f) < n}.

This is an F-vector space. We also have that

Fla = |J Pu(F)

n>0
is an F-vector space.

Example 2.1.6. Let U and V be subsets of R. Define C°(U,V) to be the
set of continuous functions from U to V. This forms an R-vector space. Let
f,9 € C°(U,V) and ¢ € R. Addition is defined point-wise, namely, (f +g)(z) =
f(z) + g(x) for all x € U. Scalar multiplication is given point-wise as well:
(cf)(x)=cf(x) forall z € U.
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More generally, for k € Zso we let C¥(U, V) be the functions from U to V/
so that fU) is continuous for all 0 < j < k where f() denotes the jth derivative
of f. This is an R-vector space. If U = V we write C*(U) for C*(U,U).

We set C°(U, V) to be the set of smooth functions, i.e., f € C(U,V) if
f € CFU,V) for all k > 0. This is an R-vector space. If U = V we write
C>(U) for C>=(U,U).

Example 2.1.7. Set

a
F>® = @21 :q; € F,a; =0 for all but finitely many 4

is an F-vector space.
Set

N={[%2]:aqerF

This is an F-vector space.
Example 2.1.8. Consider the sphere
St = {(x1,29,...,Tp) ER" : 2+ 23 + -+ 22 =1}

Let p = (a1,...,a,) be a point on the sphere. We can realize the sphere as the
w = 1 level surface of the function w = f(x1,...,2,) = 2 +---+ 22. The
gradient of f is Vf = 2z1e1 + 2x9es - -+ + 2z,€, where e; = (1,0,...,0),e0 =
(0,1,0,...,0),...,e, = (0,---,0,1). This gives that the tangent plane at the
point p is given by

2&1(1‘1 — a1) + 2&2(3?2 — Cl2) + -+ 2an(xn - an) =0.

This is pictured in the n = 2 case here:

\i
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Note the tangent plane is not a vector space because it does not contain a zero
vector, but if we shift it to the origin we have a vector space called the tangent
space of S”~1 at p:

T,(S" Y = {(z1,...,2,) €ER™ : 2a121 + -+ + 2a,7, = 0}.

The shifted tangent space from the graph pictured above is given here:

T(S")

05

Lemma 2.1.9. Let V' be an F-vector space.
1. The zero element Oy € V is unique.
2. We have O -v =0y for allveV.
3. We have (=1p)-v=—v for allv e V.

Proof. Suppose that 0,0” both satisfy the conditions necessary to be Oy, i.e.,

O+v=v=v+0forallveV
0 +v=v=v+0 forallveV.

We apply this with v = 0 to obtain 0 = 0 + 0’, and now use v = 0’ to obtain
0+ 0" = 0. Thus, we have that 0 = 0.

Observe that 0y -v = (0p +0p) -v = 0p - v+ 0 - v. So if we subtract O - v
from both sides we get that Oy = 0p - v.

Finally, we have (—1p)-v4+v = (=1p) v+ (1) - v = (-lp+1p) v =
Op-v=0y,ie., (—1p)-v+v=0y. So (—1p)-v is the unique additive identity
of v, ie., (=1p)-v=—uv. O

Note we will often drop the subscripts on 0 and 1 when they are clear from
context.

Definition 2.1.10. Let V be an F-vector space and let W be a nonempty
subset of V. If W is an F-vector space with the same operations as V' we call
W a subspace (or an F-subspace) of V.
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Example 2.1.11. We saw above that V = C is an R-vector space. Set W =
{r+0-i:2 € R} Then W is an R-subspace of V. We have that V is also a
C-vector space. However, W is not a C-subspace of V as it is not closed under
scalar multiplication by 1.

Example 2.1.12. Let V = R2. In the graph below W is a subspace but W5 is
not. It is easy to check that any line passing through the origin is a subspace,
but a line not passing through the origin cannot be a subspace because it does
not contain the zero element.

Wy

Example 2.1.13. Let n € Z>(. We have P;(F) is a subspace of P, (F) for all
0<j<n.

Example 2.1.14. The F-vector space F'> is a subspace of FV.

Example 2.1.15. Let V = Mat,, (F). The set of diagonal matrices is a subspace
of V.

The following lemma gives easy to check criterion for when one has a sub-
space. The proof is left as an exercise.

Lemma 2.1.16. Let V an F-vector space and W C V. Then W 1is a subspace
of V if

1. W is nonempty;

2. W is closed under addition;

3. W is closed under scalar multiplication.

As is customary in algebra, in order to study objects we first introduce the
subobjects (subspaces in our case) and then the appropriate maps between the
objects of interest. In our case these are linear transformations.
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Definition 2.1.17. Let V and W be F-vector spaces and let T: V — W be a
map. We say T is a linear transformation (or F-linear) if

1. T(vy +v2) =T(v1) + T(ve) for all vy,v9 € V;
2. T(cv) =cT'(v) forallce F,ve V.
The collection of all F-linear maps from V' to W is denoted Homp(V, W).

Example 2.1.18. Define idy : V — V by idy(v) = v for all v € V. Then
idy € Homp(V, V). We refer to this as the identity transformation.

Example 2.1.19. Let T : C — C be defined by T'(z) = z. Since C is a C and
an R-vector space, it is natural to ask if 7' is C-linear or R-linear. Observe we
have

for all z,w € C. However, if we let ¢ € C we have

T(cv) =cv
=7¢T'(v).

Note that if T'(v) # 0, then T'(cv) = ¢T'(v) if and only if ¢ = €. Thus, T is not
C-linear but is R-linear.

Example 2.1.20. Let m,n € Z>1. Let A € Mat,,, ,(F). Define Ty : F™* — F™
by Ta(z) = Az. This is an F-linear map.

Example 2.1.21. Set V = C*°(R). In this example we give several linear maps
that arise in calculus.
Given any a € R, define

E,: V>R
[ fla).

We have E, € Homg (V,R) for every a € R.
Define

D:V =V
f=f
We have D € Homg(V, V).
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Let a € R. Define

We have I, € Homg(V, V) for every a € R.
Let a € R. Define

E,: V>V
= f(a)

where here we view f(a) as the constant function. We have E, € Homg(V, V).
We can use these linear maps to rephrase the fundamental theorems of cal-
culus as follows:

1. Do Ia = idv;
2. I,0D =idy —F,.

Exercise 2.1.22. Let V and W be F-vector spaces. Show that Hompg(V, W)
is an F-vector space.

Lemma 2.1.23. Let T € Homp(V,W). Then T(0y) = Ow .
Proof. This is proved using the properties of the additive identity element:
T(0v) =T(0v + Ov)
= T(OV) + T(OV)>

ie, T(Oy) = T(0y) + T(0v). Now, subtract T'(0y) from both sides to obtain
Ow = T(0y) as desired. O

Exercise 2.1.24. Let U, V,W be F-vector spaces. Let S € Homg(U,V) and
T € Homp(V,W). Then T o S € Hompg(U, W).

In the next chapter we will focus on matrices and their relation with linear
maps much more closely, but we have the following elementary result that we
can prove immediately.

Lemma 2.1.25. Let m,n € Z>.
1. Let A, B € Mat, n(F). Then A= B if and only if Ta = Tp.
2. Every T € Homp(F™, F™) is given by T4 for some A € Mat, »(F).

Proof. If A = B then clearly we must have Ty = T from the definition. Con-
versely, suppose T4 = Tp. Consider the standard vectors e; = {1,0,...,0),es =
10,1,0,...,0),...,e, = %0,...,0,1). Wehave Ta(e;) = Tr(e;) forj =1,...,n.
However, it is easy to see that T'4(e;) is the jth column of A. Thus, A = B.

10
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Let T € Homp (F™, F™). Set

A= (T(el) T(en)) .
It is now easy to check that T'=Tl4. O

In general, we do not multiply vectors. However, if V = Mat,, (F), we can
multiply vectors in here! So V' is a vector space, but also a ring. In this case, V
is an example of an F-algebra. Though we will not be concerned with algebras
in these notes, we give the definition here for the sake of completeness.

Definition 2.1.26. An F'-algebra is a ring A with a multiplicative identity
together with a ring homomorphism f : F' — A mapping 1p to 14 so that
f(F) is contained in the center of A, ie., if a € A and f(¢) € f(F'), then

af(c) = f(c)a.
Exercise 2.1.27. Show that F[z] is an F-algebra.

The fact that we can multiply in Mat, (F) is due to the fact that we can
compose linear maps. In fact, it is natural to define matrix multiplication to be

the matrix associated to the composition of the associated linear maps. This
definition explains the “bizarre” multiplication rule defined on matrices.

Definition 2.1.28. Let m,n and p be positive integers. Let A € Mat,, ,,(F),
B € Mat,, ,(F'). Then AB € Mat,, ,(F’) is the matrix corresponding to T4 o T's.

Exercise 2.1.29. Show this definition of matrix multiplication agrees with that
given in undergraduate linear algebra class.

Definition 2.1.30. Let T € Hompg(V, W) be invertible, i.e., there exists T—1 €
Homp(W,V) so that T o T7! = idy and T-! o T = idy. We say T is an
isomorphism and we say V and W are isomorphic and right V= W.

Exercise 2.1.31. Let T' € Homp(V, W). Show that T is an isomorphism if and
only if T is bijective.

Example 2.1.32. Let V = R2, W = C. These are both R-vector spaces. Define
T:R?=C
(z,y) — x +iy.
We have T' € Homg (V, W). It is easy to see this is an isomorphism with inverse
given by T—(x + iy) = (x,y). Thus, C = R? as R-vector spaces.

Example 2.1.33. Let V = P,(F) and W = F""L. Defineamap T:V — W
by sending ag + a1z + - - - + anz™ to Yag,...,a,). It is elementary to check this
is an isomorphism.

Example 2.1.34. Let V = Mat,(F) and W = F". Define T : V — W by
sending A = (a; ;) to (a1 1,a1,2,...,an,n). This gives an isomorphism between
V and W.

11
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Definition 2.1.35. Let T € Homp(V,W). The kernel of T is given by
kerT={veV:T(v)=0w}
The image of T' is given by
ImT = {w € W : there exists v € V with T'(v) = w} = T(V).

One should note that in undergraduate linear algebra one often refers to
ker T as the null space and ImT the column space when T = T4 for some
A € Maty, o (F).

Lemma 2.1.36. Let T € Homp(V,W). Then kerT is a subspace of V and
ImT is a subspace of W.

Proof. First, observe that Oy € kerT so kerT is nonempty. Now let vy,v5 €
kerT and c € F. Then we have
T(’Ul + 1}2) = T(Ul) + T(UQ)
= 0w + Ow
and
T(cvy) = cT'(v1)
=c-Ow
= Ow.
Thus, ker T is a subspace of V.
Next we show that Im 7T is a subspace. We have ImT' is nonempty because

T(0y) = O € ImT. Let wy,wy € ImT and ¢ € F. There exists v1,v3 € V
such that T'(v1) = wy and T'(v2) = we. Thus,

w1 + we = T(’Ul) + T(’UQ)

= T(v1 + v9).
and
cwy = ¢T'(v1)
= T(cvy).
Thus, w; + ws and cw; are both in Im 7T, i.e., ImT is a subspace of W. O

Example 2.1.37. Let m,n € Z~ with m > n. Define T : F"™ — F" by

ai a1

az a2
T . =

a7n an

12
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The image of this map is '™ and the kernel is given by

0
kerT = 0 ca; € F
Ap41
am
It is easy to see that ker T = F™ ™",
Define S : F™™ — F™ by
a
a2
a1
a2
S . = | an
: 0
a"fL
0

where there are m — n zeroes. The image of this map is isomorphic to F™~"
and the kernel is trivial.

Example 2.1.38. Define T : Q[z] — R by T(f(z)) = f(v/3). This is a Q-
linear map. The kernel of this map consists of those polynomials f € Qlx]
satisfying f(v/3) = 0, i.e., those polynomials f for which (z? —3) | f. Thus,
ker T’ = (22—3)Q[z]. The image of this map clearly contains Q(v/3) = {a+bV/3 :
a,b € Q}. Let a € Im(T). Then there exists f € Q[z] so that f(v/3) = a. Write
f = q(x® — 3) + r with degr < 2. Then

f(V3)
(V3)((V3)* = 3) +7(V3)
(V3).

Since degr < 2, we have a = r(v/3) = a + bV/3 for some a,b € Q. Thus,
Im(T) = Q(V3).

&

(07

I
S

2@

2.2 Bases and dimension

One of the most important features of vector spaces is the fact that they have
bases. This essentially means that one can always find a nice subset (in many
interesting cases a finite set) that will completely describe the space. Many of
the concepts of this section are likely familiar from undergraduate linear algebra.

Throughout this section V' denotes an F-vector space unless indicated oth-
erwise.

13
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Definition 2.2.1. Let B = {v;};c; be a subset of V. We say v € V is an F'-
linear combination of B and write v € spany B if there exists a finite collection

{c1,...,¢n} C F such that
n
v = Zcivi.
i=1

Definition 2.2.2. Let B = {v;}ier be a subset of V. We say B is F-linearly
independent if whenever we have a finite linear combination > ¢;v; = 0 for some
¢; € F we must have ¢; = 0 for all i.

Definition 2.2.3. Let B = {v;} be a subset of V. We say B is an F-basis of V'
if

1. spanp B=V;
2. B is linearly independent.

As is usual, if F' is clear from context we drop it from the notation and
simply say “linear combination”, “linearly independent”, and “basis”.

The first goal of this section is to show every vector space has a basis. We will
need Zorn’s lemma to prove this. We recall Zorn’s lemma for the convenience
of the reader.

Theorem 2.2.4 (Zorn’s Lemma). Let X be any partially ordered set with the
property that every chain in X has an upper bound. Then X contains at least
one mazimal element.

Theorem 2.2.5. Let V be a vector space. Let A C C be subsets of V. Further-
more, assume A linearly independent and C spans V. Then there exists a basis
B of V satisfying A C B C C. In particular, if we set A =0, C =V, then this
says that V' has a basis.

Proof. Let
X ={B' CV:ACB CC,B is linearly independent}.

We have X is a partially ordered set under inclusion and is nonempty because
A € X. We also have that C provides an upper bound on X. This allows us
to apply Zorn’s Lemma to the chain X to conclude it has a maximal element,
say B. If spanp B =V, we are done. Suppose spany 3 # V. Then there exists
v € C such that v € spany B. However, this gives B’ = BU {v} is an element of
X that properly contains B, a contradiction. Thus, B is the desired basis. [

One should note that the above proof gives that every vector space has a
basis, but it does not provide an algorithm for constructing a basis. We will
come back to this issue momentarily. We first deal with the easier case that
there is a finite collection of vectors B so that spany B = V. In this case we say
V' is a finite dimensional F-vector space. We will make use of the following fact
from undergraduate linear algebra.

14
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Lemma 2.2.6. (/3, Theorem 1.1]) A homogeneous system of m linear equations
in n unknowns with m < n always has nontrivial solutions.

Corollary 2.2.7. Let B C V be such that spanp B =V and #B = m. Then
any set with more than m elements cannot be linearly independent.

Proof. Let C = {w1,...,w,} with n > m. Let B = {v1,...,v,,} be a spanning
set for V. For each ¢ write .
w; = Z ajiVyj.
j=1

Consider the equation
n
Z AjiTq = 0.
i=1

The previous lemma gives a solution (¢y, . .., ¢, ) to this equation with (cq, ..., ¢,) #
(0,...,0). We have

j=1 \i=1

n m
= Z C; Z A3V
i=1 Jj=1
n
= Z C;W;.
i=1

This shows C is not linearly independent. O

Theorem 2.2.8. Let V be a finite dimensional F-vector space. Any two bases
of V' have the same number of elements.

Proof. Let B and C be bases of V. Suppose that #B = m and #C = n. Since
B is a basis, it is a spanning set and since C is a basis it is linearly independent.
The previous result now gives so n < m. We now reverse the roles of B and C
to get the other direction. O

Now that we have shown any two bases of a finite dimensional vector space
have the same number of elements we can make the following definition.

Definition 2.2.9. Let V be a finite dimensional vector space. The number of
elements in a F-basis of V is called the F'-dimension of V and written dimg V.

Note that if V' is not finite dimensional we will write dimp V' = oco. The
notion of basis is not very useful in this context, as we will see below, so we do
not spend much time on it here.

The following theorem does not contain anything new, but it is useful to
summarize some of the important facts to this point.

15
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Theorem 2.2.10. Let V be a finite dimensional F'-vector space with dimp V =
n. Let C CV with #C = m.

1. If m > n, then C is not linearly independent.
2. If m <n, then spanp C # V.
3. If m = n, then the following are equivalent:

e C is a basis;
e C is linearly independent;

o C spans V.
This theorem immediately gives the following corollary.

Corollary 2.2.11. Let W C V be a subspace. Then dimp W < dimp V. If
dimpV < o0, then V =W if and only if dimp V = dimp W.

We now give several examples of bases of some familiar vector spaces. It is
left as an exercise to check these are actually bases.

Example 2.2.12. Let V = F". Set e; = {1,0,...,0),e2 = 10,1,0,...,0),...,e, =
40,...,0,1). Then £ = {ey1,...,e,} is a basis for V and is often referred to as
the standard basis. We have dimp F™ = n.

Example 2.2.13. Let V = C. From the previous example we have B = {1} is
a basis of V' as a C-vector space and dimc C = 1. We saw before that C is also
a R-vector space. In this case a basis is given by C = {1,i} and dimg C = 2.

Example 2.2.14. Let V = Mat,, ,(F). Let e; ; to be the matrix with 1 in
(4, j)th position and zeros elsewhere. Then B = {e; ;} is a basis for V over F'
and dimp Mat,, ,(F) = mn.

Example 2.2.15. Set V = sl3(C) where

sly(C) = {(‘é Z) € Mata(C) : a +d = o}.

One can check this is a C-vector space. Moreover, it is a proper subspace because
1 . .
(O (1)) is not in slx(C). Set

s={( 5 06 )

It is easy to see that B is linearly independent. We know that dimc sl2(C) < 4
because it is a proper subspace of Maty(C). This gives dimc sl3(C) = 3 and B
is a basis. The vector space sl2(C) is actually the Lie algebra associated to the
Lie group SLo(C). There is a very rich theory of Lie algebras and Lie groups,
but this is too far afield to delve into here. (Note the algebra multiplication on
5[5 (C) is not matrix multiplication, it is given by X - Y = [X,Y] = XY - Y X.)

16
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Example 2.2.16. Let f(z) € F[z] be an polynomial of degree n. We can
use this polynomial to split F[x] into equivalence classes analogously to how
one creates the field F,,. For details of this construction, please see Example
A.0.25 found in Appendix A. This is an F-vector space under addition given
by [g(z)] + [h(z)] := [g(x) + h(z)] and scalar multiplication given by c[g(x)] :=
[cg(@)].

Note that given any g(x) € F[z] we can use the Euclidean algorithm on F[x]
(polynomial long division) to find unique polynomials ¢(z) and r(x) satisfying
g(x) = f(x)q(x) + r(x) where r(z) = 0 or degr < deg f. This shows that each
nonzero equivalence class has a representative r(z) with degr < deg f. Thus,
we can write

Flz)/(f(z)) ={[r(z)] : r(z) € F[z] with r =0 or degr < deg f}.

From this one can see that a spanning set for F[x]/(f(x)) is given by {[1], [z], ..., [z""1]}.
This is also seen to be linearly independent by observing if there exists ag, . ..,a,_1 €

F so that [ag + a1 + -+ a,_12" 1] = [0], this means f(x) divides ag + a1z +

- 4 an_12" 1. However, this is impossible unless ag+ a1z +- -+ an_12" 1 =0
because deg f = n. Thus ap = a; = - -+ = an—1 = 0. This gives that Flx]/(f(z))

is an F-vector space of degree n.

Exercise 2.2.17. Show that R[z]/(2? 4+ 1) = C as R-vector spaces.
The following lemma gives an alternate way to check if a set is a basis.

Lemma 2.2.18. Let V be an F-vector space and let C = {v;} be a subset of
V. We have C is a basis of V if and only if every vector in V can be written
uniquely as a linear combination of elements in C.

Proof. First suppose C is a basis. Let v € V. Since spanpC = V, we can
write any vector as a linear combination of elements in C. Suppose we can write
v =Y a;v; = Y. bv; for some a;,b; € F. Subtracting these equations gives
0 => (a; — b;)v;. We now use that the v; are linearly independent to conclude
a; —b; =0, i.e., a; = b; for every i.

Now suppose every v € V can be written uniquely as a linear combination
of the elements in C. This immediately gives spany C = V. It remains to show
C is linearly independent. Suppose there exists a; € F with Y a,u; = 0. We
also have > 0v; = 0, so the uniqueness gives a; = 0 for every i, i.e., C is linearly
independent. O

Before we go further, we briefly delve into these concepts for infinite dimen-
sional spaces. We begin with two familiar examples. The first works out exactly
as one would hope; the second shows things are not as nice in general.

Example 2.2.19. Consider the vector space F[z]. This cannot be a finite
dimensional vector space. For instance, if {f1,..., f,} were a basis, the element
M+ for M = maxi <<, deg f; would not be in the span of these vectors. We
can find a basis for this space though. Consider the collection B = {1, x,2%,...}.
It is clear this set is linearly independent and spans F[x], thus it forms a basis.

17
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Example 2.2.20. Recall the vector space V = RV defined earlier. This can
be identified with sequences {a,} of real numbers. One might be interested in
a basis for this vector space. At first glance the most obvious choice would be
E = {e1,eq,...,}. However, it is immediate that this set does not span V as
v = (1,1,...) can not be represented as a finite linear combination of these
elements. Now we know since v is not in spang &, that £ U {v} is a linearly
independent set. However, it is clear this does not span either as (1,2,3,4,...)
is not in the span of this set. We know that V' has a basis, but it can be shown
that no countable collection of vectors forms a basis for this space. Thus, one
cannot construct a basis of this space by adding one vector at a time. The next
thing one might try to do is to allow oneself to add infinitely many vectors.
However, without some notion of convergence this does not make sense. For
instance, how would one define (1,1,...)+(2,2,...)+(3,3,...)+---?

The previous example shows that while we know every vector space has a
basis, it may not be practical to construct such a basis. In fact, this definition
of basis is not very useful for infinite dimensional spaces and is given the name
Hamel basis since other more useful concepts are often referred to as bases in
this setting. We will not say more about other notions here as these are more
appropriate for a functional analysis course. We will deal mostly with finite
dimensional vector spaces in this course.

The following proposition will be used repeatedly throughout the course. It
says that a linear transformation between vector spaces is completely determined
by what it does to a basis. One way we will often use this is to define a linear
transformation by only specifying what it does to a basis. This provides another
important application of the fact that vector spaces are completely determined
by their bases.

Proposition 2.2.21. Let V,W be vector spaces.

1. Let T € Homp(V,W). Then T is determined by its values on a basis of
V.

2. Let B = {v;} be a basis of V and C = {w;} be any collection of vectors
in W so that #B = #C. There is a unique linear transformation T €
Homp(V, W) satisfying T (v;) = w;.

Proof. Let B = {v;} be a basis of V. Given any v € V there are elements a; € F'
so that v =Y a;v;. We have

Tw)=T (Z aivi)
= ZT(aivi)
= Z a; T (v;).

Thus, if one knows the elements T'(v;), one knows T'(v) for any v € V. This
gives the first claim.

18
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The second part follows immediately from the first. Set T'(v;) = w; for each
i. For v=> a;v; € V, define T'(v) by

T(v) = Z a;w;.

It is now easy to check this is a linear map from V to W and is unique. O

Example 2.2.22. Let V = W = R2. It is easy to check that B = {m = (1> , Uy = (

is a basis of V. The previous results says to define a map from V to W it is

enough to say where to send v, and v,. For instance, let {(g) J (_51())} be

a subset of W. Then we have a unique linear map T : R? — R? given by
T(v1) = wy, T(va) = wy. Note it is exactly this property that allows us to
represent a linear map T : F™ — F™ as a matrix.

Corollary 2.2.23. Let T € Homp(V,W), B = {v;} be a basis of V, and
C ={w; = T()} C W. Then C is a basis for W if and only if T is an

isomorphism.

Proof. Suppose C is a basis for W. The previous result allows us to define S :
W — V such that S(w;) = v;. This is an inverse for T, so T is an isomorphism.

Now suppose T is an isomorphism. We need to show that C spans W and it
is linearly independent. Let w € W. Since T is an isomorphism there exists a
v € V with T'(v) = w. Using that B is a basis of V' we can write v = > a;v; for
some a; € F. Applying T to v we have

w = T(v)
=7 (Y aw)
=> a;T(v;)
=S a

Thus, w € spany C and since w was arbitrary we have span, C = W. Suppose
there exists a; € F with > a;w; = 0. We have

T(0)=0
=3 e
= a,T(v;)
= T(awv;)
_T (Z aivi> .

Applying that T is injective we have 0 = Y a;v;. However, B is a basis so it
must be the case that a; = 0 for all ¢. This gives C is linearly independent and
so a basis. O
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The following result ties the dimension of the kernel of a linear transfor-
mation, the dimensions of the image, and the dimension of the domain vector
space. This is extremely useful as one often knows (or can bound) two of the
three.

Theorem 2.2.24. Let V be a finite dimensional vector space and let T €
Homp(V,W). Then

dimpkerT +dimpImT = dimp V.

Proof. Let dimpkerT = k and dimpV = n. Let A = {v1,...,v;} be a basis
of ker T' and extend this to a basis B = {v1,...,v,} of V. It is enough to show
that C = {T(vgt1),...,T(vy)} is a basis for ImT'.

Let w € ImT. There exists v € V so that T'(v) = w. Since B is a basis for

V there exists a; such that v = Z a;v;. This gives
i=1

w=T(v)

=T <i aﬂ%)
= Z a;T(v;)

n

= Z aiT(’Ui)

i=k+1

where we have used T'(v;) = 0 for ¢ = 1,...,k because A is a basis for ker T
Thus, spany C = Im7T. It remains to show C is linearly independent. Suppose

n
there exists a; € F' such that Z a;T(v;) = 0. Note
i=k+1

n
0= Z T(aivi)
i=k+1

=T < i aﬂ)i> .
i=k+1

n
Thus, Z a;v; € kerT. However, A spans ker T so there exists aq,...,ax in

i=k+1
F such that

n k
g a;V; = E a;V;,
i=1

i=k+1
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ie.,
n k
E a;v; + E (70,1')’01' =0.
i=k+1 i=1

Since B = {v1,...,v,} is a basis of V' we must have a; = -+ = a = —ag41 =
-+ = —a, = 0. In particular, a1 = --- = a, = 0 as desired. O

This theorem allows to prove the following important results.

Corollary 2.2.25. Let V,W be F-vector spaces with dimpV =n. Let Vi CV
be a subspace of dimension k and W1 C W be a subspace of dimension n — k.
Then there exists T € Homp(V, W) such that Vi =kerT and Wy =ImT.

Proof. Let B = {v1,...,vx} be abasis of V4. Extend this to a basis {vy,..., vk, ...

of V. Let C = {wky1,...,wy} be a basis of Wi. Define T by T(vy) = -+ =
T(vi) = 0 and T(vg+1) = Wkt1, .-, (vn) = wy,. This is the required linear
map. O

The previous corollary says the only limitation on a subspace being the kernel
or image of a linear transformation is that the dimensions add up properly. One
should contrast this to the case of homomorphisms in group theory for example.
There in order to be a kernel one requires the subgroup to satisfy the further
property of being a normal subgroup. This is another way in which vector spaces
are very nice to work with.

The following corollary follows immediately from Theorem 2.2.24. This
corollary makes checking a map between two vector spaces of the same di-
mension is an isomorphism much easier as one only needs to check the map is
injective or surjective, not both.

Corollary 2.2.26. Let T € Homp(V,W) and dimp V = dimp W. Then the
following are equivalent:

1. T is an isomorphism;
2. T 1is surjective;
3. T 1is injective.
We can also rephrase this result in terms of matrices.
Corollary 2.2.27. Let A € Mat,,(F). Then the following are equivalent:
1. A is invertible;
2. There exists B € Mat,,(F) with BA = 1,;
3. There exists B € Mat,,(F) with AB = 1,,.

One should prove the previous two corollaries as well as the following corol-
lary as exercises.
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Corollary 2.2.28. Let V,W be F-vector spaces and let dimp V = m, dimp W =
n.

1. If m<n and T € Homp(V,W), then T is not surjective.
2. If m>n and T € Homp(V, W), then T is not injective.
3. We have m = n if and only if V= W. In particular, V = F™.

Note that while it is true that if dimp V =dimp W =n < oo then V= W,
it is not the case that every linear map from V to W is an isomorphism. This
result is only saying there is a map T : V' — W that is an isomorphism. Clearly
we can define a linear map T : V — W by T'(v) = Oy for all v € V and this is
not an isomorphism.

The previous corollary gives a very important fact: if V' is an n-dimensional
F-vector space, then V' 2 F™. This result gives that for any positive integer n,
all F-vector spaces of dimension n are isomorphic. One obtain this isomorphism
by choosing a basis. This is why in undergraduate linear algebra one often
focuses almost exclusively on the vector spaces F™ and matrices as the linear
transformations.

The following example gives a nice application of what we have studied thus
far.

Example 2.2.29. Recall P,(R) is the vector space of polynomials of degree
less than or equal to n and dimg P,(R) = n+ 1. Set V = P,_1(R). Let
k

ai,...,a, € Rbedistinct and pick my, ..., my € Z>¢ such that Z(mj—I—l) =n.

j=1
Our goal is to show given any real numbers by g,...,b1,m,,--.,bkm, thereis a
unique polynomial f € P,_;(R) satisfying f)(a;) = bi ;.

Define

T :P,_1(R) - R"
f(a1)

f(ml')(al)

f(Cllk)

f(mk.)(ak)

If f € ker T, then for each i = 1,...,k we have f0)(a;) =0 for j =1,...,m,.
Thus, for each i we have (z — a;)™ ! | f(x). Since these polynomials are
relatively prime, this gives their product divides f and thus f is divisible by a
polynomial of degree n. Since f € P,,_1(F) this implies f = 0. Hence ker T = 0.
Applying Theorem 2.2.24 we have Im T must have dimension n, i.e., ImT = R".
This gives the result.
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2.3 Direct sums and quotient spaces

In this section we cover two of the basic constructions in vector space theory,
namely the direct sum and the quotient space. The direct sum is a way to
split a vector space into subspaces that are “independent.” The quotient space
construction is a way to identify some vectors to be 0. We begin with the direct
sum.

Definition 2.3.1. Let V' be an F-vector space and Vi, ..., Vi be subspaces of
V. The sum of V...,V is defined by

‘/1+...+Vk:{1;1+.~+vk:vievi}.

Definition 2.3.2. Let Vi,..., Vi be subspaces of V. We say Vi,...,V} are
independent if whenever v + - -+ + v = 0 with v; € V;, then v; = 0 for all 4.

Definition 2.3.3. Let Vi,..., Vi be subspaces of V. We say V is the direct
sum of Vq,..., Vi and write

V=Vvie oV
if the following two conditions are satisfied
LV=Vi+- 4V
2. Vi,...,Vy are independent.

Example 2.3.4. Set V = F? V; = {(2,0) : z € F}, Vo = {(0,y) : y €
F}. Then we clearly have Vi + Vo = {(z,y) : 2,y € F} = V. Moreover,
if (z,0) + (0,y) = (0,0), then (x,y) = (0,0) and so x = y = 0. This gives
(x,0) = (0,0) = (0,y) and so V; and V, are independent. Thus F? = Vi & Vs.

Example 2.3.5. Let B= {vy,...,v,} be abasisof V. Set V; = F - v; = {av; :
a € F}. We have Vi, ..., V, are clearly subspaces of V', and by the definition of
a basis we obtain V=V, @ --- ® V,,.

Lemma 2.3.6. Let V be a vector space, V1, ..., V) be subspaces of V. We have
V=Vi®& - -®V if and only if each v € V can be written uniquely in the form
v =v, + -+ v with v; € V;.

Proof. Suppose V=V & --- @ V. Then certainly we have V =V} +--- + V;
and so given any v € V there are elements v; € V; so that v = vy + -+ + vg.
The only thing to show is this expression is unique. Suppose v = v+ -+ v =
wy + - - - + wg with v;,w; € V;. Then 0 = (vy —wy) + -+ + (v — wg). Since the
V; are independent we have v; — w; = 0, i.e., v; = w; for all 4.

Suppose each v € V can be written uniquely in the form v = vy + -+ - + vg
with v; € V;. Immediately we get V=V, +---+ V. Suppose 0 = vy + -+ + v
with v; € V;. We have 0 =0+ --- + 0 as well, so by uniqueness, we get v; = 0
for all 4. This gives V7,...,Vy are independent and so V=V ®--- @ V. O
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Exercise 2.3.7. Let Vq,..., V) be subspaces of V. For each i let B; be a basis
of V;. Set B=B;U---UDB. Then

1. Bspans V if and only if V =V; 4+ -+ 4+ Vg3
2. B is linearly independent if and only if Vi, ..., V} are independent;
3. Bisabasisifand only if V=V, & --- P Vj.

Given a subspace U C V, it is natural to ask if there is a subspace W so
that V = U @ W. This leads us to the following definition.

Definition 2.3.8. Let V be a vector space and U C V a subspace. We say
W CV is a complement of U in VitV =U@W.

Lemma 2.3.9. Let U CV be a subspace. Then U has a complement.

Proof. Let A be a basis of U, and extend A to a basis of B of V. Set W =
spany (B — A). One checks immediately that V =U ¢ W. O

Exercise 2.3.10. Let U C V be a subspace. Is the complement of U unique?
If so, prove it. If not, give a counterexample.

We now turn our attention to quotient spaces. We have already seen an
example of a quotient space. Namely, recall Example 2.2.16. Consider V = Fx]
and W = (f(x)) :={g € Flz] : f|lg} = [0]. One can check that W is a subspace
of V. In that example we defined a vector space V/W = F|z]/(f(x)) and saw
that the elements in W become 0 in the new space. This construction is the
one we generalize to form quotient spaces.

Let V be a vector space and W C V be a subspace. Define an equivalence
relation on V' as follows vy ~yw vy if and only if v; — vo € W. We write the
equivalence classes as

] ={vo€V:ivi—v e W} =0+ W.

Set V/W = {v+ W :v € V}. Addition and scalar multiplication on V/W are
defined as follows. Let v1,v2 € V and ¢ € F. Define
(v + W) + (va + W) = (v1 +v2) + W;
clvr + W) =co, +W.

Exercise 2.3.11. Show that V/W is an F-vector space.
We call V/W the quotient space of V by W.

Example 2.3.12. Let V = R? and W = {(,0) : z € R}. Clearly we have
W C V is a subspace. Let (xg,yo) € V. To find (xg,yo) + W, we want all (z,y)
such that (zo,y0) — (z,y) € W. However, it is clear that (zo — x,yo —y) € W
if and only if y = yg. Thus, (zg,y0) + W = {(x, yo) : © € R}. The graph below
gives the elements (0,0) + W and (0,1) + W.
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One immediately sees from this that (x,y)+ W is not a subspace of V unless
(z,y) + W = (0,0) + W.
Define

m:R—=V/W
Yo + (%o, Yo)-
It is straightforward to check this is an isomorphism, so V/W = R.

Example 2.3.13. More generally, let m,n € Z~¢ with m > n. Consider V =
F™ and let W be the subspace of V' spanned by ey, ..., e, with {e1,..., e} the
standard basis. We can form the quotient space V/W. This space is isomorphic
to F™~™ with a basis given by {ep11 + W, ..., em + W}

Example 2.3.14. Let V = F[z] and let W = (f(x)). We saw before that the
quotient space V/W = F[z]/(f(z)) has as a basis {[1],[z],...,[2z""1]}. Define
T:V/W — P,_1(F) by T([z7]) = 27. One can check this is an isomorphism,
and so Flx]/(z™) = P,_1(F) as F-vector spaces.

Definition 2.3.15. Let W C V be a subspace. The canonical projection map
is given by

w V= V/W
vi=> v+ W

It is immediate that my € Homp(V,V/W).

One important point to note is that when working with quotient spaces, if
one defines a map from V/W to another vector space, one must always check
the map is well-defined as defining the map generally involves a choice of rep-
resentative for v + W. In other words, one must show if v; + W = vy + W then
T(vy + W) =T(vy + W). Consider the following example.

Example 2.3.16. Let V = R? and W = {(x,0) : z € R}. We saw above the
elements of the quotient space V/W are of the form (z, y)+W and (z1,y1)+W =
(z2,y2) + W if and only if y; = ys. Suppose we with to define a linear map T :
V/W — R. We could try to define such a map by specifying T'((x,y) + W) = x.
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However, we know that (z,y) + W = (z+ 1,y) + W, so 2 = T((z,y) + W) =
T((x+1,y) + W) = 2 + 1. This doesn’t make sense, so our map is not well-
defined. The “correct” map in this situation is to send (x,y) + W to y since y
is fixed across the equivalence class.

The following result allows us to avoid checking the map is well-defined when
it is induced from another linear map. One should look back at the examples
of quotient spaces above to see how this theorem applies.

Theorem 2.3.17. Let T € Homp(V,W). Define

T:V/keeT — W
v+kerT — T(v).

Then T € Homp(V/ker T,W). Moreover, T gives an isomorphism

V/kerT —» ImT.

Proof. The first step is to show T is well-defined. Suppose v;+ker T = vo+ker T,
i.e, v1 —vg € ker T'. So there exists x € ker T such that v; — vo = x. We have

T(vy +kerT) =T(vy)

Thus, T is well-defined. -
The next step is to show T is linear. Let vy + W,ua+ W € V/W and ¢ € F.
We have

T(vy +kerT 4 vy + kerT) =

and

T(c(vy +kerT)) = T(cvs + kerT)
= T(cvy)
= cT(v1)

=cT'(v; + kerT).

Thus, T € Homp(V/ ker T, W).

It only remains to show that T is a bijection. Let w € Im(T'). There exists
v € V so that T(v) = w. Thus, T(v+kerT) = T'(v) = w, so T is surjective.
Now suppose v+ker T' € ker T. Then 0 = T'(v+ker T') = T'(v). Thus, v € ker T

which means v + kerT = 0 + ker T" and so T is injective. O
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Example 2.3.18. Let V = Flz]. Define a map T : V — P5(F) by sending
f(x) =ag+ a1z + - a,a™ to ag + a1z + agz?. This is a surjective linear map.
The kernel of this map is exactly (2®) = {g(z) : 23|g(z)}. Thus, the previous
result gives an isomorphism F[z]/(23) = P»(F) as F-vector spaces.

Example 2.3.19. Let V = Maty(F). Define a map T : Maty(F) — F? by
T ((a b)) = (ﬁ) One can check this is a surjective linear map. The kernel

c d
of this map is given by

kerT:{(g 2) :a,dEF}.

Thus, Mato(F')/ker T is isomorphic to F2 as F-vector spaces.

Theorem 2.3.20. Let W CV be a subspace. Let By = {v;} be a basis for W
and extend to a basis B for V.. Set By = B — Bw = {z;}. Let U = spany By,
i.e., U is a complement of W in V. Then the linear map

p:U—=V/W

is an isomorphism. Thus, By = {z; + W : z; € By} is a basis of V/W.

Proof. Note that p is linear because we defined it on a basis. It only remains to
show p is an isomorphism. We will do this by showing By = {z;+ W : 2; € By}
is a basis for V/W.

Let v+ W € V/W. Since v € V, there exists a;,b; € F such that v =
>oav; + > bjz;. We have Y a;v; € W, s0ov—>) bjz; € W. Thus

v+W:ijzj+W
= bz +W).

This shows that By spans V/W.

Suppose there exists b; € F such that Y b;(z; +W) =0+W, ie, > b;j(z+
W) € W. So there exists a; € F such that > b;z; = > a;v;. Thus ) av; +
> —bjz; = 0. Since {v;,2;} is a basis of V' we obtain a; = 0 = b; for all i, j.
This gives By is linearly independent and so completes the proof. O

2.4 Dual spaces

We conclude this chapter by discussing dual spaces. Throughout this section V'
is an F-vector space.

Definition 2.4.1. The dual space of V', denoted V'V, is given by V'V = Hom g (V, F).
Elements of the dual space are called linear functionals.
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Theorem 2.4.2. The vector space V is isomorphic to a subspace of VV. If
dimpV < oo, then V= VV,

Proof. Let B = {v;} be a basis of V. For each v;, define an element vy by

setting
1 ifi=j;
\ ) — 9
v (v5) {O otherwise.

One sees immediately that v € VV as it is defined on a basis. Define T €
Homp(V,VV) by T'(v;) = v;. We claim T is an injective linear map. Let v € V
and suppose T'(v) = 0. Write v = Y a;v;, so that > a;v) is then the 0 map,

i.e., for any v' € V this gives Y a;v’(v') = 0. In particular,

0=> aw)(v;)
= a;v) (v;)
= aj.
Since a; = 0 for all j, we have v = 0 and so T is injective We now use the

fact that V/kerT = ImT and the fact that ker T = 0 to conclude that V is
isomorphic to a subspace of W, which gives the first statement of the theorem.

Assume dimp V' < oo so we can write B = {v,...,v,}. Given vV € VV,
define a; = v¥(v;). Set v =Y a;v; € V. Define S : V¥V — V by v¥ — v. This
map defines an inverse to the map T given above and thus V = V'V, O

Note it is not always the case that V' is isomorphic to its dual. In fact, if V
is infinite dimensional it is never the case that V is isomorphic to its dual. In
functional analysis or topology this problem is often overcome by requiring the
linear functionals to be continuous, i.e. the dual space consists of continuous
linear maps from V to F. In that case one would refer to our dual as the
“algebraic dual.” However, we will only consider the algebraic setting here so
we don’t bother with saying algebraic dual.

Example 2.4.3. Let V' be a vector space over a field F' and let the dimension
be denoted by «. Note that « is not finite by assumption, but we need to work
with different cardinalities here so we must keep track of this. The cardinality of
V as a set is given by o #F = max{a, #F}. Moreover, we have V is naturally
isomorphic to the set of functions from a set of cardinality o to F' with finite
support. We denote this space by F().

The dual space of V is the set of all functions from a set of cardinality « to
F,ie., to Fo. If we set o/ = dimp V'V, we wish to show o/ > a. As above, the
cardinality of V'V as a set is max{a/, #F}.

Let A = {v;} be a countable linear independent subset of V" and extend it to
a basis of V. For each nonzero ¢ € F define f. : V — F by f.(v;) = ¢! forv; € A
and 0 for the other elements in the basis. One can show that {f.} is linearly
independent, so o’ > #F. Thus, we have #VV = o/#F = max{a/, #F} = .
However, we also have #VV = #F%. Since a < #F% because #F > 2, we have
o = #F* > a as desired.
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One should note that in the finite dimensional case when we have V = V'V,
the isomorphism depends upon the choice of a basis. This means that while V'
is isomorphic to its dual, the isomorphism is non-canonical. In particular, there
is no “preferred” isomorphism between V' and its dual. Studying the possible
isomorphisms that arise between V' and its dual is interesting in its own right.
We will return to this problem in Chapter 6.

Definition 2.4.4. Let V be a finite dimensional F-vector space and let B =
{v1,...,vn} be a basis of V. The dual basis of VV with respect to B is given by
BY ={vy,...,v)

yYn S

If V is finite dimensional then we have V 2 VV & (VY)Y ie., V & (VV)V.
The major difference is that while there is no canonical isomorphism between
V and V'V, there is a canonical isomorphism V 2 (VV)V! Note that in proof
below we construct the map from V to (VY)Y without choosing any basis. This
is what makes the map canonical. We do use a basis in proving injectivity, but
the map does not depend on this basis so it does not matter.

Proposition 2.4.5. There is a canonical injective linear map from V to (VV)V.
If dimp V' < oo, then this is an isomorphism.

Proof. Let v € V. Define eval, : V¥V — F by sending ¢ € Homp(V,F) = VV
to eval,(¢) = ¢(v). One must check that eval, is a linear map. To see this, let
v, € VV and ¢ € F. We have

eval, (cp +¢) = (cp + ) (v)
= cp(v) + ¥(v)
= ceval,(p) + eval, (¢).

Thus, for each v € V we obtain a map eval, € Homg(V", F). This allows us to
define a well-defined map

®:V — Homp(VY,F) = (V)
v eval, 1 o = ().
We claim that ® is a linear map. Since ® maps into a space of maps, we
check equality by checking the maps agree on each element, i.e., for v,w € V

and ¢ € F we want to show that for each ¢ € Homp(VV, F) that ®(cv+w)(p) =
c®(v)(p) + @(w)(p). Observe we have

P(cv +w)(p) = evaleytw ()
— plev+w)
= cp(v) + p(w)
= c@(v)(¢) + D(w)(p)-
Thus, we have ® € Homp(V, (VY)Y).

It remains to show that ® is injective. Let v € V, v #% 0. Let B be a
basis containing v. This is possible because we can start with the set {v} and
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complete it to a basis. Note v¥ € VV and eval,(v¥) = v¥(v) = 1. Moreover,
for any w € B with w # v we have eval,(v¥) = vV(w) = 0. Thus, we have
®(v) = eval, is not the 0 map, so ker ® = {0}, i.e., ¥ is injective.

If dimp V < oo, we have ® is an isomorphism because dimr V = dimp V'V
since they are isomorphic, so dimp V = dimp VV = dimp(VV)V. O

Let T € Homp(V,W). We obtain a natural map 7V € Homp(WV,VV) as
follows. Let o € WV, ie., ¢ : W — F. To obtain a map TV(p) : V — F, we
simply compose the maps, namely, TV (¢) = @ o T. It is easy to check this is a
linear map. In particular, we have the following result.

Proposition 2.4.6. Let T € Homp(V,W). The map TV defined by TV () =
poT is a linear map from WV to V'V,

We will see in the next chapter how the dual map gives the proper definition
of a transpose.

2.5 Basics of module theory

The theory of vector spaces we have been studying so far is just a special case
of the theory of modules. In spirit modules are just vector spaces where one
considers the scalars to be in a ring instead of restricting them to be in a field.
However, as we will see, restricting scalars to be in a field allows many nice
results that are not available for general modules.

As usual, we assume all our rings have an identity element.

Definition 2.5.1. Let R be aring. A left R-module is an abelian group (M, +)
along with a map R x M — M denoted (r,m) — rm satisfying

1. (ry +re)m =mrym+rom for all r1,79 € R, m € M,
2. r(m1 +mg) = rmy 4+ rmg for all r € R, my,mg € M;
3. (rire)m = r1(rem) for all 1,79 € R, m € M;

4. 1gm =m for all m € M.

One can also define a right R-module M by acting on the right by the
scalars. Moreover, given rings R and S one can define an (R, S)-bimodule by
acting on the left by R and the right by S. For now we will work only with left
R-modules and refer to these just as modules for this section. Morever, if R is
a commutative ring and M is a left R-module, then M is a right R-module as
well by setting m - = rm. (Check this does not work if R is not commutative!)
Note that if we take R to be a field this is exactly the definition of a vector
space.

Example 2.5.2. Let R be aring and set M = R™ = {(ry,...,r,) : r; € R}. We
have M is an R-module via componentwise addition and scalar multiplication.
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Example 2.5.3. Let M = Z[i] = {a + bi : a,b € Z}. This is a Z-module via
the usual addition and n(a + bi) = na + nbi.

Example 2.5.4. Let G be any abelian group. We have that G is a Z-module
with the scalar multiplication defined by ng = g + --- + g where there are n
copiesof gifn > 0. If n =0weset ng=eqg. If n <0, wesetng=—-—g—---—g
where there are —n copies of g. Conversely, any Z-module is clearly an abelian
group. Thus we have that abelian groups and Z-modules are the same objects.

Example 2.5.5. Let M be any abelian group and write Endg,, (M) for the set
of group homomorphisms from M to M. This set is a ring where addition is
given point-wise and multiplication is given by composition, i.e., (f + g)(m) =
f(m)+g(m) and (f - g)(m) = f(g(m)). One should check this satisfies the ring
axioms as an exercise. Now suppose we have a ring R and a ring homomorphism
¢ : R — Endgp(M) that sends 1z to the identity map in Endg.,(M). Set
rm = ¢(r)(m). We claim that this makes M into an R-module. Let r1,75 € R
and mqy,mo € M. We have

1.

(r1+ro)m = ¢(r1 + r2)(m)
= (¢(r1) + ¢(r2))(m)
= ¢(r1)(m) + é(ra)(m)

=T1m + rom;

ri(my +ma) = ¢(r1)(m1 + ma)
= ¢(r1)(m1) + ¢(r1)(m2)

=T1m1 + T1Ma;

¢(r1r2)m1
P(r1)(¢(r2))m1)
¢(r1)(rama)

r1(ramy).

(rir2)ma

This gives all of the axioms, so we have M is an R-module. Conversely, now
assume we are given an R-module M. We obtain a ring homomorphism ¢ :
R — Endgp (M) by setting ¢(r)(m) = rm. You should check this is a ring
homomorphism as an exercise. Combining these two results, we see an R-module
is nothing more than an abelian group M along with a ring homomorphism
R — Endg,,(M).
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Definition 2.5.6. Let M be an R-module. Let N C M. We say N is an
R-submodule of M if is is closed under scalar multiplication by R and it is a
subgroup.

Exercise 2.5.7. Let M be an R-module. Show a subset N C M is a submodule
if and only if it is nonempty and satisfies z +ry € N for every z,y € N, r € R.

The next example is the most important example for this course of a module
that is not a vector space.

Example 2.5.8. Let F be a field and V' an F-vector space. Let R = F[x] and
T € Homp(V, V). We use the linear map T to make V into an F[z]-module.
Let f(z) = apa™ + -+ a1z + ag € Flz] and v € V. We define

f@v=(a,T"+ -+ a1T + ag)v

where T = T o---oT with n-copies of T. One can now easily check this makes
V into an F'[z]-module. Note that the module structure on V' is very dependent
on the choice of T'!

Conversely, suppose we have an F[z]-module V. Since F[z] acts on V,
certainly one has F' also acts on V' by just restricting the action. Thus, we obtain
that V' is an F-vector space. The action of F[x] also gives a linear transformation
T € Homp(V, V) by setting T'(v) = zv. Thus, we have a bijection between F[x]-
modules and pairs (V,T) where V is an F-vector space and T' € Homp(V, V).

It is also natural to ask about what submodules look like in this case. Let
W C V be a subspace and let ' € Homp(V, V). Recall we say W is T-invariant
it (W) Cc W. If W is an F[z]-submodule of V, then W C W. In particular,
this means T (W) C W and so W is T-stable. On the other hand, if W is a T-
stable subspace of V', then T™(W) C W for each n and so f(x)W C W for each
f(z) € Flz]. Thus, one has F[z]-submodules of V are exactly the T-invariant
subspaces of V.

Definition 2.5.9. Let M and N be R-modules.

1. Amap ¢: M — N is an R-module homomorphism or an R-linear map if

o d(my +ma) = d(mq) + ¢(myz) for all my, mg € M;
o ¢(rm) =r¢(m) for all r € R, m e M.

The set of all R-linear maps is denoted Hompg (M, N).

2. We say ¢ € Hompg(M, N) is an isomorphism of R-modules if ¢ is bijective.
We write M = N if there is an isomorphism from M to N and say M and
N are isomorphic.

3. Let ¢ € Homg(M, N). The kernel of ¢ is given by
ker¢p = {m € M : ¢(m) =0n}.
The image of ¢ is given by
Im¢ = {p(m) :m e M}.
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Exercise 2.5.10. Show that ker ¢ is a submodule of M and Im ¢ is a submodule
of N.

Exercise 2.5.11. Let M and N be Z-modules. Show that Homg,,(M,N) =
Homy (M, N).

Just as for vector spaces, one can define quotient modules. Given N C M
an R-submodule, we set

M/N —{m+ N :m e M}.

One has addition and scalar multiplication on M /N just as for vector spaces.
One also obtains via the same proof the following isomorphism theorem.

Theorem 2.5.12. Let ¢ € Homg(M, N). Then one has
M/ ker ¢ = Tm ¢.

One of the main features of vector spaces is they have a basis. Unfortunately
one does not have this nice property for general modules.

Definition 2.5.13. We say an R-module M is generated by B = {x;} if every
element € M can be written as x = Y, r;a; where r; € R, r; = 0 for all but
finitely many i. We say M is finitely generated if one can choose B to be a finite
set. We say B is a basis for M if M is generated by B and the elements of B
are linearly independent over R.

Example 2.5.14. Consider the Z-module Z/nZ = {m+nZ : m € Z}. Suppose
B is a basis of Z/nZ and let x; € B. Then we have nx; = 0, but n # 0 in Z.
Thus, we cannot have x; in a basis. However, x; was arbitrary so it must be B
cannot exist.

Suppose one has an R-module M that is finitely generated; can one conclude
that any submodule N of M is finitely generated as well?

Example 2.5.15. Let Fxy,2z3a,...] be considered as an F[z1,x2,...]-module.
Clearly we have 1 is a basis of F[xy,xs,...] over F|x1,x2,...]. Consider N =
(x1,x2,...,). Then N is a submodule of F[z1,z2,...]. However, N is not
finitely generated over Fxy,xs,...] as it does not contain 1 and the elements
x; are algebraically independent.

This two examples show one has to be careful when working with general
modules. Fortunately, our applications will involve particulary nice modules
where things work out much nicer.

Definition 2.5.16. Let M be an R-module that has a basis B. We say M is a
free module. If #B = n we say M is a free module of rank n.

Free modules behave in essentially the same way as a vector space does. If
M is a free R-module of rank n one has a non-canonical isomorphism M = R".
Given a vector space V over a field F', V is necessarily a free F-module so this
concept directly generalizes vector spaces. Unfortunately, for our purposes it
isn’t enough to study just free modules. We will also need to consider finitely
generated modules that contain torsion.
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Definition 2.5.17. Let M be an R-module. We say z € M is a torsion element
if there exists a nonzero element r € R so that m = 0. The collection of all
torsion elements in M is denoted Torpg(M).

Exercise 2.5.18. Show that Torg(M) is a submodule of M.
Example 2.5.19. Let R = F and V be an F-vector space. Then Torg(V) = 0.

Example 2.5.20. Let M = (Z/nZ) ® Z" considered as a Z-module. We have
Torz(M) = Z/nZ.

While modules can behave much more wildly than vector spaces, the situa-
tion of interest to us is primarily in the case that R is a principal ideal domain
and M is a finitely generated R-module. In that case, one has the following
key result. We include a proof for completeness, but this result can be taken
on faith for this course without losing much. This theorem is the main input
needed into the fundamental theorem of finitely generated modules over a prin-
cipal ideal domain (Theorem 4.6.2), which gives a quick and easy proof of both
the rational and Jordan canonical form of a matrix.

Theorem 2.5.21. Let R be a principal ideal domain and M a free R-module
of finite rank n. Let N C M be a submodule. Then one has:

1. N is a free module of rank m < n;

2. there is a basis z1, ...,z of M and nonzero elements ay,...,a, € R with
G | @m—1 |-+ | a1 so that a1z1,...,amzm is a basis of N.

Proof. If N = 0 the result holds trivially so we assume N # 0. Let ¢ €
Hompg(M, R). Then we have ¢(N) is a submodule of R, i.e., an ideal of R, and
since we are assuming R is a principal ideal domain we have ¢(N) = b,R for
some b, € R. Let

Y ={b,R: ¢ € Homg(M,R)}.

Since 0 € ¥ via the map sending everything to 0g, we have X . This gives X
as a nonempty collection of ideals, which can be partially ordered via inclusion,
so one obtains a maximal element, i.e., there exists ¥ € Homg (M, R) so that
P(N) = by R is not properly contained in any other element of ¥. Set by = by,
and let y € N so that ¥(y) = b;. We claim that by # 0. Let x1,...,z, be a
basis of M and defined m; € Hompg(M, R) via m;(ciz1 + -+ cpy) = ¢;. Since
N # 0 there is an ¢ so that m;(IN) # 0. Thus, since by R is maximal, we must
have by = by # 0.

Our next step is to show by | ¢(y) for every ¢ € Hompr(M, R). Let d =
ged(b, p(y)). We have d | by and d | ¢(y) in R, so there exists r1,72 € R
with d = r1by + rop(y). Set n = r19p + rop € Hompg(M, R). Then we have
n(y) = r1b1 + r20(y) = d, and so d € n(N) which gives dR C n(N). However,
since d | by we have byR C dR C n(N). Since by R is maximal, this gives
biR = n(N) and so byR = dR. This gives the result that b; | ¢(y) for all
¢ € Homp(M, R).
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We apply this to the maps m; to see that b; | m;(y) for each i. Write
mi(y) = bic; for some ¢; € R for each 1 <14 < n. Set

n
Y1 = E CiTj.
i=1

Observe we have bjy; = y by the definition of the ¢;. However, this gives
b1 = ¢¥(y) = Y(bry1) = biw(y1). Since we have R is an integral domain, this
gives B(y1) = 1.

Our next step is to show that y; can be taken as a basis element of M and
b1y1 can be taken as a basis element for N. This is equivalent to checking

(1) M = Ry & ker(v)
(2) N = Rbyy1 @ (ker(yp) N N).

We begin by showing (1). Let v € M and write z = ¢ (z)y1 + (z — Y (x)y1).
Observe we have

Thus, we have & — ¢)(x)y; € ker(v). This gives M = Ry, + ker(¢)). Suppose we
have ry; € ker(¢)) for some r € R. Then we have

0=1(ry1)
=1 (y1)

=7

Thus, Ry; Nker(y) = 0 and so the sum is direct as claimed.

We now prove (2). Since by is a generator for ¢)(N), we have by | ¥(z’) for
any ' € N. Let 2’ € N and write ¢(2') = ¢,/by for some ¢,» € R. Then, as
above, we have

o’ =Py + (@' — (@ )y)
= corbiys + (2" — corbryn)

where 2’ — cpb1y; € ker(¢p) N N. Thus, we obtain immediately that N =
Rbyy1 + (ker(yp) N N). It remains to show the sum is direct. However, this
follows immediately from the proof of (1) because this is a special case of that
sum.

It is now possible to prove N is free of rank m < n by induction. If m = 0
then N is a torsion module. However, free modules are torsion free and since M
is free, the torsion subgroup of M is 0 and so in this case N = 0. Now assume
m > 0. We have

N = Rbiy1 @ (N Nker(y)).
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This gives the rank of N N ker(¢)) as m — 1. Thus, we apply the induction
hypothesis to N Nker(¢) to see this is free of rank m — 1. Thus, adjoining b1y,
to any basis of N Nker(y) we have a basis of N with m elements, so N is free
of rank m.

It only remains to prove the second statement of the theorem that a nice
basis can be chosen. We proceed by induction on n, the rank of M. Applying
the previous paragraph to this we obtain

M = Rby & ker(v)

with ker(¢) free of rank n—1. We now apply the induction hypothesis to the free
module ker(¢)) and its submodule ker()) N N. Thus, we obtain a basis ya, ..., yn
of ker(¢) and ba, ..., by, € Rwith by, | by—1 | - -+ | b2 so that boya, ..., bpnym is a
basis of ker(¢)) N N. We now use the sums are direct to get y1, ..., ¥y, is a basis
of M and b1ys,bays, ..., bmym is a basis of ker(y)) N N. It remains to relate
b1 to the bt Set Ay = bl,am_l = bm,am_g = bm_1,...,a1 = b2 and Zm =
Y1, Zm—1 = Ym,---521 = yY2. Then we have a,—1 | Gm—2 | -+ | a1 and it only
remains to show a, | apy—1. Define ¢ € Hompg(M, R) by ¢(2m) = ¢(2m-1) =1
and ¢(zj) = 0 for j < m —1. We have ap, = @(amzm), 50 am € @(N); thus
amR C ¢(N). However, we know a,, R is maximal in X, so it must be that
amR = @(N). However, we also have a;,—1 = p(am—12m—1) € @(N), so we
must have a,,—1 € ap R, i.e., ap, | a;m—1. This gives the result. O
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2.6 Problems

For these problems F' is assumed to be a field.

1. Define
50,(Q) = {X = (z;,;) € Mat,,(Q) : Tr(X) = ZIM = 0} .
i=1
Show that sl,(Q) is a Q-vector space.

2. Consider the vector space F'3. Determine, and justify your answer, whether
each of the following are subspaces of F:

1
(a) le o II1+2I2+3I3:0
Zs3
T1
(b) Wg = T2 X123 = 0
zs3
Z1
(c) W3 = X2 | a1 = br3
T3

3. Let V be an F-vector space.

(a) Prove that an arbitrary intersection of subspaces of V is again a
subspace of V.

(b) Prove that the union of two subspace of V' is a subspace of V if and
only if one of the subspaces is contained in the other.

4. Let T € Homp(F, F). Prove there exists a € F so that T(v) = av for
every v € F.

5. Let U,V, and W be F-vector spaces. Let S € Homp(U,V) and T €
Homp(V,W). Prove that T o S € Hompg (U, W).

6. Let V be an F-vector space. Prove that if {vy,...,v,} is linearly inde-
pendent in V', then so is the set {v; — vo,v2 — V3, ..., Vp—1 — Up, Up}.
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7. Let V be the subspace of R® defined by
V = {(21,20,...,25) € R : &y = day, 9 = 5x5}.
Find a basis for V.
8. Prove that there does not exist a T' € Homp(F®, F?) so that
ker(T) = {(z1,%2,...,25) € F° : 21 = x5 and 23 = 24 = x5}
9. Let V be a finite dimensional vector space and T' € Homp(V,V) with
T2 =T.
(a) Prove that Im(T) Nker(T) = {0}.
(b) Prove that V =Im(T') & ker(T).
(¢) Let V = F™. Prove that there is a basis of V such that the matrix
of T with respect to this basis is a diagonal matrix whose entries are
all 0 or 1.
10. Let T' € Homp(V, F). Prove that if v € V' is not in ker(T"), then
V =ker(T)®{cv:ce F}.

11. Let Vi, V4 be subspaces of the finite dimensional vector space V. Prove

dimF(Vl + ‘/2) = dlmF(V1) + dlmF(Vg) — dimF(V1 n V2)

12. Suppose that V and W are both 5-dimensional R-subspaces of RY. Prove
that VN W #£ {0}.

13. Let p be a prime and V' a dimension n vector space over F,. Show there
are

P" =" -p)@" —p*) - " —p"")
distinct bases of V.

14. Let V be an F-vector space of dimension n. Let T' € Homp(V, V') so that
T? = 0. Prove that the image of T is contained in the kernel of T and
hence the dimension of the image of T is at most n/2.

15. Let W be a subspace of a finite dimensional vector space V. Let T €

Homp(V,V) so that T(W) C W. Show that T induces a linear trans-
formation T € Homp(V/W,V/W). Prove that T is nonsingular (i.e.,
injective) on V if and only if T restricted to W and T on V/W are both
nonsingular.
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16. Let T € Homp(V, V).

(a) Give an example to show that one does not always have V' 2 ker(T) &
Im(7T).

(b) Show that ker(T7) C ker(T7*!) for all j > 1. Prove that this sequence
stabilizes, i.e., there exists m > 1 so that ker(T™*7) = ker(T™) for

all j > 1. The subspace ker(T™) is called the eventual kernel and
denoted ker(7°°).

(c) Show that Im(77) D Im(77*!) for all j > 1. Prove that this sequence
stabilizes, i.e., there exists m > 1 so that Im(7T™"7) = Im(T™) for
all j > 1. The subspace Im(7T™) is called the eventual image and
denoted Im(7°°).

(d) Prove that V 22 ker(T°) & Im(7T°).
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Chapter 3

Choosing coordinates

This chapter will make the connection between the more abstract version
of vector space and linear transformation given in Chapter 2 and the
material given in an undergraduate linear algebra class. Throughout this
chapter all vector spaces are assumed to be finite dimensional.

3.1 Linear transformations and matrices

Let B = {v1,...,v,} be a basis for V. This choice of basis gives an
isomorphism between V and F". Namely, for v € V if we write v =
> a;v; for some a; € F, we have an isomorphism T : V — F™ given by

a
v : |. When we identify V' with F™ via this map, we will write
an
ai
[v]g=| i |. We refer to this as choosing coordinates on V.
Qn

Example 3.1.1. Let V' = sl3(C). Recall a basis for this vector space is

s={u=(5 )= (0 0) =5 )}

Let (Z ba) be an element of V. Observe we have <Z ba) = bu; +

cvg + avs. Thus,
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Example 3.1.2. Let V = P, (R) Recall a basis for V is given by B =
{1,2,2%}. Let f = a+ bx + cx?®. Then

Example 3.1.3. Let V = P,(R). One can easily check that C = {1, (x —
1), (z — 1)?} is a basis for V. Let f = a + bz + cz®. We can write f in
terms of C as

f=(a+b+c)+ (b+2)(x—1)+c(z—1)2%

Thus, we have
a+b+c
(fle=| b+2¢

c

Let T € Homp(V,W). Let B = {v1,...,v,} be a basis for V and
C ={ws,...,wy,} be a basis for W. Recall that we have W = F™ via the
map Q(w) = [w]e and V = F™ via the map P(v) = [v]g. Furthermore,
recall that any linear transformation from F™ to F™ is given by a matrix
A € Mat,, ,(F). Thus, we have the following diagram:

V——W
P\L l@

Thus, we have a unique matrix A € Mat,, ,,(F) given by A = QoT o P~1.
Write A = [TG, i.e., A is the matrix that gives the map 7" when one
chooses B as the coordinates on V' and C as the coordinates on W. In
particular, [T]§ is the unique matrix that satisfies [T1$[v]g = [T'(v)]c.

One can easily compute [T]%. Since C is a basis for W, there are scalars

a;; € F so that
m
’UJ) = Z QWi
i=1

Observe that

aij
[T(j)le=|

We also have [vj]p = e;, so [T|5[vj]s is exactly the jth column of [T]5.
Thus, the matrix [T’ ]% is given by
[r

1% = (ai;)
= ([T'(v1)lel -~ [T (vnlc)) -
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Example 3.1.4. Let V = P3(R). Define T' € Homg(V, V) by T'(f(z)) =
f'(z). Let B = {1,z,2%,23}. For f(x) = a + bxr + cx? + dx3, we have
T(f(z)) = b+ 2cx + 3dx?. In particular, T(1) = 0,T(x) = 1,T(2?) = 2x,
and T'(23) = 32?. The matrix for T' with respect to B is given by

01 0 0
00 2 0
TE=10 0 0 3
0 00O
Example 3.1.5. Let V = s5l3(C) and W = C*. We pick the standard

basis

s dy (01 00y (1 0

17 o 0)0\ 0BT o <1

for sl (C). Let
C= w1, =

, W3 = , Wy =

oOR o

S

V)

|
oo o
— o oo

o O = O

It is easy to check that C is a basis for W. Define T' € Homp(V, W) by

2
0
T(Ul) = 0
0
0
3
T(UQ) = 0
1
0
0
T(U3) = 0
1

From this it is easy to check that

T(Ul) = 211)1 — W3
T(’Ug) = —31wy + wy
T(’Ug) = W4.

Thus, the matrix for T" with respect to B and C is

2 0 0

c_| o =3 o0
Tls=1-1 o o
0o 1 1
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Exercise 3.1.6. Let A is a basis of U, B a basis of V', and C a basis of
W. It S € Homp(U,V) and T € Homp(V, W), show that

[T 0 815 = [TI51S14:

Let THompg(V, V) and B a basis of V. To save notation we will write [T
for the matrix [T5.

As one learns in undergraduate linear algebra, it can often be the case that
one has information about V given in terms of a basis B, but it would be
more useful if it were given in terms of a basis B. We now recall how
to change from B to B’. We can recover this by specializing the situa-
tion we just studied. Let B = {v1,...,v,} and B = {v],...,v),}. Define
T:V - F*by T(v) =gand S:V — F” by S(v) = [v]g. We have
the following diagram:

VoW

Applying our previous results we see [v]g = (S oidoT1)([v]g) = (S o
T=Y)([v]g). The change of basis matriz is [id]% .

Exercise 3.1.7. Let B = {v1,...,v,}. Prove the change of basis matrix

[(id]E is given by ([v]s|- [vn]s)

Example 3.1.8. Let V = Q2. It is elementary to check that B =

{(_11) , (1)} and B = {(g) , (i)} both give bases of V. To com-

pute the change of basis matrix from B to B’, we expand the elements of
B in terms of the basis B’. For example, we want to find a,b € Q so that

() =)+ C)

This leads to the system of linear equations

1=2a+5b
—1=3a+ 7b.

o ) . 2 1
One solves these by writing expressing them as the matrix (3 ? _1)

and using Gaussian elimination to reduce this matrix to <(1) (1) 751 2).
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Thus, a = —12 and b = 5. One now performs the same operation on the

vector <1) to obtain
1 2 5
(1)==2() ()

Thus, the change of basis matrix is given by (; 2 12>~

Example 3.1.9. Consider V = Py(F). Let B = {1,z,2%} and B’ =
{1,2 -2, (z—2)?} be bases of V. We calculate the change of basis matrix.
We have

[z]lp =1-(z—2)+2-1,
[2lp =1 (22)> +4-(x—2)+4-1.

Thus, the change of basis matrix is given by A =

o O =
[en BN V]
=

Exercise 3.1.10. Let V = P3(F'). Define
W =gz —-1)(z—2)- (x—i+1).

In particular, z(®) = 1,21 = z,2® = 2(z—1) and 2®) = z(z—1)(z—2).
Set B={1,z,2, 23 and B = {1,z, 22, 2°}.

(a) Show that B is a basis for V.
(b) Find the change of basis matrix from B to B'.

This gives the language to allow one to translate the results we prove in
these notes from the language of vector spaces and linear transformations
to the language of F™ and matrices. Many of the familiar results from
undergraduate linear algebra will be proven in the problems at the end
of the chapter. We conclude this section with a familiar example from
undergraduate linear algebra. Omne should work the exercises to gain a
better understanding of the theory behind the calculations.

Example 3.1.11. Consider the matrix

4 -4 2
A=|—-4 4 =2
2 -1 1

We wish to find a basis for the kernel and image of this matrix. To find
this, we will compute the reduced row echelon form of the matrix. The first
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thing to recall is that doing row operations corresponds to changing the
basis of the domain and doing column operations corresponds to changing
the basis of the range space. The reduced row echelon form of this matrix
is

10 1/2
B=[0 1 0
00 0

To find a basis for the kernel, we consider the augmented matrix

1 0 1/2 0
(Blo)={0 1 0 0
00 0 O
In terms of equations, if the variables are x1, z2, x3, this gives the equations
x14+1/223 = 0 and z2 = 0. Thus, a basis element for the kernel is given by
~1/2

0 . We know from the exercises that the basis of the image consists

1
of the columns of A that correspond to the columns of B containing the
pivots, so the first and second columns. Thus, a basis for the image is

4 —4
given by —41,| 4
2 -1

3.2 Transpose of a matrix via the dual map

Recall at the end of last chapter we introduced a dual map. Namely,
given a linear map T € Homp(V, W), we defined a map TV : WY — V'V
given by T'(¢) = ¢ o T. We also remarked at that point that this map
could be used to properly define a transpose. This section deals with this
construction.

Given a basis B = {v1,...,v,} of V and a basis C = {wy,...,wn} of W
we have dual bases BY of V'V and CV of WV. The previous section gave
an associated matrix to any linear transformation, so we have a matrix
[TV]5. € Mat,, ,n (F).

Definition 3.2.1. Let T' € Homp(V,W), B a basis of V, C a basis of
W, and set A = [T|§. The transpose of A, denoted ‘A, is given by
tA = [TV]E,.

For this definition to be of interest we need to show it agrees with the
definition of a transpose given in undergraduate linear algebra.

Lemma 3.2.2. Let A = (a;;) € Maty, ,(F). Then 'A = (b;;) € Mat,, . (F)
with bij = Qjj-
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Proof. Let &, = {e1,...,en} be the standard basis of F™ and F,, =
{f1,---, fm} the standard basis for F™. Let £’ and F,, be the dual
bases. Let T be the linear map associated to A, i.e., [T]gn =A In
particular, we have

T(e;) = Zakz‘fk.
k=1
We also have that [T\/];il”v’v is a matrix B = (b;;) € Maty, ,,,(F') where the
entries of B are given by

V()= bijey.
k=1
If we apply f}/ to the first sum we see

£ (T(ei)) = arif) (fr)
k=1
= Qjj-

If we evaluate the second sum at e; we have

TV (f))e:) =Y brgeyl(e)
k=1
— by.

We now use the definition of the map T to see that f;'T'(e;) = T (f}’)(e:),
and so aj; = b;j, as desired. O

Exercise 3.2.3. Let Ay, Ay € Mat,, ,(F). Use the definition given above
to show that {(A; + A2) = Ay + 'As.

Exercise 3.2.4. Let A € Mat,, ,(F) and ¢ € F. Use the definition given
above to show that {(cA) = cA.

We can use our definition of the transpose to give a very simple proof of
the following fact.

Lemma 3.2.5. Let A € Mat,, ,(F) and B € Mat,, ,,,(F). Then {BA) =
AR,

Proof. Write &,, be the standard basis on F'"", and likewise for &, and &,,.
Let S be the multiplication by A map and T the multiplication by B map
so that A = [S]g: and B = [T]?:n We also have BA = [ToS]?:L. We now
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have
(BA) = (T 0 5)']%
=[5V 0TI
= (8“5 (115
— 4B,
as claimed. O

We also get the transpose of the inverse of a matrix very easily.

Lemma 3.2.6. Let A € GL,(F). Then {(A™1) = (tA)~L.

Proof. The strategy of proof is to show that {A~1) satisfies the conditions
of being an inverse of A, i.e., A(A™Y) =1, = {A71)'A. We then use
that inverses in a group are unique, so it must be that {A~!) = (t4)~!.
Let &, be the standard basis of F™ and let T" be the multiplication by
A map, ie.,, A = [T]gn By assumption we have A is invertible, so 71
exists and A~! = [T*I]?W‘. Write id for the identity map and we continue
to denote the identity matrix by 1,. Observe we have

L, = [id"]g;
_ o
=[(T"e T)v]sg
C1\WiEY
=[T"o(T 1>v]55

EY 1\ EY
[T¥]e (T~ ey

= AYATY).
Similarly one has 1, = {A7!)!A. As noted above, the uniqueness of
inverses in GLa(F') completes the proof. O
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3.3 Problems

For all of these problems V is a finite dimensional F-vector space.

(a) Let V = P,(F). Let B = {1,z,...,2™} be a basis of P,(F). Let
A€ Fandset C={l,z—A\...,(—XN""1 (z—\N"}. Define a
linear transformation 7' € Homp(V, V) by defining T'(z7) = (x — \).
Determine the matrix of this linear transformation. Use this to con-
clude that C is also a basis of P, (F).

(b) Let V = P5(Q) and let B = {1,z,...,2°}. Prove that the following
are elements of VV* and express them as linear combinations of the
dual basis:

(a) ¢:V — Q defined by ¢(p(z)) = [, t*p(t)dt.
(b) ¢ : V. — Q defined by ¢(p(x)) = p'(5) where p’(x) denotes the
derivative of p(z).

(¢) Let V be a vector space over F' and let T' € Homp(V, V). A nonzero
element v € V satisfying T'(v) = Av for some A € F is called an
eigenvector of T' with eigenvalue A.

(a) Prove that for any fixed A € F' the collection of eigenvectors of
T with eigenvalue A together with 0 forms a subspace of V.
(b) Prove that if V has a basis B consisting of eigenvectors for T' then

[T]g is a diagonal matrix with the eigenvalues of T as diagonal
entries.

(d) Let A, B € Mat,(F). We say A and B are similar if there exists
T € Homp(V,V) for some n-dimensional F-vector space V so that
A = [T)g and B = [T]¢ for bases B and C of V.

(a) Show that if A and B are similar, there exists P € GL,(F') so
that A = PBP~1. Conversely, if there exists P € GL,(F) so
that A = PBP~!, show that A is similar to B.

(b) Let T : R® — R3? be defined so that T = T4 where A =

1 2 0 1 1 0
0 -1 3. Let B = 01,13, 1 be a basis of
1 -2 4 2 0 -1
R3. First, calculate [T directly. Then find P so that [T]s =
PAP~L

(e) Let T € Homg(R* R*) be the linear transformation given by the
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~—

~—

matrix
1 -1 0 3
-1 2 1 -1
A= -1 1 0 -3
1 -2 -1 1
with respect to the standard basis £,. Determine a basis for the im-
age and kernel of T'.

Let T € Homp(P7(F), P7(F)) be defined by T(f) = f' where f’
denotes the usual derivative of a polynomial f € P;(F'). For each of
the fields below, determine a basis for the image and kernel of T
(a) F=R

(b) F =Ts.

Let V and W be F' vector spaces of dimensions n and m respectively.

Let A € Mat,, ,(F) be a matrix representing a linear transformation

T from V to W with respect to bases B; for V and C; for W. Sup-

pose B is the matrix for T' with respect to the bases By for V' and Cs

for W. Let idy denote the identity map on V and idy denote the

identity map on W. Set P = [idv]g; and Q = [idw]g;. Prove that
~! = [idw]& and that @ *AP = B.

The next problems recall Gaussian elimination. First we recall the
set-up from undergraduate linear algebra.

Consider a system of equations

a11%1 + -+ A1y = C1

a21T1 + -+ -+ 2Ty = C2

Am1Z1 + -+ GpnTn = Cm

for unknowns x1,...,z, and scalars a;;,c;. We have a coefficient
matrix A = (a;;) € Mat,, »(F), and an augmented matrix (A|C) €
Mat,,, (n41)(F) where we add the column vector given by the c¢;’s on

the right side. Note the solutions to the equations above are not
altered if we perform the following operations:

(i) interchange any two equations
(ii) add a multiple of one equation to another
(iii) multiply any equation by a nonzero element of F'.

In terms a the matrix these correspond to the elementary row oper-
ations given by
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(rl) interchange any two rows
(r2) add a multiple of one row to another
(r3) multiply any row by a nonzero element of F.

A matrix A that can be transformed into a matrix B by a series of
elementary row operations is said to be row reduced to B.

Describe the elementary row operations in terms of matrices. In par-
ticular, explain what it is doing on a basis. You can do this separately
for each elementary operation.

We say A ~ B if A can be row reduced to B.

Prove that ~ is an equivalence relation. Prove that if A ~ B then
the row rank of A is the same as the row rank of B.

An m by n matrix is said to be in reduced row echelon form if
i. the first nonzero entry a; j, in row ¢ is 1 and all other entries in
the corresponding j;th column are 0 and
ii. j1 < ja2 <--- < jr where r is the number of nonzero rows.
An augmented matrix (A|C) is said to be in reduced row echelon

form if the coefficient matrix A is in reduced row echelon form. For
example, the following matrix is in reduced row echelon form:

10 5 7 0 3
01 -1 1 0 —4
A= 00 0 01 6
00 0 00 O

The first nonzero entry in any given row of a reduced row echelon
matrix is referred to as a pivotal element. The columns containing
pivotal elements are referred to as pivotal columns.

Prove by induction that any augmented matrix can be put in reduced
row echelon form by a series of elementary row operations.

Let A and B be two matrices in reduced row echelon form. Prove
that if A and B are row equivalent, then A = B.

Prove that the row rank of a matrix in reduced row echelon form is
the number of nonzero rows.
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(m) Find the reduced row echelon form of the matrix

11 4 8 0 -1
A 1 2 3 9 0 =5
10 -2 2 -2 1 14
1 4 1 11 0 -13
14. Use what you have done above to find solutions of the system of
equations
T—2y+z=>5
z—4y+6z=10
dr — 11y + 11z = 12.
(n) Let V be an n-dimensional F' vector space with basis & = {e1,..., e}

and let W be an m-dimensional F' vector space with basis F =

{f1,...

, fm}. Let T € Homp(V, W) with [T] = (a;;). Let A’ be the

reduced row echelon form of A.

(a)

Prove that the image T'(V') has dimension r where r is the num-
ber of nonzero rows of A’ and that a basis for (V) is given by
the vectors T'(ej,), i.e., the columns of A corresponding to the
pivotal columns of A’ give the coordinates of a basis for the im-

age of T.
The elements in the kernel of T' are the vectors in V' whose co-
ordinates (z1,...,x,) with respect to & satisfy the equation

Z1

T2

Al . | =0

Tn

and the solutions x1,...,x, to this system of linear equations

are determined by the matrix A’.
Prove that T is injective if and only if A’ has n nonzero rows.

By (a) the kernel of T is nontrivial if and only if A’ has nonpiv-
otal columns. Show that each of the variables z1,...,z, above
corresponding to the nonpivotal columns of A’ can be prescribed
arbitrarily and the values of the remaining variables are then
uniquely determined to give an element xie7 + - - -+ x,e, in the
kernel of T'. In particular, show that the coordinates of a basis
for the kernel are obtained by successively setting one nonpivotal
variable equal to 1 and all other nonpivotal variables to 0 and
solving for the remaining pivotal variables. Conclude that the
kernel of T has dimension n — r where r is the rank of A.
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(d) Give a basis for the image and kernel of T if the matrix associated
to T with respect to the standard bases is

1 2 3 4 4
-2 -4 0 0 2
1 2 01 -2
1 2 0 0 -1
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Chapter 4

Structure Theorems for
Linear Transformations

Let T € Homp(V,V). Let B be a basis for V, where dimp V' < oo, then
we have a matrix [T]g. Our goal is to pick this basis so that [T]p is as
nice as possible.

Throughout this chapter we will always take V' to be a finite dimensional
vector space.

Though we do not formally introduce determinants until Chapter 7, we
use determinants throughout this chapter. Here one should just treat the
determinant as it was used in undergraduate linear algebra, namely, in
terms of the cofactor expansion.

4.1 Invariant subspaces
In this section we will define some of the basic objects needed throughout
the remainder of the chapter. However, we begin with an example.

Example 4.1.1. Let V be a 2-dimensional vector space with basis {v1, v }.
Let T € Homp(V, V) such that T(vy) = v1 + 3vg and T'(vg) = 2v1 + 4vs.

Thus,
[T]5 = <i1’> i) :

It is natural to ask if there is a basis C so that [T']¢ is a diagonal matrix. We
will see that if F' = Q, there is no such basis C. However if Q(v/33) C F,
then there is a basis C so that

5+1/33 0
Tle=1{ § svam):

2
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We can also consider the question over finite fields. For instance, F' = Fj,

there is a basis C so that
1 0

but if F = F5 the matrix cannot be diagonalized. The results of this
chapter will make answering such a question routine.

Let V be an F-vector space with dimp V' = n and let T' € Homp(V, V).
Let f(x) € F[z]. We will use throughout this chapter the notation f(T).
If f(x) = amax™ + -+ + a1z + ag, we will view f(T) as the linear map
amT™ + -4+ a1T +ag where T =T oT o---oT with m copies of T.

Theorem 4.1.2. Let v € V with v # 0. There is a unique nonzero
monic polynomial mr ,(x) € Flx] of lowest degree so that mr ,(T)(v) = 0.
Moreover, degmr,(z) < dimp V.

Proof. Consider the set {v,T(v),...,T"(v)}. There are n 4+ 1 vectors in
this set so they must be linearly dependent, i.e., there exists ag,...,a, € F
such that a, T (v)+- - -+a1T(v)+agv = 0. Set p(z) = apx™+- - -+a1x+ao.
We have that p(T)(v) = 0.

Consider the subset I, C Fx] given by I, = {f(z) : f(T)(v) = 0}. Since
p(z) € I, we have I, # 0. Pick f(z) € I, nonzero of minimal degree
and write f(x) = amr™ + -+ + a17 + ag with a,, # 0, m < n. Set
f(z) = if(x) € I,. This is a monic polynomial of minimum degree in
I,.

It remains to show that f(z) is unique. Suppose g(z) € I, with degg =
m and g monic. Write f(z) = ¢(z)g(z) + r(z) for ¢q(x),r(z) € Flx]
with r(z) = 0 or degr(z) < m. Rewriting this gives r(z) = f(z) —
q(x)g(x). Observe r(T)(v) = f(T)(v) —q(T)(v)g(T)(v) = 0 and so r(x) €
I,,. However, this contradicts f having minimal degree in I,, unless r(z) =
0. Thus, f(z) = q(z)g(z). Now observe that since deg f = m = degg, we
must have deg ¢ = 0. This gives ¢(z) € F. Now we use that f and g are
monic to see ¢ = 1 and so f = g. This gives the result. O

One should note the previous proof amounted to showing that F[z] is a
principal ideal domain. Since we are not assuming that level of abstract al-
gebra, the proof is necessary. We will use this type of argument repeatedly
so it is important to understand it at this point.

Definition 4.1.3. The polynomial my () is referred to as the T-annihilator

of v.

Corollary 4.1.4. Let v € V and T € Homp(V,V). If f(z) € Fla]
satisfies f(T)(v) =0, then mp,(x) | f(x).
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Proof. We showed this in the course of proving the previous theorem, but
we repeat the argument here as this fact will be extremely important in
what follows. Let f(z) € Flz] so that f(T)(v) = 0. Using the division
algorithm we can write

f(@) = q(x)mro(x) + r(z)
with ¢,r € F[z] and r(z) = 0 or degr < deg mr,. We have

This contradicts the minimality of the degree of mr,(x) unless r(x) = 0.
Thus, we have the result. O

Example 4.1.5. Let V =R" and &,, = {ey, ..., e, } be the standard basis
of V. Define T : V — V by T'(e;) = ej_1 for 2 < j <m and T(e;) = 0.
We calculate mr ., (z) for each j.

Observe that if we set fi(z) = x then f1(T)(e1) = T'(e1) = 0. Moreover,
if g(z) = a a constant, then g(T")(e;) # 0. Thus, using the above corollary
we have that mrz ., (x) is a monic polynomial of degree at least one that
divides fi(z) =z, i.e., mp., (z) = z.

Next we calculate mz.,(z). Observe that if we set fo(z) = 22, then
f2(T)(e2) = T%*(e2) = T(e1) = 0. Thus, mr., | fo. This gives that
mr.e,(z) = 1,2, or 2% since it must be monic. Since T'(e2) = ey, it must
be that mp,(x) = x*. Similarly, one obtains that mg., (z) = 27 for
2<j<m.

Example 4.1.6. We now return to Example 4.1.1 and adopt the notation
used there. We find my,, (x) and leave the calculation of mr ,, (z) as an
exercise. We have T'(v1) = v1 + 3vy and T?(v1) = T(v1) + 3T (ve) =
vy + 3vg + 3(2v01 + 4vg) = Tvg + 15v9. Since V' has dimension 2 we know
there exists b, ¢ € F such that T%(vy) + bT(v1) + cvy = 0. Finding b and
c amounts to solving a system of linear equations: we obtain b = —5,¢ =
—2. So fi(x) = x? — bz — 2 satisfies f(T)(v1) = 0. Whether this is
my .y, (x) depends on the field F' and whether we can factor over F. For
example, over QQ this is an irreducible polynomial and so it must be that
mrp, (2) = 22 — 5z — 2 over Q. In fact, we will later see this means that
mr.p, (z) = 22 — 5x — 2 over any field F' that contains Q. One other thing

to observe is that the roots of this polynomial are % + @

Exercise 4.1.7. Redo the previous example with F' = F3 this time.
Though the annihilating polynomials are useful, they only tell us about
the linear map element by element. What we would really like it is a poly-

nomial that tells us about the overall linear map. The minimal polynomial
provides just such a polynomial.
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Theorem 4.1.8. Let dimgp V = n. There is a unique monic polynomial
mr(x) € Flz] of lowest degree so that mr(T)(v) = 0 for all v € V.
Furthermore, deg my(x) < n?.

Proof. Let B = {v1,...,v,} be a basis for V. Let mr,,(x) be the an-
nihilating polynomial for each i. Set my(x) = lem; myr,, (). Note that
myr(x) is monic and mr(T)(v;) = 0 for each 1 < ¢ < n. From this it is easy
to show that my(T)(v) = 0 for all v € V. Since each my ,,(z) has degree

n and there are n polynomials, we must have degmy(z) < 31" | n = n?.

It remains to show my(z) is unique. Suppose there exists r(x) € F[z]
with 7(T)(v) = 0 for all v € V but mr,,(x) { r(x) for some j. This is
a contradiction because if mr,, (z) t r(x), then 7(T)(v;) # 0. Thus, by
the definition of least common multiple we must have mrp(z) | r(z) and

so mp(x) is the unique monic polynomial of minimal degree satisfying
mr(T)(v) =0 for all v e V. O

We note the following corollary that was shown in the process of proving
the last result.

Corollary 4.1.9. Let T € Homp(V,V) and suppose f(x) € Flx] with
f(T)(w) =0 for allve V. Then mp(x) | f(x).

The bound on the degree of my(z) given above is far from optimal. In

fact, we will see shortly that degmr(z) < n.

Definition 4.1.10. The polynomial mr(x) is called the minimal polyno-
mial of T.

Example 4.1.11. We once again return to Example 4.1.1. Let F = Q.
We saw mr,,, (#) = 22 —5x—2 and one saw in the exercise that mr ., (z) =
22 — 52 — 2. Thus,

my(r) = lem(2? — 5z — 2,2 — 5w — 2)

=22 -5z —2.

Example 4.1.12. Let V = Q3 and let & = {e1, €2, e3} be the standard

1 2 3

basis. Let T be given by the matrix [ 0 1 4 ]. One can calculate from
0 0 -1

this that mre, (z) = 2 — 1, mre, = (x — 1)%, mre, = (x — 1)%(x + 1).

Thus,
mp(x) =lem((z — 1), (x — 1)2, (z — 1)*(z + 1))
(- DA+ 1),

The following result is the first step in showing that one can realize the
minimal polynomial of any linear map as the annihilator of an element of
the vector space.
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Lemma 4.1.13. LetT € Homp(V, V). Letvq,...,v,x € V and set p;(z) =
myy, (). Suppose the p;(x) are pairwise relatively prime. Set v = vy +
-+ vg. Then myp,(x) =pi(x) - - pi(z).

Proof. We prove the case k = 2. The general case follows by induction
and is left as an exercise. Let pi(x) and pa(x) be as in the statement
of the lemma. The fact that they are relatively prime gives polynomials
q1(x), q2(x) € F[z] such that pi(x)g1(x) + p2(x)g2(z) = 1. Thus, we have

v=1-v

= P1(T)q1(T) + p2(T)g2(T))v

= q(T)p1(T)(v) + q2(T)p2(T)(v)

=q(T)p1(T)(v1) + @1 ) 1(T)(v2) + @2(T)p2(T) (v1) + ¢2(T)p2(T') (v2)
= q(T)p1(T)(v2 p2(T)(v1)

where we have used pl(T (v1) = 0and pg( )(vg) = 0. Set wy = qo(T)p2(T)(v1)

Thus, wy € kerpy(T'). Similarly, wy € ker po(T).

Let r(z) € Flx] such that r(T)(v) = 0. Recall that v = wy 4+ ws. Since
way € kerpa(T') we have

p2(T)(v) = pa(T) (w1 + ws)

Thus,

Moreover, we have
0=7r(T)p1(T)q:(T)(wn)
since wy € ker p1(T'). Thus,
0=r(T)(p1(T)qu(T) + p2(T)q2(T)) (w1).

Using that p1(T)q1(T) + p2(T)g2(T) = 1, we obtain 0 = 7(T)(wy). Thus,
we have 0 = r(T)(w1) = r(T)(pQ(T)qQ(T)( 1)). Since pi(z) is the an-
nihilating polynomial of vy, we obtain p;(z)|r(x)p2(z)g2(x). However,
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since p1(2)q1(z) + p2(z)g2(xz) = 1 we have that p; is relatively prime to
p2(x)q2(x), so pi(x)|r(x). A similar argument shows ps(z)|r(z). Since
p1(x), p2(z) are relatively prime, p;(x)p2(x)|r(z). Observe that

p1(T)p2(T)(v) = pr(T)p2(T)(v1) + p1(T)p2(T)(v2)
=0.

Thus p;y(x)p2(x) is a monic polynomial and for any r(x) € F[z] so that
r(T)(v) = 0, we have p;(x)p2(x) | (z). This is exactly what it means for
mr,,(x) = p1(z)p2(2). O

Theorem 4.1.14. Let T € Homp(V,V). There exists v € V such that
mr () = mp(z).

Proof. Let v1,...,v, be a basis of V' so that mp(z) = lem; myp,, ().
Factor mp(z) into irreducible factors py(x)€ - - pr(x)® with e; > 1 and
the p;(z) pairwise relatively prime. For each 1 < j < n there exists
ij € {1,...,k} and ¢;, (x) € F[z] such that mp ,, () = p;, (x)“i g;, (x). Set
ui; = qi;(T)(v;). Then mrp., () = p;, (x)“. Thus, if we set v = Y u,,
then Lemma 4.1.13 gives

elo.

mr.(x) = pi(x) “pr(T)*

= myp(x).

This result gives us the desired bound on the degree of my(x).

Corollary 4.1.15. For T € Homp(V,V) we have deg mp(z) < n.

Proof. Since there exists v € V so that mp(z) = mr,(z) and we know
deg mr,,(x) < n, this gives the result. O

Definition 4.1.16. Let A € Mat,,(F). We define the characteristic poly-
nomial of A as ca(z) = det(z1,, — A) € Flz].

One must be very careful with what is meant here. As we have seen above,
we will often be interested in evaluating a polynomial at a linear map or
a matrix. Without the more rigorous treatment, we have to be careful
what we mean by this. For example, the Cayley-Hamilton Theorem (see
Theorem 4.1.30) says that c4(A) = 0. At first glance this seems trivial,
but that is only the case if you misinterpret what is meant by c4(A).
What this actually means is form the polynomial c4(x) and then replace
the z’s with A’s. One easy way to see the difference is that c4(B) is a
matrix for any matrix B, but if you evaluated B1,, — A and then took the
determinant this would give a scalar. Note that a more rigorous treatment
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of the characteristic polynomial in the appendix. For a first reading of the
material the more rigorous treatment can certainly be skipped.

Recall that we say matrices A, B € Mat, (F') are similar if there exists
P € GL,(F) so that A= PBP~.

Lemma 4.1.17. Let A, B € Mat,,(F') be similar matrices. Then ca(x) =
cp(x).
Proof. Let P € GL,(F) such that A = PBP~!. Then we have
ca(x) = det(zl,, — A)
= det(zI, — PBP™)
= det(P2I,P~' — PBP™!)
= det(P(xI, — B)P™1)
= det Pdet(xI,, — B)det P~!
= det(zI, — B)
= cp(x).
O

We can use this result to define the characteristic polynomial of a linear
map as well. Given T' € Homp(V, V), we define cr(x) = ¢i1),(x) for any
basis B. Note this is well-defined because choosing a different basis gives
a similar matrix, which does not affect the characteristic polynomial. If
dimp V = n, then deger(z) = n and cp(x) is monic.

Definition 4.1.18. Let f(z) = 2" +a,—12" "'+ + a1z +ag € Fz]. The
companion matriz of f is given by:

~an—y 1 0 0 0
~an_s 0 1 0 0
Clf@) = + 1
—a; 0 0 0 - 1
—ap 0 0 0 -+ 0

The companion matrix will be extremely important when we study ratio-
nal canonical form.

Lemma 4.1.19. Let f(z) = 2" + ap_12" 1+ + a1z + ag. Set A =
C(f(x)). Then ca(x) = f(x).

Proof. Observe we have

r+ap,-1 -1 0 --- 0

Ap—2 z -1 -+ 0

xl, — A= : : oot
ai 0 0 z -1

ap 0 0 0 T
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We prove the result by induction on n. First, suppose n = 1. Then
we have f(x) = x + a9 and A = (ap). So I, — A = x + ap and thus
ca(x) = det(z + ag) = x + ap = f(x) as claimed. Now suppose the result
is true for all n < k — 1. We show the result is true for n = k. We have

ca(z) = det(zly — A)

r+ar_1 -1 0 -+ 0
Ap—2 z -1 -+ 0
= det .
ay 0 0 =z -1
ag 0 0 0 T
-1 0 0 0
r -1 0 0 e
Af—2 X
= (=D*gpdet | O —1 0 f (L) det ,
0 0 r -1 “ 0 0
=ao+x(z" fap_ 12"+ 4 ay)
= f(z).
Thus, we have the result by induction. O

The next theorem gives us our first serious result towards our structure
theorems.

Theorem 4.1.20. Let f(x) = 2" + ap_12" ' + -+ + a1 + ag € Flz].
Let A=C(f(z)). Set V.=F" and T =Tx. Let &, = {e1,...,en} be the
standard basis of F™. Then the subspace W C V given by

W ={g(T)(en) : g(x) € Flz]}
is all of V.. Moreover, mp(x) = mp., (z) = f(z).
Proof. Observe we have T(e,) = e,_1,T?(e,) = en_2, and in general

T*(e,) = en_y, for k < n—1. We have that W contains spany(T""!(e,,), ..., T(en), en) =
spang(e1,...,e,) = V. Since W C V, this implies that W = V.

Note, we have n elements in {T" 1(e,),...,T(en),en} and they span,
so they are linearly independent. So any polynomial p(z) such that
p(T)(en) = 0 must have degree at least n. We have
T”(en) = T(el)

= —Qp—-1€1 — Ap—2€2 — - — Ap€n

= —ap 1 T" Hep) — - —a1T(en) — agen.
Thus, T"(en) + -+ - + a1T(en) + apen, = 0. This gives f(T)(en) = 0. Since
f is degree n and is monic, we must have that f(x) = mr., (). We know
my.e, (x)|mr(z) and degmyp(x) < n, so mp(z) = mre, (x) = f(x). O
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We now switch our attention to subspaces of V that are well-behaved with
respect to T, namely, ones that are preserved by 7T

Definition 4.1.21. A subspace W C V that satisfies T(W) C W is
referred to as a T-invariant subspace or a T-stable subspace.

As is the custom, we rephrase the definition in terms of matrices.

Theorem 4.1.22. Let V be an n-dimensional F'-vector space and W CV
a k-dimensional subspace. Let By = {v1,...,vr} be a basis of W and
extend to a basis B = {v1,...,v,} of V. Let T € Homp(V,V). Then W
is T-invariant if and only if [T|g is block upper triangular

[T]s = (61 g)

where A € Maty(F) and is given by A = [T|w]B. -

Note that if W is a T-invariant subspace, then T|y € Homp(W,W).
Moreover, we have a natural map T : V/W — V/W given by T'(v+ W) =
T(v) + W. This is well-defined precisely because W is T-invariant, which
one should check as an exercise. We also have the following simple relations
between the annihilating polynomials of T and T as well as the minimal
polynomials. These will be useful in induction proofs that follow.

Lemma 4.1.23. Let W C V be T-invariant and let T be the induced linear
map on V/W. Let v € V. Then mz (,(z)|mr.(x) where [v] = v+ W.

Proof. Observe we have

m(T)([v]) = mo(T)(v) + W
=0+W.

Thus, mz ) (z)|mr, (). O

The following result can either be proved by the same methods as used in
the previous lemma, or one can use the previous result and the definition
of the minimal polynomial.

Corollary 4.1.24. Let W C V be T-invariant and let T be the induced
linear map on V/W. Then ma(x)|mr(z).

Definition 4.1.25. Let T € Homp(V,V) and let A = {vy,..., v} be a
set of vectors in V. The T-span of A is the subspace

k
W= {Zpi(T)(vi) i) € F[:v]} :
i=1

We say A T-generates W.
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Exercise 4.1.26. Check that W given in the previous definition is a 7T-
invariant a subspace of V. Moreover, show it is the smallest (with respect
to inclusion) T-invariant subspace of V' that contains 5.

The following lemma, while elementary, will be used repeatedly in this
chapter.

Lemma 4.1.27. Let T € Homp(V,V). Let w € V and let W be the
subspace of V' that is T-generated by w. Then

dimp W = degmy . (2).

Proof. Let degmr ., (7) = k. Then {w, T(w),...,T* 1 (w)} spans W and
if any subset spanned we would have degmy () < k. This gives the
result. O

Up to this point we have dealt with two separate polynomials associated
to a linear map: the characteristic and minimal polynomials. It is natural
to ask if there is a relation between the two. In fact, there is a very nice
relation given by the following theorem.

Theorem 4.1.28. Let T € Homp(V,V). Then

(a) mr(z)ler(z);

(b) Every irreducible factor of cr(x) is a factor of mp(z).

Proof. We proceed by induction on dimpV = n. If n = 1 the result is
true trivially, so our base case is done. Let degmrp(x) = k < n. Let
v € V such that mp(x) = mr,(x). Let Wi be the T-span of v, so by
Lemma 4.1.27 we have dimr Wy = k. Set vy, = v and v,_; = T%(v)
for i = 0,...,k — 1. Then we claim By = {v1,...,v;} is a basis for
W;. Note that this set has the correct number of elements, so we only
need to show it is linearly independent or spans. Suppose there exists
ai,...,ar € F so that ajvy + -+ + arvr = 0. Using the definition of
the v; we have a;T*~*(v) + --- 4+ agv = 0. This implies that mr () |
(alxk_l + -+ ag_1), which is a contradiction unless a3 = ---ag_3 =0
since degmy ,(x) = 0. This shows the set is a basis. Moreover, we have
[T|w,]8, = C(mr(x)), the companion matrix.

If k = n, then Wy =V So [T]g, = C(mr(z)) has characteristic polynomial
mr(x), i.e., er(x) = mp(z) and we are done.

Now suppose k < n. Let V5 be the orthogonal complement of Wy in V,

and Bz a basis of V. Set B = By U By. We have [T]z = (61 g) with A
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the companion matrix of my(x). This allows us to observe that
cr(z) = det(xl, — [T)5)

o ka - A —B
= det ( 0 wlyj— D)
= det(al — A)det(xl,_ — D)

= myp(x)det(zl,—x — D).

Thus, we see mp(z)|cr(x). This gives the first claim of the theorem.

It remains to show cr(z) and my(z) have the same irreducible factors.
Note that since mr(x) | er(z) we certainly have every irreducible factor
of mp(z) is an irreducible factor of ¢p(z). If mp(x) has degree n, then
mr(z) = er(z) and the result is trivial. Assume degmy(z) < n. Consider
T :V/Wy = V/Wi. Set B = mw,(B). We have [T]z = D. Since
dimp V/W; < dimg V, we can use induction to conclude c7(x) and m(x)
have the same irreducible factors. Let p(x) be an irreducible factor of
cr(z). As above write er(x) = myp(z)det(xl,—r — D), which we have
is equal to my(z)cp(z). Since p(x) is irreducible, it divides mp(z) or
cr(x). If p(z)|mr(z), we are done. If not, p(z)|c(x), and so p(x) is an
irreducible factor of cy(x). However, ms(z) and cx(x) have the same
irreducible factors so p(z) is an irreducible factor of m=(x). We now use
that ma(x)|mr(x) to conclude p(x)|mr(x). O

Corollary 4.1.29. Let dimpV = n, T € Homp(V,V). Then V is T-
generated by a single element if and only if mr(x) = cr(x).

Proof. Let w € V and let W be the subspace of V' that is T-generated by
w. We know that dimp W = degmy ., (z). Thus, if there is an element
that T-generates V' we have deg my ., (x) = n, and since mq ,(z) | mp(x)
for every w, we have degmy(z) = n and so it must be equal to cp(z).
Conversely, if mr(z) = cp(z) then we use the fact that there is an ele-
ment w € V so that my () = mp(z). Thus, degmy,(x) = n and so
dimp W =n, ie, W=V. O

These results trivially give the Cayley-Hamilton theorem.
Theorem 4.1.30. [Cayley-Hamilton Theorem/

(a) Let T € Homp(V,V) with dimp V < co. Then cr(T) = 0.

(b) Let A € Mat,(F) and ca(x) the characteristic polynomial. Then
CA (A) =0.

As mentioned above, the term c4(A) is a matrix and the content of the
theorem above is that this is the zero matrix.
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4.2 T-invariant complements

We now turn our focus to invariant subspaces and the question of when a
T-invariant subspace has a T-invariant complement. Recall that given any
subspace W C V| we always have a subspace W' C V so that V = WaW’.
In particular, if W is T-invariant we have a complement W'. However, it
is not necessarily the case that W’ will also be T-invariant. As we saw in
the last section, this essentially comes down to whether there is a basis B
so that the matrix for 7" is block diagonal.

Definition 4.2.1. Let Wy,..., Wy be subspaces of V such that V =
Wi @ ®Wg. Let T € Homp(V,V). Wesay V=W, ®---® Wy is
a T-invariant direct sum if each W; is T-invariant. If V. = W @ W’ is a
T-invariant direct sum, we say W’ is the T-invariant complement of W.

We now give two fundamental examples of this. Not only are they useful
for understanding the definition, they will be useful in understanding the
arguments to follow.

Example 4.2.2. Let T € Homp(V, V) and assume my(z) = cp(x). For
convenience write f(z) = mp(z). Suppose we can factor f(x) = g(x)h(x)
with ged(g,h) = 1. Let vg € V be so that myp,,(z) = mp(z), L.e., V is
T-generated by vg.

Set W1 = h(T)(V) and Wy = ¢g(T)(V). We claim that V = Wy @ W,
is a T-invariant direct sum. Note it is clear that W; and W5 are both
T-invariant, so we only need to show that V = W; @& W5 to see it is a
T-invariant direct sum.

First, we show that W3 N Wy = {0}. Let wy € Wi. Then wy = h(T)(v1)
for some v; € V. We have g(T)(w1) = g(T)h(T)(v1) = f(T)(v1) =
my(T)(v1) = 0. Thus, mrp,,, | g(x). Similarly, if wy € W, then my ., |
h(z). If w € Wi N Wa, then mp ., (x) | g(x) and mp(z) | h(z). Thus
my . (2) = 1. This implies we must have w = 0, as desired.

It remains to show that V = W; + Ws. Since ged(g, h) = 1, there exists
s,t € Flx] such that 1 = g(x)s(z) + h(z)t(z). Thus,

vo = (9(T)s(T) + h(T)H(T))vo
= g(T)S(T)’UO + h(T)t(T)’UO

= Wi + w2
where
w1 = h(T)t(T)vg
= h(T)(t(T)vo) € M(T)(V) = Wy
and
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Thus, vg € Wi + Wa. Let v € V. There exists b(z) € Flz] such that
v =b(T)(vg). This gives

v = b(T)’UO
= b(t)(w1 + wa)
= b(T)(H)l) + b(T)(’LUQ) e Wi+ Whs.

Thus V = W, @& W5 as T-invariant spaces.

In summary, if mr(z) = cr(x) and we can write mp(z) = g(z)h(z) with
ged(g, h) = 1, then there exists T-invariant subspaces W7 and Wa so that
V =W & Ws. Let B; be a basis for W;. Then we have

(T)B,uB, = ([TQ)BI [T(])52> .

Example 4.2.3. As in the previous example, assume my(z) = cp(z)
and again write f(x) = mr(x). However, in this case we assume f(z) =
g(x)h(z) with ged(g,h) > 1. For example, f(x) could be a power of an
irreducible polynomial. Let vy € V such that myp(z) = mr,, (z), i.e.,, V is
T-generated by vg. Set Wy, = h(T)(V). Clearly we have W is T-invariant.
We will now show W does not have a T-invariant complement. Suppose
V = W; & Wy with Wy a T-invariant subspace. Write 77 = T|w, and
Ty = Tlw,.

We claim that m, (x) = g(z). Let wy € Wy and write wy = h(T")(v1) for
some v € V. We have

Thus, we must have mq, (z) | g(z). Set wj = h(T)(vo) and k(x) =
M. (z). Then we have

Thus, we have mq ., () = g(z)h(z) | k(x)h(z). This gives g(z) | k(z) =
mr . (z). However, mr . (z) | mz, (z) and so g(z) | mz, (z). This gives
g(x) = mp, (z) as claimed.

Our second claim is that my, (z)|h(z). Let wy € Wa. Then h(T)(wg) € W1
because h(T)(V) = W;. We also have h(T)(ws2) € Wa because W is T-
invariant by assumption. However, W3 N W5 = {0} so it must be the case
that h(T)(w2) = 0. Hence mr,(z) | h(z) as claimed.

As we are assuming V = Wy + W5 we can write vg = wi + wo for some
w; € Wi Set b(z) = lem(g(x), h(x)). We have b(T)(vy) = b(T)(w1) +
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b(T)(wz) = 0 since m, (z) = g(x) | b(z) and my,(x) | h(z) | b(z). Thus,
b(z) is divisible by f(x) = mq ., (x). However, since ged(g,h) # 1 we
have b(z) is a proper factor of f(z) that vanishes on vg, so on V. This
contradicts my,(xz) = f(z) = cp(x). Thus, Wi does not have a T-
invariant complement.

Now that we have these examples at our disposal, we return to the general
situation.

Theorem 4.2.4. Let T € Homp(V,V). Let my(z) = pi(x)-- - pr(x) be
a factorization into relatively prime polynomials. Set W; = ker(p;(T')) for
i=1,...,k. Then W; is T-invariant for each i and V =W ®--- d Wy,
is a T-invariant direct sum decomposition of V.

Proof. Let w; € W;. We have

Thus, T'(w;) € ker(p;(T)) = W;. This gives each W; is T-invariant so it
only remains to show V is a direct sum of the W;.

For each i set q;(z) = mr(x)/pi(z). The collection {q1,...,qx} is rela-
tively prime (not in pairs, just overall) so there are polynomials 1, ..., r €
F[z] such that

L=qiri+ -+ qry.

Let v € V. We have
v=1-v
=7 (T)q(T)v + -+ ri(T)ge(T)v
= w1 + e + Wk
where we set w; = 1;(T)q;(T)(v). We claim that w; € W;. Observe
pi(T)(wi) = pi(T)qs(T)rs(T)(v)
=1;(T)mr(T)(v)
=0.
Thus, w; € W; as claimed. This shows we have V =Wy + .- + W}.

Suppose there exists w; € W; so that 0 = wy 4+ - - - + wi. We need to show
this implies w; = 0 for each 7. We have

0=q:(7)(0)
=q(T) (w1 + - +wy)
= q(T)(w1) + -+ + qu(T)(wy)
= q1(T)(wn)
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where we have used p; | ¢ for all i # 1 so ¢1(T)(w;) =0 for i # 1. Thus,
we have ¢1(T)(w1) = 0 and by definition p;(T)(w;1) = 0. Since p; and ¢
are relatively prime there exists r, s € F[z] so that

L=r(z)p1(z) + s(x)q1 ().
Thus,

wy = (r(T)pu(T) + s(T)q (T))wy
0.

The same argument gives w; = 0 for all i. Thus, V =W, & --- ® W) with
W, T-invariant. O

One thing to note in the previous result is that given T as in the statement
of the theorem, the map m; = r;(T)q;(T) is a projection map from V onto
W;. This fact is important in the following result. We can now deter-
mine exactly how all T-invariant subspaces of V arise from the minimal
polynomial of T'.

Corollary 4.2.5. Let T € Homp(V, V), write mp(z) = p1(x)®* - - - pg(z)°*
be the irreducible factorization of mr(x). Let W; = ker(p;(T)%). For
i =1,...,k let U; be a T-invariant subspace of W;. (Note we allow U;
to be zero.) Then U = Uy @ --- @ Uy is a T-invariant subspace of V.
Moreover, if W is any T-invariant subspace of V', we have

W=Wnwy)®---&(WnWy),

i.e., all T-invariant subspaces arise by looking at T-invariant subspaces of
the Wi.

Proof. The previous result shows V = W; & --- @ Wy with the W; being
T-invariant, so it is clear such a U is a T-invariant subspace.

Let W be a T-invariant subspace of V. Let w € W and write w =
wy + -+ + wg with w; € W;. We know that w; = m;(w) = h;(T)(w) for
some h;(z) € F[z] (see the remark preceding this result.) Now since W
is T-invariant, each w; € W as well. Thus, each w; € W N W;. This is a
unique expression since V.= W3 @ - -- & Wj. This gives

W=WnWw)®---&(WnWy),
as desired. O

This result reinforces the importance of the minimal polynomial in under-
standing the structure of T'. We obtain T-invariant subspaces by factoring
the minimal polynomial and using the irreducible factors.

The following lemma is essential to prove the theorem that will allow us
to give our first significant result on the structure of a linear map: the
rational canonical form. The proof of this lemma is a bit of work though
and can be skipped without losing any of the main ideas.
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Lemma 4.2.6. Let T € Homp(V, V). Let w1 € V such that myp ., (z) =
mr(x) and let Wi be the T-invariant subspace of V' that is T-generated
by wy. Suppose W1 C V is a proper subspace and there is a vector vo € V
so that V' is T-generated by {wy,va}. Then there is a vector wa € V' such
that if Ws is the subspace T-generated by wo, then V.= W1 @ Wi.

Proof. Let vy be as in the statement of the theorem. Let V5 be the sub-
space of V that is T-generated by vs. We certainly have V = Wy + Vs,
but in general we will not have W7 NV, = {0}. We will obtain the direct
sum by changing vy into a different element so that there is no overlap.

Let dimp V = nand dimp Wy = k. Then By = {T* Y (w,),...,T(wy),w;}
is a basis for W;. Set u; = T*~%(w;) to ease the notation. We have V is
spanned by By U {v}, T'(v5), ...} where v) = vy +w for any w € W;. Note
that for any such v4 that {wi,v4} also T-generates V. The point now is
to choose w carefully so that if we set ws = v we will have the result.
Set By = {vh, T(v}),...,T" *~1(v})}. The first claim is that B; U By is
a basis for V. We know that Bj is linearly independent, so we can add
elements to it to form a basis. We add v}, T'(vj), etc. until we obtain a
set that is no longer linearly independent. Certainly we cannot go past
Tn=*=1(v}) because then we will have more than n vectors. To see we can
go all the way to T"~*~1(uv}), observe that if 77 (v}) is a linear combina-
tion of By and {vh,...,T7=1(v})}, then the latter set consisting of k + j
vectors spans V' so j > n — k. (Note one must use W is T-invariant to
conclude this. Make sure you understand this point.) However, we know
j<n-—kandsoj=n—k as desired. Thus, B’ = By U Bs is a basis for
V. Set uj,, =T F1(vh),... up, = v).

r N

We now consider 7" (u/,). We can uniquely write

k n
i=1

i=k+1
for some b; € F. Set
p(z) = 2R bR by — by,
Set u = p(T)(vh) and observe
u=p(T)(vy)
= p(T)(uy,)
k
= Zbiui e W
i=1

We now break into two cases:

Case 1: Suppose u = 0.
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In this case we have Zle b;u; = 0, and so b; = 0 for i = 1,...,k since
the u; are linearly independent. Set Vi = spany By. We have

T M (vg) = T (uy,)

n
= Z b;u, € spany Bs.
i=k+1

Thus, we have T7 (v}) € spany By for all j, so Va is a T-invariant subspace
of V. By construction we have W1NVy = {0}, so we have that V' = W, &V
is a T-invariant direct sum decomposition of V and we are done in this
case.

Case 2: Suppose u # 0.

The goal here is to reduce this case to the previous case. We must adjust

v} for this to work. We now set V4 to be the space T-generated by v}. We

claim that bog_p41,...,0; are all zero so u = Zfi;n b;u;. Suppose there

exists by, with 2k —n+1 < m < k so that b,; # 0 and let m be the largest
such index. Since T acts by shifting the wu;, we have

T (u) = buy

Tm_Q(u) = b ug + by —1uq

Thus, we have
(T p(T) (v3), T™2p(T) (vh), -+, (T, T ¥ (), T H72(vh), .. un}

is a linearly independent subset of V. Thus, dimp V5 > m+n—k > k+1.
This gives that the degree of mr () is at least k + 1. However, since
mr ., (r) must divide mz(z), and mr(z) = mr y, (r) which has degree k,
this is a contradiction. Thus, bog_p4+1 = -+ = by = 0 as claimed.

Set
2k—n

w=— E bitiqn—tk-
i=1

Note that the u;’s range from w,_g+1 to ug, so w € Wi. Set wy = v} +w.
Define By = {uy,...,uxr} as above, but now set By = {ugy1,...,Un} =
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{zﬂn—k:—l(u&)7 . 7’(1)2}- Set B = By UBy. We have

T un) = T (0 +w)
= T () + T H(w)

2k—n 2k—n

= Z biug + T " (- Z biui+nk)
2zkz—ln 2k—n =

= > b+ Y (—biu)
i=1 i=1

=0.

Thus, we are back in the previous case so we have the result. O

This lemma now allows us to prove the following theorem that will be
essential to developing the rational and Jordan canonical forms.

Theorem 4.2.7. LetT € Homp(V,V) and let wy € V such that m ,, (x) =
mp(z). Let Wy be the subspace T-generated by wy. Then Wiy has a T'-
invariant complement Wy.

Proof. Ift Wy =V, we can set Wy = 0 and we are done. Suppose that W7 is
properly contained in V. Consider the collection of T-invariant subspaces
of V' that intersect Wj trivially. We have this is a nonempty set because
{0} is a subspace that intersects W trivially. Partially ordering this by
inclusion, we apply Zorn’s lemma to choose a maximal subspace W5 that is
T-invariant and intersects Wi trivially. We now show that V = W7 & Whs.

Suppose that W7 @ Wy is properly contained in V. Let v € V so that
v & W1 @ Wa. Let V, be the subspace of V' that is T-generated by v. Set
Uy = Wa + Vo, If Wi NU; = {0} we have a contradiction to Wa being
maximal. Thus, we must have Wy N Uy # {0}. Set V' = W 4+ Us. We
have V' is a T-invariant subspace of V. Set 77 = T|y/. Since Ws is a
T-invariant space, it is a T”-invariant subspace of V’. Consider

TV /Wy = V' [Wa.

Set X =V'/W5 and S = T . Let Tw, : V! — X be the natural projection
map and set Wy = mw, (w1) and Ty = ww, (v2). Set Y1 = mw,(W1) € X
and Zy = mw,(Uz2) C X. Clearly we have Y7 and Zy are S-invariant
subspaces of X. The space Y; is S-spanned by w; and Z5 is S-spanned
by T, so X is S-spanned by {w;,T2}. Finally, since Wi N Wy = {0} we
have mw, |w, is injective.

We have that mp (z)|mr(xz). We also have mg(z) | mp/(x). We as-
sumed mrp ., () = mr(z) and since mw, : W1 — Y7 is injective, we must
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have mgm, (£) = My, (z). Since wy € V', mp .y, (2) | mp(z). Finally,
msm, (z) | ms(x). Combining all of these gives

ms.m, () | ms(z) | mo(z) | mp(x) = mrw, (r) = msw, (z),
which gives equality throughout.

We are now in a position to apply the previous lemma to S, X, w;, and
wsy. This gives a vector ws so that X = Y; & Y, where Y5 is the sub-
space of X that is S-generated by ws. Let w) be any element of V' with
Tw, (wh) = Wa and set V4 to be the subspace of V' that is T”-generated
by w! (equivalently, the subspace of V that is T-generated by wj.) This
gives Ty, (V) = Ya.

We are finally in a position to finish the proof. Observe we have
VIIWy=X=Y1+Z,=Y1®Y,.
Set Uy = Wy + V4. Then

V =W+ Vy+ W,
=W+ (WQ + ‘/2,)
=W+ Ué
We have W, N U, = {0}. To see this, observe that if x € W1 N U, then
Tw, (x) € mw, (W1) N, (U) = Y1 NY, = {0}. However, if x € W1 N V3,

then € Wy and 7w, |w, is injective so 2 = 0. Thus, we have V' = W1 aU;,
and U} properly contains Wo. This contradicts the maximality of W5. O

4.3 Rational canonical form

In this section we will give the rational canonical form for a linear trans-
formation. The idea is that we show a “nice” basis exists so that the
matrix with respect to the linear transformation is particularly simple.
One important feature of the rational canonical form is that this result
works over any field. This is in contrast to the Jordan canonical form,
which will be presented in the next section.

Definition 4.3.1. Let T € Homp(V, V). Anordered set C = {wy, ..., wi}
is a rational canonical T-generating set of V if it satisfies
(a) V=W1®---® Wy where W; is the subspace T-generated by w;;
(b) foralli=1,...,k —1 we have mg .., () | M7, ().
One should note that some textbooks will reverse the order of divisibility
of the annihilating polynomials.

The first goal of this section is to show such a set exists. Showing such
a set exists is straightforward given Theorem 4.2.7; the work now lies in
showing uniqueness.

71



4.3. RATIONAL CANONICAL FORM CHAPTER 4.

Theorem 4.3.2. Let T € Homp(V,V). Then V has a rational canonical

T-generating set C = {ws, ..., wx}. Moreover, if C' = {w1,...,w]} is any
other rational canonical T-generating set, then k = | and my ., (x) =
mr. () fori=1,...,k.

Proof. Let dimp V = n. We induct on n to prove existence. Let w; € V
such that my(z) = myr ., (x) and let Wi be the subspace T-generated by
wi. If Wi = V we are done, so assume not. Let W’ be the T-invariant
complement of W7, which we know exists by Theorem 4.2.7. Consider
T =T |w. Clearly we have mp/ (z) | mr(z). Moreover, dimp W’ < n.
By induction W’ has a rational canonical T-generating set {ws, ..., wy}.
The rational canonical T-generating set of V' is just {wy,...,wy}. This
gives existence. It remains to prove uniqueness.

Let C = {wi,...,wx} and C" = {w],...,w;} be rational canonical T-
generating sets with corresponding decompositions

V=W@® oW

and

V=W & - aW.
Let pi(z) = mruw,(v), pi(z) = mru(z), di = degpi(r), and dj =
deg pj(z). We proceed by induction on k. If &k = 1, then V = Wy =
Wi@---@®W/. We have p1(z) = mrw, (¥) = mr(z) = mr . () = pi(z).
This gives di = n. However, we also have dimp W7 = n = deg mq 4, (z) =
degmy(z) = degpi(z). Thus, dimp W] = n and so ! = 1 and we are done
in this case.
Now suppose for some m > 1 we have pl(x) = p;(z) for all 1 < i < m.
tv=w e - ®W,, thenn=d +---+dp =d,+---+d,. Thus
k = m = m' = [ and we are done. The same argument works if V =
Wie oW,
Suppose now that V # W1 @---®W,,, i.e., k > m. Consider py,+1(T)(V).
This is T-invariant. By assumption we have

V=Wi® OWpn®Wyir & .
This gives
Pmt1(T)(V) = prna1(W1) @ -+ & P 1 (T) (W) © Pt (T) (Wngr) -+ - -
Since ppm41(T)(x) = mrw,,., (), we have pyy1(T)(Wiy1) = 0. We now
use that W, is generated by w.,11 to conclude pp11(T)(Wint1) = 0

as well. We also have that p,,4;(z) | pm41(z) for all j > 1. This gives
Pmt1 (T) (W) = 0 for all j > 1. Thus,

Pt (T)(V) = P r (T)(Wh) © -+ © s (T) (W)
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Since ppy1(x) | pi(x) for 1 < i < m, we get dimp ppy1(T)(W;) = d; —
dm+1. (See the homework problems.) Thus,

dimp pr1 (T)(V) =d = (di —dmy1) + - + (dm — dimt1)-

We do the same thing to V.= W{ & --- & W/. We now apply the same
argument to V=W{ @ ---® W/ ®--- to obtain

Pm+1(T)(V) = @pm+l (T)(WJ,)

j>1

This has a subspace of dimension d given by @’_; ppm+1(T)(W) by our
induction hypothesis. Thus, this must be the entire space since it has
dimension equal to the dimension of py,11(7)(V'). Thus, py41(T)(W)) =
0 for j > m + 1. The annihilator of W, ,, is p;,,;(x), so we must have
Pm+1(2) | Phyyq (). We now run the same argument with pj, ., (x) instead
of prt1(z) to obtain py, 1 (2) | pmti(z). Thus, pmi1(x) = pr,4q(2) and
we are done by induction. O

We now rephrase this in terms of matrices.

Definition 4.3.3. Let M € Mat,,(F'). We say M is in rational canonical
form if M is a block diagonal matrix

C(p1(2))
C(p2(2))
M =
C(pk(x))
where C'(p;(x)) denotes the companion matrix of p;(z) where py (z), . .., pr(x)
is a sequence of polynomials satisfying p;1(x) | pi(x) fori=1,...,k — 1.

Corollary 4.3.4. (a) Let T € Homp(V,V). Then V has a basis B such
that [T|g = M is in rational canonical form. Moreover, M is unique.

(b) Let A € Mat,(F). Then A is similar to a unique matriz in rational
canonical form.

Proof. Let C = {wy,...,w} be a rational canonical T-generating set for
V with p;(x) = mrp ., (z). Set d; = degp;(z). Then

B= {le*l(wl), cony T(wy),wy, ... ,Td’“fl(wk), ceWe}

is the desired basis. To prove the second statement just apply the first
part to T'=Ty. O

Definition 4.3.5. Let T have rational canonical form with diagonal blocks
C(p1(x)),...,C(px(x)) with p;(x) divisible by p;11(z). We call the poly-
nomials p;(x) the invariant factors of T.
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One should note that in some places, such as [4],this are referred to as the
elementary divisors. Please see Section 4.6 for clarification on this.

Remark 4.3.6. (a) The rational canonical form is a special case of the
fundamental structure theorem for modules over a principal ideal
domain. This is where the terminology comes from.

(b) Some sources will use invariant factors so that pi(x) | pa(x) | --- |
pr(z). This is clearly equivalent to our presentation upon a change
of basis.

Corollary 4.3.7. Let A € Mat,,(F).

(a) The matriz A is determined up to similarity by its sequence of in-
variant factors p1(x),...,pr(x).

(b) The sequence of invariant factors is determined recursively as follows.

i. Set p1(x) = mr(x).
it. Letwy € V so that mp(x) = myp ., (x) and let W1 be the subspace
T-generated by w; .
iii. Let T : V/Wi — V/Wi and set pa(x) = map(x).
w. Now repeat this process where the starting space for the next step
8 V/W1

Proof. The proof is left as an exercise. O

Corollary 4.3.8. Let T € Homp(V,V) have invariant factors p1,...,pk.
Then we have

(a) p1(x) = mp(z);
(b) cr(x) = pi(x)---pr(x).

Proof. We have already seen the first statement. The second statement fol-
lows immediately from the definition of ¢z () and the fact that det(C(p(z))) =
p(z). O

The important thing about rational canonical form, as opposed to Jordan
canonical form, is that it is defined over any field. It does not depend on
the field which one considers the vector space defined over, as the following
result shows.

Corollary 4.3.9. Let F C K fields. Let A, B € Mat,,(F') C Mat, (K).
(a) The rational canonical form of A is the same whether computed over

F or K. The minimal polynomial, characteristic polynomial, and
invariant factors are the same whether considered over F' or K.
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(b) The matrices A and B are similar over K if and only if they are
similar over F. In particular, there exists some P € GL,(K) such
that B = PAP~! if and only if there exists Q € GL,(F) such that

B=QAQ .

Proof. Write M for the rational canonical form of A computed over F.
Note this also satisfies the condition for being a rational canonical form
over K as well so uniqueness of the rational canonical form gives that Mp
is the rational canonical form for A over K as well. Thus, the invariant
factors must agree. However, one now just uses Corollary 4.3.8 to obtain
the statement about the minimal and characteristic polynomials.

Suppose that A and B are similar over F, i.e., there exists Q € GL, (F)
such that B = QAQ ™. Since Q € GL,(K) as well, this gives A and B
are similar over K as well. If A and B are similar over K then A and
B have the same rational canonical form over K. The first part of the
corollary now tells us they have the same rational canonical form over K
and F', so they are similar over F' as well. O

It is important to note for the above result to be applied both matrices
must actually be defined over F'! This does not say if one has two matrices
defined over K that they are similar over any subfield of K since they may
not even be defined over that subfield.

It is particularly easy to compute the rational canonical form for a matrix
in Mato(F) or Mats(F') since the invariant factors are completely deter-
mined by the characteristic and minimal polynomials in this case. We
illustrate this in the following example. However, we then work the same
example with a general method that works for any size matrix. We do
not prove this method works as it relies on working with modules over
principal ideal domains.

Example 4.3.10. Set

2 =2 14
A=10 3 —7| € Mat3(Q).

0 0 2

‘We have
xr — 2 2 —14
ca(x) = det 0 z-3 7
0 0 Tz —2
— (@ -2z - 3)

Since we know my4(x) must have the same irreducible factors as ca(x),
the only possibilities for m4(z) are (z —2)(x —3) and (z —2)?(z —3). One
easily checks that (A —2-13)(A—3-13) =0s0o ma(z) = (z — 2)(x — 3).
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Thus we have p; (z) = (z—2)(x —3) = 22 —52+6. We now use that c4(z)
is the product of the invariant factors to conclude that ps(x) = (xz — 2).

Thus, we have C(p;(x)) = (—56 (1)> and C'(p2(z)) = 2. Thus, the rational
5 1 0

canonical form for Ais [ -6 0 0
0 0 2

Example 4.3.11. Note the minimal and characteristic polynomials do
not in general provide enough information to determine the invariant fac-
tors for matrices in Mat, (F) for n > 4. For example, if A € Mat4(Q)
with ca(z) = (z — 1)*, ma(z) = (r — 1)2, then the invariant factors could
be pi(z) = (z —1)% p2(2) = (x — 1)* or pi(z) = (z — 1)% pa(2) = (x - 1),
p3(xz) = x — 1. Without more information about A we cannot determine
which is the correct list of invariant factors.

Example 4.3.12. We now compute the rational canonical form of A =

2 -2 14
0 3 —7] € Mat3(Q) in a way that generalizes to matrices in Mat,, (F').
0 0 2
Consider the matrix
z—2 2 —14
13— A= 0 r—3 7
0 0 Tz —2

We now apply elementary row and column operations on this matrix to
diagonalize it. The fact that this matrix is always diagonalizable is a fact
from abstract algebra having to do with the fact that F[z] is a principal
ideal domain. We use standard notation for elementary row and column
operations. For example, R; + Ry — R; means we replace row 1 by row
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1 + row 2.
r—2 xz—1 =7
1"1n—A—) 0 r—3 7 (ViaR1+R2—>R1)
0 0 r—2
1 z—-1 -7
— r—3 x—3 7 (Via—01+02—>01)
0 0 x—2
1 x—1 -7
— | 0 —2?+52x—-6 Tr—14 (via —(x — 3)R1 + R2 — R»)
0 0 T —2
1 0 -7
— | 0 —224b52—-6 Txr—14 (via —(z — 1)C1 + Cy — Cy)
0 0 T — 2
1 0 0
— |1 0 —224+5zx—6 Tzx—14 (via 7C1 + C3 — Cs)
0 0 T — 2
1 0 0
— | 0 —224+52—-6 0 (via Re — TR3 — R»).
0 0 =z—2

Once the matrix has been diagonalized, the polynomials of degree 1 or
greater are the invariant factors. In this case we have p;(z) = 2% — 52 +6
and po(x) = x — 2, as was found in the previous example. If one keeps
track of the elementary row and column operations one can compute P
that converts A to its rational canonical form as well.

Example 4.3.13. In this example we compute a representative of each
similarity class of matrices A € Mat3(Q) that satisfy A* = 13. Note that
if A* =13, then ma(z) | 2% —1. We can factor x* —1 into irreducibles over
Q to obtain z* —1 = (z — 1)(x + 1)(2? + 1). Thus, m(z) is a polynomial
of degree at most 3 that divides (x — 1)(x + 1)(z? + 1). Conversely, if
B € Mat3(Q) satisfies that mp(z) | #* — 1, then B* = 13. We now list all
possible minimal polynomials:

(a) z—1;
(b) z+1;
(c) 22 +1;
(d) (z=1)(z+1);
(e) (z—1)(z*+1);

) (z+1)(z2+1).
Note we cannot have m4(z) = z* — 1 because degma(z) < 3. We can
now list the possible invariant factors, keeping in mind the product must

have degree 3 and they must divide each other. The possible invariant
factors are
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r—1l,z—1,x—1;
z+lLxz+1,z2+1;
(x—1D(z+1),z -1,
(x—l)(a:+1):1:+1;
(&) (x—1)(a? +1);
(B) (@ +1)(@? +1).

Note the first factor cannot be 22 +1 because then we cannot obtain ps(z)
so that pa(z) | 2% 4+ 1 and p;(z)p2(x) has degree 3. Thus, the elements of
GL3(Q) of order dividing 4, up to similarity, are given by

(a) 135
(b) —1s;
0 1
(c) {1 0 ;
1
0 1
(d (1 0 ;
—1
-1 1 0
e [-1 0 1];
-1 0 O
1 1 0
@ (-1 0 1
1 0 O

Note in the above matrices we omit the 0’s in some spots to help emphasize
the blocks giving the rational canonical form.

In the previous example the possibilities were limited by how m4(x) fac-
tored over our field. For the next example we consider the same set-up,
but working over a different field.

Example 4.3.14. Consider A € Mat3(Q(i)) satisfying A* = 13. In this
example we classify all such matrices up to similarity. As above, we have
for such an A that m4(z) | z* — 1, but unlike in the previous example we
have 2* —1 = (z—1)(x+1)(z —i)(x+1i) when we factor it into irreducibles
over Q(7). This vastly increases the possibilities for the minimal polyno-
mials and hence invariant factors. The possible minimal polynomials are
given by

(a) -1
(b) z+1;

(c) & —1i;
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(d) z+7;

(e) 2% —1;

(f) 22+ 1;

(&) (z—1)(x—1);
(h) (z = 1)(z+1);

(i) (z+1)(z —1i);

(@) (@+1D(x+1);

(k) (z—1)(*+1);
) (z+1)(22 +1);
(m) (z—i)(z* = 1);

() (2 +i)(a® - 1).

From this, we see the possible invariant factors are given by

(a) z—1l,c— 1,z —1;

(b) 2+ L,z+ 1,z +1;
(c) z—t,x — i,z —

(d) z+d, 244,24+

(e) 22— 1,2 —1;

(f) 22 = 1,2+ 1;

(g) $2+1,$—i;

(h) 22+ 1,2 +1;

(i) (x = 1)(x—1),z —1;

(G (=@ —i),z -4

k) (z—1D(x+10),z—1;

1) (x—=1)(x+1),z+1;

(m) (z+1)(x—1),z+1;

(n) (x4 1)(x—1i),z —1;

(o) (x+1)(z+1),z+1;

(p) (x+ 1)(x+1),x+7;
(q) 22— 2% +2—1;

(r) 28+ 22+ 2+ 1;

(s) 23 —ix? —x +1;

(t) 23 +ix? —x —i.

This gives the following possible rational canonical forms:

(a) 13;
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(b) —13;
(C) ’L 13;
(d) —7; . 13;
0 1
(e) |1 O
0 1
() {1 0
0 1
(g | -1 0
0 1
(h) -1 0
141
(i) | —
141
)
1—2
(k) 1
1—12
) i
i1—1
(m) | i
1—1
m) [ ¢
—t—1
(0) —i
—1—1
(p) —i

—

O =

—_

—_
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1 10
(@ | -1 0 1f;
1 0 0
-1 1 0
(r)y -1 0 1];
-1 0 0
t 1 0
(s) 0 1];
- 0 0
— 1 0
@ [1 o1
1 0 0

4.4 Jordan canonical form

In this section we use the results on the rational canonical form to deduce
the Jordan canonical form. One nice aspect of the Jordan canonical form
is that it is given in terms of the eigenvalues of the matrix. One serious
drawback is it is only defined over fields containing the splitting field of
the minimal polynomial, i.e., the field must contain all the roots of the
minimal polynomial. Most treatments of the Jordan canonical form work
over an algebraically closed field, and one can certainly do this to be safe.
However, for a particular matrix it is not necessary to move all the way
to an algebraically closed field so we do not do so.

Definition 4.4.1. Let T € Homp(V,V) and A € F. If ker(T — Aid) # 0,
then we say A is an eigenvalue of T. Any nonzero vector in this kernel is
called an eigenvector of T or a A-eigenvector of T' if we need to emphasize
the eigenvalue. The space E}\ = ker(T' — \id) is called the eigenspace
associated to X. More generally, for k > 1 the k™ eigenspace of T is given
by
EY ={v eV (T - \id)*v =0} = ker((T — Xid)*).

We refer to a nonzero element in E’/{ as a generalized \-eigenvector of T.
Write E5° = U, EX.

OneshouldnotethatE}\CE§C~-~CE§C-~-.

Example 4.4.2. Let B = {v1,...,v,} be a basis of V' and consider T' €
Homp(V, V) with matrix given by

A 1 0 o --- 0

0 A 1 o --- 0
A=[T]g= B

0 0 A 1 0

0 0 0 A1

0 0 0 0 X
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We have that each vy is a generalized eigenvector. Note that

o 1 0 0 -+ 0
o o 1 0 -+ 0
A-X-1, = e
0 0 0 1 0
0 0o 0 o0 1
0 0 0 0 0
Thus,
(T —X-id)(v1) =0
(T —A- id)(’U2> =1
(T — X-id)(vy) = vp—1.
This clearly gives va,...,v, & E}. Moreover, observe that we have

{v1,...,0p—1} C Im(T — Aid), so dimp Im(T — Aid) > n — 1. However,
since dimp V' = n and dimp ker(T — Aid) > 1, this gives dimp ker(T —
Aid) = 1 and dimpIm(T — Aid) = n — 1. This allows us to conclude

that Fy = spanp{vi}. Next we consider E}. It is immediate that
{vi,v2} C E%. Since (A — X 1,)[vkls = [vk—1]p, we have v, ¢ FE3
for k > 2. Thus, as above we have E/z\ = spangp{v1,v2}. More generally,
the same argument gives E’; = spangp{vy,...,vx} for K = 1,...,n and
Er=E}=V.
Exercise 4.4.3. Describe the generalized eigenspaces of the map given
by

A 10 0

0 A 0 O

A= 0 0 X O
0 0 0 X3

where A1, Ao, and A3 are distinct elements of F'.

Exercise 4.4.4. Let T € Homp(V, V). Then cr(z) has a root in F' if and
only if T" has an eigenvalue in F.

Note the previous exercise shows that if (z — A) | er(z), then there is
necessarily a nonzero vector in V' of eigenvalue \. Since cr(z) and mr(x)
have the same irreducible factors, this is equivalent to saying A is an
eigenvalue of T if and only if (x — ) | mr(z). In fact, we can do better
in terms of describing the dimensions of the eigenspaces in terms of the
minimal polynomial and characteristic polynomial.

Lemma 4.4.5. Let T € Homp(V,V) and suppose that mr(z) = (v —
A)ep(x) with p(A) # 0. Then ES° = EX.
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Proof. Let v € V and let m be the least positive integer so that (T —
Aid)™(v) = 0. Suppose that m > e. Then we have mp,(z) | (z — \)™,
but mr ., (x) f (@ — A)™"! and so mr,(x) = (x — X\)™. However, we know
my () | mr(z), which is a contradiction if m > e. Thus, E° = ES. O

Lemma 4.4.6. Let T € Homp(V,V) and suppose mr(x) = cp(x) =
(x — \)" for some A € F. Then V is T-generated by a single element w,
and V has a basis {vy,...,v,} where v, = wy, and v; = (T — Xid)(v;41)
fori=1,... n—1.

Proof. Let w1 € V be such that my ,, (z) = mr(z) = cp(x). Let Wy
be the subspace T-generated by w;. Then dimp Wy = degmy w, (z) =
degcer(xz) = dimpV and so Wi = V. Set v, = w; and define v; =
(T — Xid)"~¥(v,,). Observe we have

v; = (T — XNid)" " (vy,)
= (T = Xid)(T — A)" " (v,)
= (T = Aid) (vi1)-
Thus, we only need to show that B = {vy,...,v,} is a basis for V. This

has dimg V elements, so it is enough to check B is linearly independent.
Suppose there are scalars cq,...,c, € F such that

civ1 + -+ cpu, = 0.
This gives
c1 (T — XNid)" H(vp) + -+ + 1 (T — Xid)vy, + cv, = 0.
If we set p(z) = c1(x—X)""1+- - -+c,_1(x—N)+cp, then p(T)(v,,) = 0, i.e.,
p(T)(w1) = 0. This gives myp ., (z) | p(x). However, mp ., (z) = cr(x)

has degree n and degp(z) = n—1, so it must be that p(z) =0, i.e.,, ¢c; =0
for all j. O

Corollary 4.4.7. Let T and B be as in the previous lemma. Then

A1 o o0 --- 0
0 A 1 0 --- 0
0o --- 0 A 1 0
o -~ 0 0 X 1
O -~ 0 0 0 X

Proof. We have (T — Aid)v; = 0, so Tv; = Avy. For ¢ > 1 we have
(T — Nid)vi41 = 4, 80 T(vi41) = v; + Avgp1. This gives the correct form
for the matrix. O
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Definition 4.4.8. A basis B as in Lemma 4.4.6 is called a Jordan basis for
V. Moreover, generally if V =V, ®---@V}, is a T-invariant decomposition
and each V; has a Jordan basis B;, then we call B = UB; a Jordan basis
for V.

Definition 4.4.9. (a) A matrix A € Maty(F') of the form

A1 o o --- 0
0 A 1 0 --- 0
0 -~ 0 A 1 0
o -~ 0 0 X 1
0o -~ 0 0 0 A

is called a k x k Jordan block associated to the eigenvalue A.
(b) A matrix J is said to be in Jordan canonical form if it is a block
diagonal matrix where each J; is a Jordan Block.

Theorem 4.4.10. (a) Let T € Homp(V, V). Suppose that
er(@) = (x—=A) - (2 = AR

over F. Then V has a basis B such that J = [T|g is in Jordan
canonical form. Moreover, J is unique up to the order of the blocks.

(b) Let A € Mat,,(F). Suppose
ca(e) = (z =)™ - (@ = Ap)™

over F. Then A is similar to a matriz J in Jordan canonical form.
Moreover, J is unique up to the order of the blocks

Proof. Set pi(x) = (z — X;)%. Set V* = EY' = ker(p;(T)). Note this V* is
the \;-eigenspace of V' by Lemma 4.4.5. We can apply Theorem 4.2.4 to
conclude that

V=E @-~-@E§’;.

Set T; = T|y+. Then one can show that cr,(z) = (z — ;). Choose a
rational canonical Tj-generating set C = {wj, ..., wy,. } with corresponding
direct sum decomposition

Vi=Wia- e W,
where W/ is the Tj-generated subspace by wj. Note that each W satisfies

the hypotheses of Lemma 4.4.6 so we have a Jordan basis B for W} with
respect to T;. The desired basis is

k J
B=JBi.
j=1li=1
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The uniqueness follows from uniqueness of the rational canonical form and
our construction.

The second claim follows easily from the first. O

One should note that if F' is algebraically closed the characteristic poly-
nomial always splits completely into linear factors. In particular, if F
contains all the roots of ¢ (z) then T can be put in Jordan canonical form
over F. If er(x) does not split over F we cannot put T in Jordan canonical
form over F'. This makes the rational canonical form more useful in such
situations.

We now give an algorithm for computing the Jordan canonical form. Our
first worked example is particularly simple as the matrix is already in
Jordan canonical form. However, it is nice to see how the algorithm works
on a very simple example before giving a less trivial one.

Example 4.4.11. Consider the matrix

SO >
D = O

1
6
0

(e
- —

7

One easily calculate that ca(r) = (z — 6)°(x — 7)3. This immediately
gives the only nontrivial generalized eigenspaces are associated to 6 and
7. Moreover, from the powers on the linear terms we know E§° = E} for
some j =1,...,5 and B = E! for some i = 1,2, 3.

Consider A = 6. We compute the dimension of ker(A — 6 - 1g). Note that

010
0 0 O
0 00

A—6-1g =

O =
— =

1

It is now immediate that dimp E} = dimp(A — 6 - 13) = 3 and has basis
{e1,e4,e5}. The next step is to compute EZ = ker(A — 6 - 1g)%. This
has dimension 4 with basis {e1, €2, €4, e5}. Finally, E§ = ker(A — 6 - 1g)?
has dimension 5 and is spanned by {e1, e, €3, e4,€5}. We represent this
graphically as follows. We begin with a horizontal line with nodes the
basis elements of E¢.
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€1 €y €x

We then add a second row of nodes by adding basis elements that are in
E2 — E}. In this case it means we only add e;. Note we can put it over
any element of the first row since we are only looking for the size of the
blocks here, so for convenience we put it over e;.

€9

€] €4 G5

Finally, we build on that by adding a third row with basis elements that
are in B — E2. Since there is only one element, it must go over the ey as
there can be no gaps in the vertical lines through the nodes we add.

€3
®

€2
®

€1 €y €y
® @ @

This gives us all the information we need for the Jordan blocks associated
to the eigenvalue 6. The number of nodes on the first horizontal line tells
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us the number of Jordan blocks with 6 on the diagonal, and the height
over each of these nodes tells the size of the block. So we have three blocks
with 6’s on the diagonal: one of size 3, and two of size 1.

We now move on to the eigenvalue 7. We compute Ei = ker(A — 7 - 13)
has dimension 2 with basis {eg,es}. We have E2? has dimension 7 with
basis {eg, e7, es}. We now position these on a graph as above, giving only
the final result here:

€7

€6 €8

Thus, we have two blocks with 7’s on the diagonal, one of size 2 and one
of size 1. Putting this into matrix form gives us what we already knew,
namely, that A is already in Jordan canonical form.

Our next example is a bit more involved.

Example 4.4.12. Consider the matrix

3 30 0 0 -10 2
3 41 -1 -1 01 -1
0 63 0 0 -2 0 -4
A 2 40 11 02 -5
3 21 -1 2 01 =2
-1 10 -1 -1 31 -1
—5 10 1 -3 -2 -1 6 —10
3 21 -1 -1 01 1

One calculates
ca(z) = (x —2)(z — 3)°(2? — 62 + 21)
=(z-2)(z—3)°(z — (3+2V=3))(z — (3—2V-3)).

Thus, A does not have Jordan canonical form over @, but does over
Q(v/—3). We now compute the Jordan canonical form over Q(1/—3). Note
that the eigenvalues 2,3 + 24/—3 are very easily to deal with. Since they
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only occur to multiplicity one, there can only be one Jordan block for
each of these eigenvalues, each of size 1. Thus, the only work comes in
determining the block structure for the eigenvalue 3.

We compute the Jordan block structure for the eigenvalue 3 just as in the
previous example. The difference here is it requires more work to com-
pute the size of the eigenspaces, and we don’t keep track of the bases of
the eigenspaces since we are only looking for the canonical form and not
the basis that realizes the form. One could keep track of the bases using
elementary linear algebra at each step if one so desired. One computes,
using elementary linear algebra, that dimg .~ E3 = 2. Let {v1,v2} be
a basis for this space. One then calculates dimg /=3 E2 = 4, so we add
vectors vg and vy to obtain a basis {vy,ve, vs,v4} for Eg We know E%°
has dimension 5, so it must be that ES° = E3 and so we have a basis
{v1,v2,v3,v4,v5} for E3. Graphically, we have for the first step:

U1 Uy

Since we add two vectors going from E3 to E3, we add vz over v; and vy
over vy obtaining:

Uy Uy

0 Uy

Finally, we add the final vector over v3 to obtain the final graph:
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Ur
‘ 8]
U v
® 3 4
Uy U

Thus, we have two Jordan blocks associated to the eigenvalue 3, one of
size 3 and one of size 2. Thus, the Jordan canonical form of A is given by

310
0 3 1
0 0 3

O W
w =

3+2v/-3
3—-2v-3

4.5 Semi-simple and diagonalizable operators

In the past few sections we have seen examples of how to pick a nice
basis so that a linear map has a nice form with respect to this basis. In
this section we use these results to recover some results from elementary
linear algebra as well as add a few results that can be obtained when
one does not have Jordan canonical form or when one has multiple linear
transformations.

Definition 4.5.1. Let T € Homp(V,V). We say T is diagonalizable if
there is a basis B of V' so that [T]p is a diagonal matrix.

We have the following result from elementary linear algebra on diagonal-
izability.

Corollary 4.5.2. Let T € Homp(V,V). If cp(z) does not split into a
product of linear factors, then T is not diagonalizable. If cr(x) does split
into a product of linear factors then the following are equivalent:
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(a) T is diagonalizable;

(b) mr(x) splits into a product of distinct linear factors;

(c) For every eigenvalue \, ES° = E};

(d) For every eigenvalue X of T if cr(x) = (x — X\)®*p(x) with p(A) # 0,
then ey = dimp E};

(e) If we set dy = dimp E3, then > d) = dimp V;

(f) Ifl)\l, ...y Ay are the distinct eigenvalues of T, then V = E}\1 O---D
El .

Proof. Suppose T is diagonalizable. There is a basis B such that

AL
[Tls=D =
Am

for some A1,...,\, € F where the \; are not assumed to be distinct.
Then cr(z) = det(zl,, — D) = (£ — A1) -+ (& — App). Thus, cp(z) splits
into linear factors. Equivalently, if ¢r(z) does not split into linear factors
then T is not diagonalizable.

Now suppose cp(z) = (x — A1) -+ (& — App)®™ for some \; € F and
e; € Z>1 where we now assume the \; are distinct. Note that since cr(x)
splits into linear factors, the Jordan canonical form for T' exists over F.

Suppose T is diagonalizable. We have from the proof of the existence of
the Jordan canonical form of T that V = V! @ --- @ V™ where Vi =
ker(T — ;)¢ = Ef\ Each V7 splits into a direct sum of subspaces coming
from the rational canonical form of T; = T'|y/:. In particular, we can write

Vi=Wia- e W,

where each W; is generated by an element w; The dimension of each VVJz
corresponds to the size of the corresponding block in the rational canon-
ical form. Thus, if dimp WJZ > 1, then the rational canonical form for T’
restricted to VVJZ is larger than a 1 by 1 matrix, i.e., T is not diagonaliz-
able. This shows we have each W; is 1-dimensional. Now we have W; is
generated by a single element w?, me, i, (z) | me, (z) for each ¢, and
mr,(z) = mq, i (x). Thus, mg,(z) = (z — A;). We have mr(z) is the
least common multiple of the mr, (), and so my(x) splits into a product
of distinct linear factors, i.e., we have 1) implies 2).

Now suppose that my(x) splits into a product of distinct linear terms. We
saw above that if mp(x) = (x — A1) - -+ (x — A,p,) with the A; distinct, then
Lemma 4.4.5 gives ES° = F3 and so 2) implies 3).

Observe that if cp(z) = (z — X)®p(z), then we have dimp ES° = e. (This
is a homework exercise.) Assume that for every eigenvalue A we have
ES° = E}. This gives the result and so 3) implies 4).
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Suppose that we are given for each A that dimpg E}\ = e). Then since
deger(x) = n, we must have dy, + - +dy,, =ex, +---+ex, =n, ie.,
4) implies 5).

m

We now show 5) implies 6). Suppose dx, + -+ + dx,, = n. We know
Eil O D E}\n C V. However, since they have the same dimension they
must be equal.

Finally, it only remains to show 6) implies 1). Suppose we have V =
E}, ®---® Ej . This gives that each Jordan block can have size at most
1, so in particular the Jordan canonical form is a diagonal matrix. O

One does not need the existence of Jordan canonical form to prove the
above result as there are elementary proofs. However, this proof has the
added benefit of reinforcing the important points of the proof of the exis-
tence of Jordan canonical form. One should note that ¢y (z) factoring into
linear factors does not imply T is diagonalizable (this is the entire point
of the Jordan canonical form), but if it splits into distinct linear factors
then one does have T is diagonalizable since mr(z) | er(z).

We saw in the previous section that a linear map could fail to be diago-
nalizable for a couple of reasons. The first is fairly easy to deal with. For
0 —1
1 0
tic polynomial of this is c4(z) = 2% + 1, so A is not diagonalizable over R
because its eigenvalues, namely +i, are not in R. However, if we consider
this as a matrix in Mats(C), then since the eigenvalues are distinct we see

instance, consider the matrix A = ( € Mato(R). The characteris-

0 —i
This motivates the following definition.

the Jordan canonical form is | 0.) , and so it is diagonalizable over C.

Definition 4.5.3. Let T' € Homp(V,V). We say T is potentially diago-
nalizable if T is diagonalizable over a field extension K/F. (This is also
referred to as absolutely semi-simple.)

We have a criterion for a linear map to be diagonalizable in terms of its
minimal polynomial, namely, the minimal polynomial should split into
distinct linear factors over the field. We also have a criterion in terms of
the minimal polynomial for a linear map to be potentially diagonalizable.
First, we recall a definition from abstract algebra.

Definition 4.5.4. A polynomial f € F[z] is said to be separable if it has
no repeated roots.

Exercise 4.5.5. Show f is separable if and only if ged(f, f’) = 1 where
f' denotes the formal derivative of f.

The power of the previous exercise is it allows one to check for separability
without having to find the roots of f. Finding the greatest common divisor
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of two polynomials depends only on the Euclidean algorithm in F[z], which
is very fast and easy to use; finding roots of polynomials is very hard.

Proposition 4.5.6. A linear map T € Homp(V,V) is potentially diago-
nalizable if and only if the minimal polynomial mr(x) € F[x] is separable.

Proof. Suppose T is potentially diagonalizable. Let K/F be the field
so that T is diagonalizable over K. Then we know that the minimal
polynomial of T is the same when considered over F or K. Since T
is diagonalizable over K, the minimal polynomial can have no repeated
roots over K, so certainly no repeated roots over F.

Now suppose mr(x) is separable. Let K be the splitting field of mr(x)
over F'| i.e., the field obtained upon adjoining all the roots of mr(x) to F.
Since my(z) is separable and K contains all the roots of my(x), it splits
into distinct linear factors over K. Thus, T is diagonalizable over K. [

Of course, there are linear maps that are not diagonalizable or potentially

diagonalizable. For example, we know the matrix € Mato(Q) is

1 1
0 1
not even potentially diagonalizable because it is already in Jordan canoni-
cal form, so it cannot be diagonalized over a larger field because the Jordan
canonical form is unique when it exists. We consider two more types of

linear maps here.

Definition 4.5.7. Let T € Homp(V, V). We say T is simple if the only
T-invariant subspaces of V are {0} and V.

Example 4.5.8. Consider V = R? and let T be the linear map given by
rotation by any fixed « radians with a £ 0. This is clearly a linear map,
but the only fixed subspaces are V' and {0}, so it is a simple map.

As in the above cases, we can characterize simple linear maps in terms of
the minimal polynomial.

Theorem 4.5.9. Let T € Homp(V,V). The following are equivalent:

(a) T is simple,
(b) mp(x) is irreducible in F[x] and has degree dimp V,
(c) cr(x) is irreducible in Fx],

(d) cr(x) = my(x) is irreducible in F[x].

Proof. If mr(x) is reducible or has degree less than n = dimp V', we use
the rational canonical form of T to obtain a contradiction. Namely, write
cer(z) = h(z)mr(x) = h(x)g1(x)g2(z). Recall that if pi(z),...,pr(x) are
the invariant factors, then cp(z) = pi(x) - pr(x) and pi(z) = my(x).
Thus, we must have degpa(z) > 1, and so ker po(T') gives a non-trivial
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proper T-invariant subspace. So it must be the case that degmy(z) =
deger(xz). If mr(x) is reducible, then Theorem 4.2.4 gives non-trivial
proper T-invariant subspaces of V. Thus, we see that if mr(z) is reducible
or has degree less than the degree of ¢r(z), then T is not simple. Thus,
we have (1) implies (2).

If my(x) is irreducible and has degree dimp V, then since mr(x) | er(x)
and deg cr(x) = n, we have mr(xz) = cr(x) and so ¢r(x) is irreducible.
This shows (2) implies (3) and (4). We also immediately have (3) implies
(4) because mr(x) | er(z).

Finally, to see (4) implies (1) just apply Corollary 4.2.5. O

The last class of linear maps we will deal with are semi-simple linear maps.

Definition 4.5.10. Let T € Homp(V, V). We say T is semi-simple if
every T-invariant subspace has a T-invariant complement.

Just as above, we can classify these in terms of the minimal polynomial
of T.

Theorem 4.5.11. Let T € Homp(V,V). Then T is semi-simple if and
only if my(x) is square-free.

Proof. Assume mr(x) is square-free and let W be a T-invariant subspace
of V. Let mr(x) = pi(z)---pr(x) be the factorization of my(z) into
irreducible factors. We have that V =V; @ --- @V}, where V; = ker p;(T).
Set W, =WnNV;,soW = @?lej. Finding a T-invariant complement
of W in V is equivalent to finding a T-invariant complement of W; in V;.
The easiest way to do this is to use a little bit of module theory, but it can
be done with vectors as well. Observe that since p;(x) is an irreducible
polynomial, we have K = F[x]/(p;(x)) is a field. We claim V; is a K-vector
space. We define scalar multiplication by

[f(@)]-v = f(T)(v).

The fact that p;(T) kills V; gives that this scalar multiplication is well-
defined. It is now elementary to check that V; is a K-vector space. More-
over, we have that W; is a subspace of the K-vector space V;, and so has
a complement W/ as a K-vector space. Since W/ is an K-subspace, it is

necessarily an F-subspace that is also T-invariant. Thus, W’ = Zle w)
is the T-invariant complement of W.

Now assume that mr(z) is divisible by p;(x)? for p;(z) irreducible. We
now just apply the argument given in Example 4.2.3 to construct a 7-
invariant subspace with not T-invariant complement. Thus, if mp(z) is
not square-free then T is not semi-simple. O

As an easy corollary we have the following.

93



4.5. DIAGONALIZABLE OPERATORS CHAPTER 4.

Corollary 4.5.12. Let T € Homp(V, V) with cr(x) square-free. Then T
is semi-simple and mr(x) = cp(z).

Proof. We have mrp(x) | ep(z), so clearly mp(z) must be square-free so
T is semi-simple. Moreover, my(x) and cp(z) have the same irreducible
factors, so if er(x) is square-free necessarily mr(x) = cr(z). O

Note that a polynomial that splits with distinct roots is clearly separable.
Thus, diagonalizable implies potentially diagonalizable, which also follows
immediately from the definition. One also has a separable polynomial
has no repeated factors, so potentially diagonalizable implies semi-simple.
Clearly a simple linear map is semi-simple as well. The reverse impli-
cations are not true. For example, we have seen above already a map
that is potentially diagonalizable but not diagonalizable. We also have
the following exercise.

Exercise 4.5.13. Give an example of a semi-simple linear map that is
not simple.

It isn’t as easy to give a linear map that is semi-simple but not potentially
diagonalizable. This has to do with the subtle difference of a polynomial
being separable as opposed to having distinct factors. For example, if
the field one is working over has characteristic 0, it is not possible to
give a polynomial that has distinct factors but is not separable. (This
is true over any perfect field; it does not really require characteristic 0.)
Over a perfect field semisimplicity and potential diagonalizability are the
same thing; over an algebraically closed field semisimplicity is the same as
diagonalizability. To see these are not the same in general, we consider a
non-perfect field.

Example 4.5.14. Let F = Fy(t), i.e., the field consisting of ratios of
polynomials with coefficients in Fo. This is not a perfect field. For in-

. . . . t
stance, t is not a square in F. Consider the matrix A = <(1) 0). Then

ca(w) = 2% —t, so ca(x) is irreducible and so it is square-free. Thus, A is
a semi-simple linear map on F2. (It is actually a simple linear map.) Now
if we consider the splitting field of c4(z), this is given by K = F(V/).
Note that over K we have c4(x) = (x — v/t)? since K has characteristic
2. Thus, A is not potentially diagonalizable. Thus, we have a linear map
that is semi-simple but not potentially diagonalizable.

‘We have seen in the last two sections that in many instances one can choose
a basis so that the matrix representing a linear transformation is in a very
nice form. However, it may be the case that one is interested in more than
one linear transformation at a time. In that case, the results just given
aren’t as useful because while a basis might put one linear transformation
into a nice form, it does not necessarily put the other transformation in a
nice form. We do have the following result in this direction.
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Theorem 4.5.15. Let S,T € Homp(V, V) with each diagonalizable. The
following are equivalent:

(a) There is a basis B of V' such that [S|g and [T|g are diagonal, i.e., B
consists of common eigenvalues of S and T;

(b) S and T commute.

Proof. First suppose there is a basis B = {v1, ..., v,} so that [S]|g and [T]5
are both diagonal. Then there exists A;,u; € F such that S(v;) = \v;
and T'(v;) = piv;. To show S and T commute, it is enough to check they
commute on a basis. We have

ST (v;) = S(pivi)
= piS(vi)
= WiAiv;
= AiltiV;
= NT(v;)
=T5(v;).

Thus, S and T commute.

Now suppose that S and T" commute. Since T is diagonalizable, we can
write V=V, & --- &V}, with V; the p;-eigenspace of 1. For v; € V; we
have

TS(’Ui) = ST(UI)
= u; S(vy).

Thus, S(v;) € V; and so the V; are S-invariant. We claim each V; has
a basis consisting of eigenvectors of S, i.e., S; = S|y, is diagonalizable.
We know from the previous section that a linear transformation is diago-
nalizable if and only if the minimal polynomial splits into distinct linear
factors. Thus, mg(x) splits into distinct linear factors by assumption.
However, mg,(z) | ms(x), so S; is diagonalizable as well. Let B; be a
basis of V; consisting of eigenvectors of S. The elements of B; are in V;,
so are eigenvectors of T" automatically. Set B = B; U---U By, and we are
done. O

Definition 4.5.16. Let T' € Homp(V, V). We say T is nilpotent if there
is a positive integer r so that T" is 0.

Let A € Mat,, (F) be a matrix and assume that c4(z) splits over F' so that
A has a Jordan canonical form. Note that if J is the Jordan canonical
form of A, we can write J = S+ N where S is a semi-simple matrix and N
is a nilpotent matrix. In particular, the matrix S is the diagonal matrix
and N is the super-diagonal matrix. Moreover, S and N are unique and
they satisfy SN = NS. This can be show in much greater generality.
First, we need the following result on
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Theorem 4.5.17. Let F' be a subfield of C and let T € Homp(V,V).
There is a unique semi-simple map S € Homp(V,V) and a unique nilpo-
tent map N € Homp(V,V) so that

(a) T=5+N;
(b) SN = N.

Furthermore, S and N are given by polynomials in T .

Proof. Write mr(z) = p1(z)° - pr(x) be the factorization of mr(x)
into irreducible components. Let r = max{ej,...,ex}. Set f(x) =
p1(x) - pr(z). We have f(x) is a product of distinct irreducibles and
f(x)" is divisible by my(x).

We construct a sequence of polynomials go(z), g1(z), ... so that f (m — 2094 (x)f(m)f)

is divisible by f(x)™*! for m = 0,1,2,.... To begin, set go(z) = 0. Then
clearly we have f(x) divides f(z), so the result is true in this case. Sup-
pose we have constructed go(z), . .., gm—1(x) with the required properties.
Set

m—1
h(z) =z - Y gj(x)f(z).
j:
Then we have f(x)™~! | f(h(x)). We apply Taylor’s formula to f(h(z) —
gm () f(2)™) to obtain

Fh() = gm(@) F@)™) = F(h(x)) = g (@) F @)™ F (h()) + F()™ b(a)

where b(x) € Fx] is some polynomial. Our assumption gives that f(h(z)) =
q(z) f(x)™ for some q(z) € F[z]. Thus, if we can choose g, (x) so that
q(z) — gm(x)f'(h(z)) is divisible by f(z). This can be done because

ged(f(z), f'(x)) = L.
Now take m = r — 1. Since f(T)” =0 we have

r—1
FLT = gi(DFT) | =0.
j=0

Set
N=3"g(DFT)y =3 g;(D)F(T)
j=1 J=0

where the second equality is because we chose go(x) = 0. We use the fact
that 327", g;(x)f(x)’ is divisible by f to see that N™ = 0 and so N is
nilpotent. Set S =T — N. Clearly we have T'= S + N. To see that S is
semi-simple, just note that f(S) = f(T'— N) = 0 by the construction of N
and f has distinct irreducible factors by definition. It is also clear S and
N are given by polynomials in 7" since that is how they were constructed.
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It only remains to prove that S and N are unique. To prove uniqueness it
is enough to work over an algebraically closed field. Suppose there exists
N’ and S’ that satisfy S’ being semi-simple, N/ nilpotent, "= 5"+ N’ and
S'N" = N'S’. We now show that S =5 and N’ = N. We immediately
see since S’ and N’ commute with each other and T'= S’ + N’, S’ and N’
commute with T'. Since S and N are given by polynomials in T, we have S’
and N’ commute with S and N as well. Observe we have S+ N = S’ + N’,
ie., S—5" = N’ — N and all four of these operators commute with each
other. Since we are working over an algebraically closed field, semi-simple
is the same as diagonalizable so S and S’ are diagonalizable. Moreover,
since they commute they are simultaneously diagonalizable. This gives
S — 8’ is diagonalizable, which in turns gives N’ — N is diagonalizable.
Moreover, since N and N’ are both nilpotent and commute with each
other, N’ — N is nilpotent. In particular, we have

m
(= wm =Y (M) -
j=0
If dimp V = n, if we take m = 2n that is large enough so that (N'—N)™ =
0. (In fact n is large enough, but that isn’t important for this result.) So
we have S — S’ is diagonalizable and nilpotent. The minimal polynomial
for S — S’ must be z” for some r < m because the operator is nilpotent,
but since S — S’ is semi-simple its minimal polynomial must split into
distinct irreducible factors. Thus, r =1 and so S — S5’ =0, i.e., S = 5.
Since S = S/, we immediately get N = N’ and we have the result. O

We close this section with a few further results on the Jordan and rational
canonical structure of products of matrices.

Lemma 4.5.18. Let S,T € Homp(V,V) with V a finite dimensional F-
vector space. Let p(x) = arz” + -+ + a1z + ag € Flz] with ag # 0. Then
dimp (ker p(ST)) = dimp (ker p(T'S)).

Proof. Let {v1,...,uvs} beabasis for ker(p(ST)). We claim {T'(v1),...,T(vg)}
is linearly independent. Suppose

aT(v) + -+ T (vg) = 0.

This gives T(civy + - - -+ cxvg) = 0, 80 ST (c1v1 + -+ cpvg) = 0. Let v =
101+ - -+ cxvg. Then ST(v) = 0. Moreover, we also have v € ker(p(ST))
because {vi,...,vx} is a basis for ker p(ST). Thus

0=p(ST)v
=a,(ST)" (v) + -+ a1.5T(v) + agv

= agv
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where we have used v € ker(ST'). However, since ag # 0, this gives v = 0.

Thus 0 = cjvy + - - + cxvg. But {vy,..., v} is linearly independent so we
must have ¢; = 0 for all ¢ as desired. Thus {T'(v1),...,T(vg)} is linearly
independent.

We now claim T'(v;) € ker(p(T'S)) for each i. We have
(TS)'T =(TS)---(TS)T
—_———

J times
=T(ST)---(ST) = T(ST).
~———
J times

Thus,

Thus, {T(v1),...,T(vg)} is a linearly independent set in ker p(T'S), so
dimp ker(p(T'S)) > k = dimp ker(p(ST')). One now uses the same argu-
ment with S replacing T To get the other direction of the inequality. O

Theorem 4.5.19. Let T € Homp(V,V) and S € Homp(V,V) with F
algebraically closed. Then ST and T'S have the same nonzero eigenvalues,
and for a common eigenvalue A, they have the same Jordan block structure
at .

Proof. Let A # 0 be a nonzero eigenvalue of ST and v € V a nonzero
eigenvector. Set w = T'(v). Then ST (v) = Av = S(w). We also have

TS(w) =T (A\v)
= AT (v)

= \w.

We have T'(v) is nonzero since if it were 0 we would have S(0) = Av implies
A =0 or v =0, a contradiction. Thus w # 0 and so \ is an eigenvalue
of T'S as well. The same argument in the other direction shows every
nonzero eigenvalue of T'S is a nonzero eigenvalue of ST. It remains to
deal with the Jordan block structure.

Consider the polynomials p; »(z) = (z — A)? for j > 1. The Jordan block
structure of ST at A is given by the dimensions of ker(p; »(ST')). However,
Lemma 4.5.18 gives dimker(p; »(ST)) = dimker(p; »(T'S)) for each j as
long as the constant term of p; x(z) # 0. However, as long as A # 0 this
is satisfied so the Jordan block structures must be equal. O
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Over a general field we have the following result.

Corollary 4.5.20. Let S,T € Homp(V,V). Then crs(x) = csr(z).

Proof. We claim it is enough to prove the result for F' algebraically closed.
This follows because the characteristic polynomial is the same regardless
of which field one consider S and T to be defined over.

Let dimp V = n and let A1, ..., A\x be the distinct nonzero eigenvalues of
ST. Write

csr(x) =z (x — M) - ( — Ag)F
with eg = n — (e1 + - -+ + e). The previous theorem gives that ST and
T'S have the same Jordan block structure at Ay,..., A\x. Thus, crg(z) =
zfo(z — X)) - (x — M\p)® where fo = n — (e1 + -+ ex) = ep. Thus
cTrs (l‘) = CST(CC). O

The previous results do not give that the matrices associated to ST and
TS are similar. Consider the following example.

Example 4.5.21. Let A = <_11 8) and B = (1 D Then AB =

(_11 _11> has characteristic polynomial c4g(z) = 2% and BA = (8 8)
2

has characteristic polynomial cg4(xz) = z*. Note the rational canonical

form of BA is BA, but the rational canonical form of AB is <8 é)

Thus, they cannot be similar.

Theorem 4.5.22. Let T € Homp(V,V). Then the following are equiva-
lent:

(a) V is T-generated by a single element, i.e., the rational canonical form
of T is a single block;

(b) every linear transformation S € Homp(V,V) that commutes with T
s a polynomial in T'.

Proof. Suppose that V is T-generated by a single element vy. Let S €
Homp(V, V) commute with 7. There exists po(z) € Fx] so that S(vg) =
po(T)(vp) since vy is a T-generator of V. Let v € V and write v = g(T')(vo)
for some g(x) € F[z]. We have



4.6. CANONICAL FORMS VIA MODULES CHAPTER 4.

Thus, S = po(T') since they agree on every element of V.

Now suppose that V' is not T-generated by a single element. Let {v1,..., v}
be a rational canonical generating set for T'. This gives V =V, & --- @V}
with V; T-generated by v;. In particular the V; are T-invariant. Define
S:V —=Vby

_J 0 ifven
S(”){ v ifveVfori>o0.

Since the direct sum is T-invariant we get that .S and T' commute. Suppose
S = p(T) for some p(z) € Flx]. We have 0 = S(v1) = p(T)(v1). Thus,
p1(x) | p(z) where pj(x) = mr,,(x). However, p;(x) | pi(z) for all
j > 1 and so pj(x) | p(z) for all j. Thus, S(v;) = p(T)(vj) = 0 because
p;(x) | p(x). This is a contradiction if £ > 1. O

4.6 Canonical forms via modules

This section is not part of the main course and is simply included to pro-
vide some clarification to those that have had some exposure to modules
and would like to fit the contents of this chapter into what they already
know. We will assume basic familiarity with modules as given in Section
2.5.

The following example is the key example for relating modules to what
we’ve done in this chapter.

Example 4.6.1. Let F' be a field and V' a finite dimensional F-vector
space. Let T' € Homp(V,V). We have that V is an F[z]-module via
f(z) v = f(T)(v). Note that here we have V is a cyclic F[z]-module
if and only if V' is T-generated by a single element. Now consider what
it means for a subspace W of V to be T-invariant. This means that
T(W) C W and W is a subspace of V. However, one can easily see this
is equivalent to requiring that W be an F[z]-submodule of V. Thus, the
entire theory of T-invariant subspaces amounts to studying submodules
of V when considered as an F[x]-module with = acting via T

We can now state the first form of the Fundamental Theorem of Finitely
Generated Modules over a principal ideal domain (PID).

Theorem 4.6.2. Let R be a PID and M a finitely generated R-module.

Then

(4.1) MR ®R/ayR® R/aaR® - - ® R/amR

for some integer r > 0 and some nonzero elements ay,...,a,; € R which
are not units in R and satisfy the divisibility relations am | am-1 | -+ |
as | ay.
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The elements aq,...,a,, in the above theorem are referred to as the in-
variant factors of M and r is referred to as the rank of M. Equation 4.1
is the invariant factor decomposition of M.

We can prove this theorem fairly easily given Theorem 2.5.21. We include
a proof here of Theorem 4.6.2 because it is relevant for our proof of Smith
Normal Form below, which justifies the algorithm used earlier for finding
the rational canonical form of a matrix.

Proof. Let z1,...,z, be a set of generators for M of minimal cardinality.
Define a surjective R-linear map 7 : R™ — M given by 7(e;) = z; where
€1,-..,en is the standard basis of R™. Since this map is surjective, we im-
mediately obtain an isomorphism of R-modules R™/ker(7) = M. We now
apply Theorem 2.5.21 to R™ and ker(7) to obtain a new basis y1,...,Yn
of R™ so that a1y1,...,amym is a basis of ker(w) for some a; € R with
G | @m—1 |-+ | a1. Thus, we have

M = R"/ker(m)
= (Ryl DD Ryn)/(Ralyl DD Ramym)'

Now consider the surjective R-linear map

Ry1®---®Ry, — R/aiR®---®R/a, R&R"™™
(r1y1, . yTnyn) — (r1 (mod a1 R),..., 7y (mod amR), i1, ).

The kernel of this map is easily seen to be Raiy; ® - - - ® RamYm, which
gives the desired isomorphism. O

We now show Theorem 4.6.2 implies every matrix has a rational canonical
form. Let T € Homp(V,V) and view V as an F|z]-module as in the
example about. It is fairly straightforward to show that V is a torsion
F[z]-module, and so r = 0 in the above theorem. Thus, the theorem gives
p1(2), ..., pm(x) in Flz] with pm(z) | pm—1(2) | -+ | p1(z) so that

V= Fla]/(p(2) ® - @ Flz]/ (pm(x)).

Now to see that this gives rational canonical form we just need to choose

an appropriate basis for each space F[z]/(p;(z)). Write p;(x) = =™ +
n,—13" " 4 +ayz+ag. Consider the basis B = {[z]™ 1, [z]" 1, | [2], [1]}.
We have that T acts via multiplication by x, thus T'(z*) = 2**!. Thus,

in Flz]/(pj(x)) we have T acts as
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This shows that the matrix of T with respect to B on F[z]/(p;(z)) is pre-
cisely the companion matrix. Thus, we have recovered rational canonical
form.

One should keep in mind that even though it was very easy to deduce
rational canonical form from the structure theorem, proving the structure
theorem itself requires a considerable amount of effort. The reason this
method is generally preferable to the approach given earlier in this chapter
is that the structure theorem for finitely generated modules has many
other applications, such as classifying all finitely generated abelian groups.

We can give a different version of the structure theorem that is useful for
obtaining Jordan canonical form. We assumed above that R is a PID.
This implies that R is necessarily a unique factorization domain as well,
i.e., a UFD. Given any a € R there are primes pq,...,ps, a unit u, and
positive integers eq, ..., es so that

a=upi---ps.

Recall here that “prime” means that if p | ab, then p | @ or p | b. The
factorization of a is unique up to units. We can apply this to the structure
theorem by decomposing each a; into its prime factorization, i.e., we can
write

R/aR=R/p{'R& --- & R/pZ* R.
We now restate the theorem in this form.

Theorem 4.6.3. Let R be a PID and M a finitely generated R-module.
Then we have
M>~R ®R/pI'R®---® R/p;*R

where r > 0 is an integer and the p;' are positive powers of primes in R.
(Note we do not assume the p; are distinct here!)

The p§* are referred to as the elementary divisors of M.

One can now easily recover Jordan canonical form from rational canonical
form. Assume Jordan canonical form exists over F. For each invariant
factor a;(x) we completely factor it as

(@)
J o

wle) = [Je =2y

i)yel?
The elementary divisors are then given by the (x — )\§ )) i

the various invariant factors.

as 7 runs over

One last thing to tie up is the method used to calculate the rational
canonical form. This follows immediately from the Smith Normal Form
of a matrix, which we now develop.
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Theorem 4.6.4. Let A € Mat,, (F) Using the elementary row and column
operations of

(a) interchanging two row or columns
(b) adding an F[z]-multiple of one row or column to another

(¢) multiplying any row or column by a nonzero element of F

the matriz x1,, — A € Mat,(Fz]) can be put into diagonal form, called
the Smith Normal Form for A,

1

pm(x)
pm—l(x)

p1(x)

with p1(x), ..., pm(x) the invariant factors of A.
Proof. The key ingredient to this proof is that F[z] is a Euclidean domain,
which allows us to find greatest common divisors of elements. Let V'

be an n-dimensional vector space with basis B = {v1,...,v,} and let
T € Homp(V,V) be defined by

n
T(vj) = Zaijvi forj=1,...,n
i=1

where A = (a;;). We consider the free F'[z]-module of rank n, M = F[z]".
Let z1,..., 2, denote a basis of M over F[x]. We clearly have a natural
surjective F-linear map ¢ : M — V just given by sending z; to v;. From
the proof of Theorem 4.6.2 we see that the proof comes down to finding
the correct generators for M with relations for ker(yp).

By definition of the module structure we have = acts on V via the linear
transformation 7" so

n
z(vj) = Zaijvi forj=1,...,n.
i=1

Set
wj = —ay;z1 — 0= G121+ (T = 455)25 — aj11Z41 — 00— Az

for j =1,...,n. We clearly have that w; € ker(¢). Solving the equation
defining w; for xz; we see that

rzj = wj + fj
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where f; € F'z; 4 -+ + Fz,. This immediately gives that we have
Flz]lz + -+ + Flz]z, = (Flz]wy + - + Flz)wy) + (Fz1 + -+« + Fz,).

We now claim that ker(y) is generated by wy, ..., w,. Let fi(x)z1 +---+
fu(x)zn € ker(y). Note we can write any element of M in this form
because z1, ..., 2, is a set of generators. We can write

filw)zr+ -+ fu(@)zn = (g1(2)wr + - - gn(@)wy) + (121 + - + Cnzn)

for ¢; € F by our above decomposition. Since w; € ker(y) for each ¢, this
gives

civy + -+ cpv, = 0.
However, vy, ..., v, forms a basis for V over F', so we must have ¢c; = --- =

¢n = 0, and thus any element of the kernel of ¢ is in F[z]w; +- - -+ F[z|wy,
as claimed.

We now just need to observe that the matrix for {ws,...,w,} in terms of
{#1,...,2n} is given by

T —ai —a21 s —0n1
¢ —ai2 r— a2 - —Aan2
zl, — A=
—Qain —a2n e T — Qnpn

Now one just proceeds to diagonalize this as was done in Section 4.3. [
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4.7 Problems

For all of these problems V is a finite dimensional F-vector space.

1. Let T € Homp(V,V). Prove that the intersection of any collection of
T-invariant subspaces of V' is T-invariant.

2. Let T € Homp(V, V) and w € V. Let mq ,(x) € Fz] be the annihi-
lating polynomial of w.

(a) Show that if mq ., () = p(z)q(z), then p(x) = mq ()W) (T)-

(b) Let W be the subspace of V' that is T-generated by w. If degmy ,(z) =
d and degq(z) = e, show that dimy ¢(T)(W) =d —e.

3. Let A € Mat4(Q) be defined by

2 -4 4

O~ N
(e}
—
S

First find the rational canonical form of A by hand. Check your answer
using SAGE.

4. Prove that two 3 x 3 matrices are similar if and only if they have the
same characteristic and minimal polynomials. Give an explicit counterex-
ample to this assertion for 4 x 4 matrices.

5. We say A € Maty(F') has multiplicative order n if A™ = I and A™ # I
for any 0 < m < n. Show that 2° —1 = (z — 1)(2? — 42 + 1)(2? + 52 + 1)
in Fyg[z]. Use this to determine all similarity all elements of Maty(F19) of
multiplicative order 5.

6. In a group G we say two elements a and b are conjugate if there exists
g € G so that a = gbg~!. The conjugacy class of an element is the collec-
tion of all elements conjugate to it. Given a conjugacy class C, any element
in C is referred to as a representative for C. Determine representatives for
all the conjugacy classes for GL3(FF3).

7. Prove that if A1,..., A, are the eigenvalues of a matrix A € Mat,,(F),
then A\¥ ... \F are the eigenvalues of A* for any k > 0.

8. Let cr(z) = (z — A\)°p(z) with p(A) # 0. Show that dimp ES° =e.

105



4.7. PROBLEMS CHAPTER 4.
2 0 0 0 5 0 -4 -7
. —4 -1 -4 0 3 -8 15 -—13
9. Prove that the matrices 9 1 3 0 and 9 _4 7 _7

-2 4 9 1 1 2 -5 1

are similar.

0 1 1 1 5 2 -8 -8

. 1 0 1 1 -6 -3 8 8

10. Prove that the matrices 110 1 and 3 _1 3 4
1 1 1 0 3 1 -4 -5

both have characteristic polynomial (z —3)(z+1)3. Determine the Jordan
canonical form for each matrix and determine if they are similar.

11. Determine all possible Jordan canonical forms for a linear transfor-
mation with characteristic polynomial (z —2)3(z — 3)2.

12. Prove that any matrix A € Mat,, (C) satisfying A3 = A can be diag-
onalized. Is the same statement true over any field F'? If so, prove it. If

not, give a counterexample.

13. Determine the Jordan canonical form for a matrix A € Mat,, (Q) with

entries all equal to 1.
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Chapter 5

Bilinear and sesquilinear
forms

In this chapter we study bilinear and sesquilinear forms. In the spe-
cial cases of symmetric, skew-symmetric, Hermitian, and skew-Hermitian
forms we provide the standard classification theorems.

5.1 Basic definitions and facts

In this chapter we will be interested in maps V x V' — F that are linear
in each variable separately. In particular, we will be interested in bilinear
forms.

Definition 5.1.1. Let V be an F-vector space. A function ¢ : VxV — F
is said to be a bilinear form if ¢ is an F-linear map in each variable
separately, i.e., for all v1,v2,v € V and ¢ € F we have

(a) @(Cvl + 2, ’U) = C(p(’Ul, U) + 90(1}27 1));
(b) SD(’U, cvy + U2) = CSD(’U, Ul) + SD(Ua U?)-
We denote the collection of bilinear forms by Hompg(V,V; F).

Exercise 5.1.2. Show that Homg(V,V; F) is an F-vector space.

We now give some elementary examples of bilinear forms. Checking each
of these satisfy the criterion to be bilinear form is left as an exercise.

Example 5.1.3. The first example, and the one that should be kept in
mind throughout this and the next chapter, is that familiar example of a
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dot product from multivariable calculus. Let V = R" for some n € Z>;.
Define ¢ : V' x V — R by setting

olv,w)=v-w

where v = Yay,...,a,) and w = by, ..., by,).

Example 5.1.4. Let A € Mat,(F). We have a bilinear form ¢4 on
V = F™ defined by
oa(v,w) = wAw.

Much as one saw that upon choosing a basis any linear map between
finite dimensional vector spaces could be realized as a matrix, we will
soon see that any bilinear form on a finite dimensional vector space can
be represented as a matrix as in this example upon choosing a basis for
V.

Example 5.1.5. Let V = C°([0, 1], R) be the R-vector space of continuous
functions from [0, 1] to R. Define ¢ : V x V — R by setting

o(f.9) = /0 F(2)g(x)da

This gives a bilinear form. More generally, given any positive integer n,
one can consider the vector space of paths V' = C°([0,1],R"). Given
f,g €V, we have f(z),g(z) € R™ for each « € [0, 1]. Thus, for each = we
have f(z) - g(z) is well-defined from Example 5.1.3 above. We can define

1
o190 = [ 1a)- gla)da.
0
This defines a bilinear form on V.

In the next section we will be interested in classifying certain “nice” bi-
linear forms. In particular, we will often restrict to the case our bilinear
form is non-degenerate.

Definition 5.1.6. Let ¢ € Homp(V,V; F) be a bilinear form. We say
that ¢ is right non-degenerate if given wy € V so that ¢(v,wp) = 0 for
every v € V one has wg = 0. We say it is left non-degenerate if given any
vg € V so that ¢(vg, w) = 0 for every w € V one has vg = 0. We say ¢ is
non-degenerate if it is left and right non-degenerate.

We will see below that if V' is a finite dimensional vector space that ¢ is
left non-degenerate if and only if it is right non-degenerate. However, if V'
is infinite dimensional these may not be the same as the following example
shows.
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Example 5.1.7. Consider the R-vector space

2 = {(an)n>1 DY anl? < oo} :

n=1

Define a bilinear form ¢ on £2 by setting
w(a,b) = Z Any1bn
n=1

for a = (a,) and b = (b,). Set x = (1,0,0,...). Then we have p(x,b) =0
for all b, so  is not left non-degenerate, i.e., it is left degenerate. However,
if p(a,by) = 0 for all a = (a,), it is easy to check this implies by is the
sequence consisting of all 0’s. Thus, ¢ is right non-degenerate.

Non-degenerate forms arise in a very natural way in a context we have
already studied, namely, in terms of isomorphisms between a finite dimen-
sional vector space and its dual. In particular, recall that when studying
dual spaces we saw that for a finite dimensional F-vector space V that one
has V' = V'V, but that this isomorphism depends upon picking a basis and
so is non-canonical. It turns out that non-degenerate bilinear forms are in
bijection with the collection of such isomorphisms for finite dimensional
vector spaces. For infinite dimensional spaces one only obtains V' injects
into V'V.

Let ¢ € Homp(V,V;F). If we fix vy € V then we have a linear map
¢(-,v0) € VY given by w — ¢(w,vp). In particular, we define R, : V —
VV by setting

Rtp(v) = 90('3 U)'

Note that for any v € V, the map R,(v) € VV is given by R, (v)(w) =
o(w,v). We claim that R, is a linear map. We want to show that for any
a € F and vy,vy € V that R,(avi +v2) = aRy,(v1) + Ry(v2). As this is an
equality of maps, we must show these maps agree on elements. We have

R, (avi + v2)(w) = p(w, avy + v2)
= a@(wv Ul) + QD(U}, ’UQ)
= aRy(v1)(w) + Ry(v2)(w),

as desired. Thus, R, € Homp(V,V").

Of course, one could just as easily have fixed wg € V and considered the
linear map ¢(wg, ) € V'V given by v — p(wo,v). In this case we define
L, :V — VY by setting

Lo(w) = p(w, ).

Just as above one obtains L, € Homp(V,V").
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Lemma 5.1.8. A bilinear form ¢ is non-degenerate if and only if L, and
R, are injections.

Proof. First, suppose that L, and R, are injective. Let w € V. If
p(v,w) = 0 for all v € V, this implies that R,(w)(v) = 0 for every
v € V. However, this says that R,(w) is the zero map. Since we are as-
suming IR, is injective, this gives w = 0. Thus, ¢ is right non-degenerate.
Similarly, L, injective implies that ¢ is left non-degenerate.

Now suppose that L, or R, is not injective. As the argument is essentially
the same, we suppose there exists w € V with w # 0 so that R,(w) =0,
i.e., R, is not an injection. This translates to the statement that 0 =
R,(w)(v) = ¢(v,w) for all v € V. This gives that ¢ is not right non-
degenerate, i.e., ¢ is degenerate. O

One can note in the previous result that if V' is finite dimensional then R,
being an injection is the same as R, being an isomorphism since V and V'V
have the same dimension. So in the finite dimensional case one can replace
the condition L, and R, are injective with them being isomorphisms.

One can define the left and right kernel of ¢ by setting
kerrp =kerR, ={w eV : p(v,w) =0, for every v € V}
and
kerp p =ker L, = {v € V : ¢(v,w) =0, for every w € V'}.
This allows us to rephrase the condition that ¢ is non-degenerate to be

that the left and right kernels of ¢ are trivial.

In the case that V is a finite dimensional vector space one only needs to
consider left or right non-degenerate as the other comes for free. This is
due to the following result.

Theorem 5.1.9. Let V be a finite dimensional vector space over a field F'.
Let ¢ € Homp(V,V; F). Then L, and R, are dual to each other, namely,
given Ly, : V. — VY, if we dualize this to obtain L : (VY)Y — V'V, then
upon identifying (VY)Y with V wvia the canonical isomorphism we have
L} = Ry,. Similarly one has R} = L.

Proof. Recall that given F-vector spaces VW and T' € Homp(V, W), the
dual map TV is defined by

for v € V and ¢ € VV. We also recall the canonical isomorphism between
V and (VV)Y is given by sending v to the evaluation map eval,. For
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v,w € V we have

LY (eval,)(w) = eval, (L, (w))
= eval,(¢(w,-))

= p(w,v
=R, (v)(w).

Thus, we have L, = R, upon identifying V" and (V")". O

This result shows that if V' is finite dimensional then R, is injective if and
only if L, is injective. Equivalently, ¢ is non-degenerate if and only if R,
is an isomorphism.

Lemma 5.1.10. Let V be a finite dimensional vector space. There is a
bijection between isomorphisms T : V — V'V and non-degenerate bilinear
forms ¢ € Homp(V,V; F).

Proof. Let ¢ be a non-degenerate bilinear form. Then we associate the
required isomorphism by sending ¢ to R,.

Now suppose we have an isomorphism 7' : V' — V. Define ¢ € Homp(V,V; F)
by

p(v,w) =T (w)(v).
It is elementary to check this is a bilinear form and R, = T, so is non-

degenerate. Moreover, since R, = T' it is immediate that these maps are
inverse to each other and so provide the required bijection. O

It is well known from multivariable calculus that Example 5.1.3 is used
to define the length of a vector in R™. However, if we make the same
definition on C we do not recover the length of a complex number. In
order to find the length of z € C, we want to consider zZz. This leads to
the definition of a different type of form, a sesquilinear form, that keeps
track of conjugation as well. Before defining these forms, we need to define
conjugation for more general fields than C.

Definition 5.1.11. Let F be a field and conj : FF — F a map that
satisfies:

(a) conj(conj(x)) = x for every x € F;
(b) conj(z + y) = conj(x) + conj(y) for every z,y € F;
(¢) conj(xy) = conj(x) conj(y) for every z,y € F.

We call such a map a conjugation map on F. We say conj is nontrivial if
conj is not the identity map on F'.

We give a couple of familiar examples of conjugation maps.
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Example 5.1.12. Let F' = C. Then conj is the familiar conjugation map
sending = + iy to x — iy for x,y € R.

Example 5.1.13. Let D € Z and consider F = Q(v/D) where we recall
Q(VD) ={a+bVD :a,be Q}.

It is easy to check the map sending a + bv' D to a — by D is a nontrivial
conjugation map on F'if D is not a perfect square.

To emphasize that one should think of conjugation as a generalization of
complex conjugation as well as to save writing we will denote conjugation
maps by z — 7.

Lemma 5.1.14. Let F be a field with nontrivial conjugation and assume
char(F) # 2. Then:

(a) Let Fo ={z € F :zZ=z}. Then Fy is a subfield of F.
(b) There is a nonzero element j € F so that j = —j.

(c) Every element of F' can be written uniquely as z = x + jy for some
z,y € Fp.

Proof. The fact that Fy is a subfield of F is left as an exercise. Let a € F
so that @ # a. Since the conjugation is nontrivial there is always such an

a—a zg? and

a. Set j = “5%. Then one has j = —j. Given 2z € F', we have

zz—jE are both elements of Fyy and z = (££2) + j (z;jz) .

Example 5.1.15. Returning to the above examples, in the case F = C
we have Fy = R and j = v/—1. In the case F = Q(v/D) we have Fy = Q
and j = v/D.

Given a field F' that admits a conjugation map and a vector space V over
F', we can also consider a conjugation map on V.

Definition 5.1.16. Let V be an F-vector space where F is a field with
conjugation. A conjugation map on V is a map conj : V — V that satisfies
(a) conj(conj(v)) = v for every v € V;
(b) conj(v + w) = conj(v) + conj(w) for every v,w € V;
(¢) conj(av) = aconj(v) for every a € F,v € V.

As in the case of conjugation on a field, we will often write v — ¥ to
denote a conjugation map.

Given a finite dimensional F-vector space, one always has a conjugation

map on V if F' has a conjugation map. Namely, upon choosing a basis
one has V= F" for n = dimp V. Given v € V, we have an element
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aq ay
€ F". Since I’ has a nontrivial conjugation, we have | : | € ™.
a”L a’iﬂ/
We set U to be the element of V corresponding to this element. This
clearly gives a non-trivial conjugation on V.

The third property in the definition of conjugation for a vector space
gives immediately that linear maps are not the correct maps to work with
if one wants to take nontrivial conjugation into account. To remedy this,
we define conjugate linear maps.

Definition 5.1.17. Let F be a field with conjugation and let V' and W
be F-vector spaces. A map T : V — W is said to be conjugate linear if it
satisfies

(a) T(v1 +v2) =T(v1) + T (ve) for every vy,vy € V;
(b) T(av) =aT(v) for every a € F, v € V.

We say T is a conjugate isomorphism if it is conjugate linear and bijective.

Of course, one might not wish to introduce a completely new definition to
deal with conjugation. We can get around this by defining a new vector
space associated to V that takes into account the conjugation. Let V be
equal to V as a set, and let V have the same addition as V. However, we
define scalar multiplication on V by setting

FxV >V

(a,v) = a-v:=av.
Exercise 5.1.18. Check that V is an F-vector space.

We now consider maps in Homg(V,W). Let T € Homg(V,W). Then we
have

(a) T(v1 +v2) =T(v1) + T(ve) for every v1,vy € V;

(b) T(a-v) = aT(v) for every a € F,v € V, ie., T(av) = aT'(v) for every
aceF,veV.

The second equation translates to T'(av) = aT'(v), i.e., T is a conjugate
linear map. Thus, the set of conjugate linear maps forms an F-vector
space, in particular, it is equal to Homp(V, W). In the case that W = F'
we write V' = Homp(V, F).

There is one subtlety to keep in mind here. We have a natural F-vector
space structure on Homz(V, W) just as we would for any set of linear maps
between two F-vector spaces, namely, given a € F and T € Homp(V, W),
we set a-T to be the map defined by a-T'(v) = aT'(v). The scalar multipli-
cation on Homp(V, W) is really derived from the scalar multiplication in
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W. The scalar multiplication here is not given by the conjugate multiplica-
tion; if we wanted that vector space we would have to write Homp (V,W),
or, equivalently, we would have Hompg(V, W).

Definition 5.1.19. A sesquilinear form ¢ : V x V — F' is a map that is
linear in the first variable and conjugate linear in the second variable.

While bilinear forms are linear in each variable, a sesquilinear form is linear
in the first variable and conjugate linear in the second variable. Note that
“sesqui” means one and a half, and this is what it refers to.

Exercise 5.1.20. Show that a sesquilinear form ¢ : V' x V' — F'is the
same as a bilinear form from V' x V to F. As such, we can denote the
collection of sesquilinear forms by Hompg(V, V; F).

The above examples of bilinear forms are easily adjusted to give sesquilin-
ear forms.

Example 5.1.21. Let V = C". Define ¢ : V x V — C by

o(v,w) = Ww

n
= g VW;
i=1

where v = {v1,...,v,) and w = {ws,...,w,). Observe that o(v,v) =
||v][?, and so for any v € C™ we have (v, v) € R>o.

Example 5.1.22. Let V = F™ where F is a field with conjugation. Let
A € Mat,(F) and define ¢ : V x V — F by

(v, w) = WwA®.
This is a sesquilinear form.

Example 5.1.23. Let V = C°([0,1],C), i.e., V is the set of paths in C.
Define ¢ : V. x V — C to be the function

o(f. g) = /0 erers

One can easily check that ¢ is a sesquilinear form.

We define left and right non-degenerate as well as non-degenerate for
sesquilinear forms just as for bilinear forms. We would like to give a
classification for this in terms of maps analogous to L, and R, as for
bilinear forms. There is one major difference here though in that above
L, and R, could both be viewed as maps from V to V', where here we
need to take into account the conjugate linearity of the maps. As in the
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case of bilinear forms for each v € V' we define the map L, (v) by setting
L, (v)(u) = ¢(v,u) for each v € V. In this case for v,v1,ve,u,ur,ug € V.
and ¢ € F we have
Ly (v1 + cvz)(u) = (v + cvz, u)
@(Ulv u) + CQO(UQ, )
= Lp(or)(w) + eLy(v2)(u)

and

L, (v)(u1 + cuz) = p(v,u; + cug)
= ‘P(U7 ul) + E(p(’l}, u2)
= Ly (v)(u1) + €Ly (v) (uz).
Thus, we see that L, : V — V. As above, for each v € V define R, (v)

to be the map defined by R, (v)(u) = ¢(u,v) for each u € V. Now for
v1,v2,u € V and ¢ € F we have

R, (v1 + cv2)(u) = (u,v1 + cva)
= ¢(u,v1) + E(p(u, v2)
= Ry (v1)(u) + 2Ry (v2)(w),

ie., R,(v1 + cv2) = Ry(v1) + €R,(v2). Moreover, for each fixed v and all
ui,ug € V, ¢ € F, it is easy to check that

Ry (v)(ur + cug) = Rp(v)(u1) + cRy(v)(uz).
This shows that R, is a conjugate-linear map and for each v € V' we have
R,(v) is a linear map, i.e., R, : V — VY.

Our next goal is to relate L, and R,. This proceeds much as in the
bilinear case, but the scalar actions can be a bit confusing so we provide
the details here. The first thing to recall is the canonical isomorphism
V — (VVY)Y; in our case we will need

.V (V)
v — eval, .

We just briefly recall the proof that ® is a linear map due to the potential
confusion for the scalar multiplications. In particular, recall for v € V' and
a € F we have a - v = av but the scalar multiplication on V" and (VV)V
is given by the scalar multiplication induced by the multiplication in F'.
So, for example if f € VV, a € F, and vy,vs € V, then we have

fla v +v2) =af(v1) + f(va)

ie.,

f(@vr +ve) = af(vi) + f(v2).
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Thus, given v1,v2 € V,a € F, and f € V" we have

P(a-v1 +v2)(f) = evalgy, +v, (f)
= f(@vi + v2)
= af(v1) + f(v2)
= a®(v1)(f) + @(v2)(f)
= (a®(v1) + @(v2))(f).

The proof that this is an injection in general and an isomorphism for finite
dimensional cases is omitted as there is nothing confusing added to that.
We now follow the argument given for bilinear forms to relate L, and

R,. We have L : (VV)V — V¥ and R, : V — VY. We identify V and
(VV)V as above. The argument that gives L; = R, upon making this
identification now goes through verbatim from the case of bilinear forms.
We can define the left and right kernels of ¢ just as was done for bilinear
forms. Once again we obtain ¢ is non-degenerate if and only if L, and
R, are injections. If V is finite-dimensional, this is equivalent to L, and
R, being isomorphisms.

Exercise 5.1.24. Show there is a bijection between isomorphisms 7T :
=V s
V — V' and non-degenerate sesquilinear forms ¢ : V x V — V.

We now define the matrix associated to a bilinear (resp. sesquilinear)
form.

Definition 5.1.25. Let ¢ : V x V — F' be a bilinear or sesquilinear form.
Let B = {v1,...,v,} be a basis of V. Set a;; = ¢(vs;,v;). The matriz
associated to p is given by

(¢l = A = (ai;) € Mat, (F).

Theorem 5.1.26. Let ¢ be a bilinear or sesquilinear form on a finite
dimensional vector space V. Let B be a basis of V.. Then for w,v € V we
have

p(v,w) = TulpAfw]s

if p is bilinear and o

(v, w) = o]sAlw]s
if p is sesquilinear.
Proof. This follows immediately upon calculating on a basis. O
The definition of the matrix associated to a bilinear (resp. sesquilinear)
form seems rather arbitrary in how we defined it. At this point the only

justification is that the previous theorem shows this definition works how
we expect it to. However, there is a more natural reason this is the correct
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definition to use. Let ¢ be a bilinear or sesquilinear form. Let B =
{v1,...,vn} be a basis of V and BY = {vy,...,v, } the dual basis of V.
(Note that B is also a basis for V.) Observe we have

Ry (vj) = ¢(v;) € VY.

If ¢ is a bilinear map this is a linear map from V to V'V, so we can ask

for [Rdgv. Similarly, if ¢ is sesquilinear this is a linear map from V to

VV and so again we can consider [Rw]gv. To calculate this, we need to

expand R, (v;) in terms of BY for each j. Write
Ry(vj) = c1vy + -+ covy
for ¢; € F. The goal is to find ¢;. Observe we have

aij = p(vi, vj)
= Ry (v;)(vs)
= c1v) (v;) + -+ + cnv,, (v;)

= C;.
Thus, a;; = ¢; and so
Ry (vj) = arjof + -+ apjuy,
which gives y
B
[Rolz = [¢]B-
This shows that the matrix of a bilinear or sesquilinear form ¢ is really

just the matrix associated to the linear map R,.

Corollary 5.1.27. A bilinear or sesquilinear form ¢ on a finite dimen-
sional vector space V is non-degenerate if and only if [p]s is nonsingular
for any basis B.

Proof. This follows immediately from the definition of non-degenerate and
relation between [p]z and the linear map R,,. O

Just as when studying linear maps, we would like to know how a change
of basis effects the matrix of .

Theorem 5.1.28. Let V' be a finite dimensional F'-vector space and let B
and C be bases of V. If P is the change of basis matriz from C to B then
if © is bilinear we have

[ple = *Ple]sP

and if ¢ is sesquilinear we have

[ple = *Ple]sP.
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Proof. We consider the case that ¢ is sesquilinear. The proof when ¢ is
bilinear can be obtained by taking the conjugation to be trivial in this
proof.

We have from the definition that for every v,w € V

p(v,w) = Tlslelslw]s

and o
p(v,w) = Tlclgle[w]e
Moreover, since P is the change of basis matrix from C to B we have

[v]lg = P[v]¢ and [w],; = Plw],. Combining all of this we obtain

Tolelelelwle = ¢(v,w)

(T
N =
= =
o 5
= &
El—!
m;_n
5
o

Since this is true for all v,w € V, we must have

[ple = *Ple]sP

as claimed. O

It is very important to note the difference between this and changing bases
for linear maps. We do not conjugate the matrix here, i.e., in Chapter 3
we had the equation [T]¢c = P~![T]gP. This means that you cannot in
general use the results from Chapter 4 to find a nice basis for the matrix
[¢]s. Later we will discuss this further and determine some cases when
one can use rational and Jordan canonical forms to obtain nice bases for
forms as well.

Definition 5.1.29. Let A, B € Mat, (F'). We say A and B are congruent
(resp. conjugate congruent) if there exists P € GLy,(F) so that B = 'PAP
(resp. B = 'PAP.)

Exercise 5.1.30. Show that congruence on matrices defines an equiva-
lence relation.

The above results show that matrices A and B in Mat,, (F') represent
the same bilinear (resp. sesquilinear) form if and only if A and B are
congruent.
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5.2 Symmetric, skew-symmetric, and Her-
mitian forms

In this section we specialize the forms we are looking at. This allows us
to prove some very nice structure theorems. For the rest of this section,
all of the bilinear and sesquilinear forms will be one of the forms given in
the following definition. When we wish to emphasize a form ¢ on V, we
write (V, ) for the vector space.

Definition 5.2.1. Let V be a vector space over a field F.
(a) A bilinear form ¢ on V is said to be symmetric if p(v,w) = o(w,v)
for all v,w € V.

(b) A bilinear form ¢ on V is said to be skew-symmetric if p(v,w) =
—p(w,v) for all v,w € V and ¢(v,v) =0 for allv e V.

(c) A sesquilinear form ¢ on V is said to be Hermitian if p(v,w) =
o(w,v) for all v,w € V.

(d) A sesquilinear form ¢ on V is said to be skew-Hermitian if char(F") #
2 and ¢(v,w) = —p(w,v) for all v,w € V.

Exercise 5.2.2. Show that if char(F) # 2 then ¢ is skew-symmetric if
and only if (v, w) = —p(w,v) for all v,w € V.

Exercise 5.2.3. Show that if ¢ is any of the forms given in this definition
ker ¢ is well-defined since kerg ¢ = kery, .

One should note that it is not often one encounters skew-Hermitian forms.
The reason for this is as follows. Let F' be a field with char(F') # 2 with
non-trivial conjugation. Then we saw before that there is an element j € F
so that 7 = —j and every element z € F can be written uniquely in the
form z = x + jy with z,y € Fy. Let ¢ be a skew-Hermitian form. Set
Y(v,w) = jo(v,w). We claim that ¢ is Hermitian. To see this, observe

P(v,w) = je (v, w)

= je(v,w

= (=) (=¢(w,v))

= (v, w).
Similarly, given a Hermitian form one can multiply by j to obtain a skew-
Hermitian form. Thus, we see that we can move back and forth between

Hermitian and skew-Hermitian forms simply by multiplying by j. This
means there is essentially nothing new in studying skew-Hermitian forms.

Lemma 5.2.4. Let (V,p) be a finite dimensional F-vector space. Let B
be a basis for V and set A = [p|g. Then we have:
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(a) ¢ is symmetric if and only if 'A = A.
(b) o is skew-symmetric if and only if *tA = —A.
(c) ¢ is Hermitian if and only if 'A = A.

The proof of this lemma is left as an exercise. It amounts to converting
the definition to matrix language.

Definition 5.2.5. Let A € Mat,, (F).

(a) We say A is symmetric if 'A = A.

(b) We say A is skew-symmetric if A = —A.

(c) We say A is Hermitian if 'A = A.
One should keep in mind that the notion we are generalizing is that of the
dot product on R™. As such, the correct notion of equivalence between

spaces (V) and (W, ) should preserve “distance”, i.e., it should be a
generalization of the notion of isometry from Euclidean geometry.

Definition 5.2.6. Let (V,¢) and (W) be F-vector spaces. We say
T € Homp(V, W) is an isometry if T' is an isomorphism and satisfies

p(v1,v2) = P(T'(01), T (v2))

for all v,vp € V.

As is the custom, we rephrase this definition in terms of matrices.

Lemma 5.2.7. Let T € Homp(V,W) with (V,¢) and (W,4)) finite di-
mensional F-vector spaces of dimension n. Let B be a basis for V and C
a basis for W. Set P = [T]%. Then we have T is an isometry if and only
if P € GL,(F) and

"PlYlcP = [¢]5
for ¢ and ¢ bilinear and
"PlYlcP = [¢]5
if p and ¢ are sesquilinear.
Proof. Exercise. ]

Definition 5.2.8. Let ¢ be a form on V. The isometry group of ¢ is
given by

Isom(V, ¢) = {T € Homp(V,V) : T'is an isometry}.

When V is clear from context we will write Isom(¢p).
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Exercise 5.2.9. Let (V,p) and (W, ) be F-vector spaces. Show that
(V, ) is isometric to (W, ) if and only if the matrix relative to ¢ is con-
gruent to the matrix of ¢ if ¢ and ¢ are bilinear. If they are sesquilinear,
show the same statement with conjugate congruent.

Exercise 5.2.10. Show that Isom(V, ) is a group under composition.

One should keep in mind that studying isometry groups of a space gives
information back about the geometry of the space (V, ). We will see more
detailed examples of this in the next chapter when we restrict ourselves
to inner product spaces.

Depending on the type of form ¢ we give the isometry group special names.

(a) Let ¢ be a nondegenerate symmetric bilinear form. We write O(y)
for the isometry group and refer to this as the orthogonal group as-
sociated to ¢. We call isometries in this group orthogonal maps.

(b) Let ¢ be a nondegenerate Hermitian form. We write U(p) for the
isometry group and refer to this as the unitary group associated to
. We call isometries in this group unitary maps.

(c) Let ¢ be a skew-symmetric bilinear form. We write Sp(y) for the
isometry group and refer to this as the symplectic group associated
to . We call isometries in this group symplectic maps.

Recall that when studying linear transformations T' € Hompg(V,V) in
Chapter 4, the first step was to break V into a direct sum of T-invariant
subspaces. We want to follow the same general pattern here, but first need
the appropriate notion of breaking V' up into pieces for a form .

Definition 5.2.11. Let ¢ be a form on V. We say v, w € V are orthogonal
with respect to o if

o(v,w) = p(w,v) = 0.
We say subspaces Vi, Vo C V are orthogonal if

o(v1,v2) = @(ve,v1) =0

for all v1 € Vi, vy € V5.

We once again emphasize that one should be keeping in mind the notion
of a dot product on R™ when thinking of these definitions. One then sees
that in this special case this notion of orthogonal is the same as the notion
that was introduced in vector calculus.

Definition 5.2.12. Let V;,Vo C V be orthogonal subspaces. We say
V' is the orthogonal direct sum of V7 and V5 and write V =V} L V5 if
V=Viel.

121



5.2. SYMMETRIC, SKEW-SYMMETRIC, AND HERMITIASNHAORM®R 5.

Exercise 5.2.13. (a) Show that V. =V; L V5 if V =V; & V5 and given
any v,v" € V, when we write v = v + v and v/ = v] + v4 for
v1,v] € Vi, v9,v} € Vo we have

o(v,0") = @(v1,v]) + (v2, V).

(b) Suppose V =V, L V; and V is finite dimensional. Let ¢1 = |y, xv;
and w2 = ¢ly,xv,- If we let By be a basis for Vi, By a basis for Vs,
and B = By U By, then show that

[pls = <[(sz]61 [@20]13) .

The next result shows that even if one is given a degenerate form, one
can split off the kernel of this form and then be left with a nondegenerate
form. This will allow us to focus our attention on nondegenerate forms
when proving our classification theorems.

Lemma 5.2.14. Let ¢ be a form on a finite dimensional F-vector space
V. Then there is a subspace Vi of V' so that 1 = ¢y, is nondegenerate
and V =ker(p) L V1. Moreover, (V1,p1) is well-defined up to isometry.

Proof. The exercise above gives that ker(p) is a subspace of V| so it cer-
tainly has a complement Vi, i.e., we can write V = ker(p) ® V; for some
subspace Vi C V. Set ¢1 = ¢|y,. The definition of ker(y) immediately
gives that V = ker(y) L V4.

The next step is to show that ¢; is nondegenerate, i.e., R, is injective.
(Note we use finite dimensional here to conclude R,, being injective is
equivalent to being an isomorphism.) Suppose there exists v1 € V; so that
R, (vi) = 0, ie., 0 = Ry, (vi)(w1) = @1(w1,v1) = @(wr,v1) for every
wy € V1. Moreover, if w € V — V4, then w € ker(y) and so ¢(w,v1) = 0.
Thus, p(w,v1) = 0 for all w € V, i.e. v1 € ker(y). However, this is a
contradiction since V4 Nker(p) = {0}. Thus, ¢; must be nondegenerate.

The last thing to show is that V; is well-defined up to isometry. Set
V' = V/ker(p). We define a form ¢’ on V' as follows. Let 7 : V — V’
be the standard projection map. For v’,w’ € V', let v,w € V such that
m(v) =, m(w) = w'. Set

o' (v, w') = (v, w).

This is a well-defined form on V' as we are quotienting out by the kernel.
Thus, 7|y, is an isometry between (Vi,¢1) and (V,¢). This gives the
result. O

Definition 5.2.15. Let ¢ be a form on a finite dimensional vector space
V. The rank of ¢ is the dimension of V/ ker(y).
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We saw in the proof of the previous lemma that given ¢, there is a subspace
Vi C V so that V = ker(p) L V5. In general, given a subspace W C V,
we can ask if there is a subspace W= so that V=W L W+.

Definition 5.2.16. Let W C V be a subspace. The orthogonal comple-
ment of W is given by

Wt ={veV:pw,w)=0foral weW.}.
Exercise 5.2.17. Show that W+ is a subspace of V.

Lemma 5.2.18. Let W be a finite dimensional subspace of (V, ) and set
Y = olwxw. If 1 is nondegenerate then V.=W L WL. IfV is finite
dimensional and ¢ is nondegenerate as well then Y = @|y o o is also
nondegenerate.

Proof. By definition we have W and W are orthogonal, so to show V =
W L W+ we need only show that V =W @ W=,

Let vg € W N W=, Observe that op(vg,v9) = 0 because vy € W and
vo € W+, Using that ¢ is nondegenerate we obtain vg = 0 and so W N
W+ = {0}.

Let vg € V. Note that since 9 is assumed to be nondegenerate and W
is finite dimensional, Ry, : W — WV is an isomorphism. Thus, for any
T € WY there is an element wp € W so that Ry (wr) = T. We now apply
this fact to our situation. We have R, (vo)|w € WV, so there is a wyg € W
with

Ry (wo) = Ry (vo)|w,

i.e., for every w € W we have

Y(w, wo) = Ry (wo)(w)
= Ry (vo)|w (w)
= W(wvw)'

Thus, we have

p(w,vo) = (w, wo)

= p(w, wo)

where we have used pwxw = . Subtracting we have that for every
wewWw
p(w,vg — wp) =0,

ie., vg —wy € W. This allows us to write
Vo :w0+(v0—w0) EW-l—WJ'.

Thus, V =W L W+ as desired.
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Now suppose that ¢ is nondegenerate. Let vy € W=. Since ¢ is nonde-
generate there exists v € V' with ¢(v,v9) # 0. Write v = wy + wy with
wy € W and we € WL, Then

where we have used that o(wy,vy) = 0 because w; € W and vy € W,
Thus, R, (vo)(w2) # 0 and since vy was arbitrary, this gives Ry is
injective. Since we are assuming V is finite dimensional, this is enough to
conclude that Ry is an isomorphism, i.e., ©|lwLxwe is nondegenerate.

O

Example 5.2.19. It is not in general the case that if ¢ is a non-degenerate
on a vector space V' than ¢|w xw is non-degenerate for a subspace W C V.
For instance, let V = F? with standard basis & = {ej, ez} . Set W =

. . . 1
spanp{e; }. Consider the bilinear form defined by the matrix <(1) 0). It
is easy to see this is a non-degenerate form on V, but restricted to W this
form is degenerate.

Lemma 5.2.20. Let W be a subspace of (V, ) with V finite dimensional.
Assume o|lwxw and ol 1w are both nondegenerate. Then (W)t =
w.

Proof. We can write V.= W 1L Wt and V. = Wt L (W1)! by using
that W and W+ are both subspaces of V. This immediately gives that
dimp W = dimp(W1)L. It is now easy to see using the definition that

W c (W+)*. Since they have the same dimension, we must have equality.
O

We will later see how to prove the above theorem in the case that W is
finite dimensional without the need to assume that V' is finite dimensional
as well. Our next step is to classify forms on finite dimensional vector
spaces where possible. The following result is essential in the case of ¢
symmetric or Hermitian.

Lemma 5.2.21. Let (V,p) be an F-vector space and assume that ¢ is
nondegenerate. If char(F) # 2, assume ¢ is symmetric or Hermitian. If
char(F) = 2, assume ¢ is Hermitian. Then there is a vector v € V with

p(v,v) # 0.

Proof. Let vy € V with vy # 0. If ¢(v1,v1) # 0 we are done, so assume
p(v1,v1) = 0. The fact that ¢ is nondegenerate gives a nonzero vy € V
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so that ¢(vy,v2) # 0. Set b = p(v1,va). If p(va,v2) # 0 we are done, so
assume @(v2,v2) = 0. Set v = tvy + vy where t € F. Then we have

@(vs,v3) = @(tvy + va, tvy + v2)
= tlp(vi, v1) + tp(vi, v2) + tp(v2, v1) + p(v2, v2)

=th+1b
where £ = t and b = b if ¢ is symmetric. Thus, if V is symmetric
o(vs,v3) = 2tb, so choose any t # 0 and we are done. Now suppose

that ¢ is Hermitian so op(vs,v3) = th+tb. Set t = 1/bso th = 1. We
claim 1 = 1. To see this, observe 1 = 1-1 = 1-1, so 1 = 1. Thus,
w(v3,v3) =2 # 0 as long as char(F') # 2. Now suppose that char(F) = 2.
We want to set ¢ = a/b where a # @, —a. Using that the conjugation is
non-trivial, we know there exists j € F so that j = —j and every element
of F' can be written uniquely in the form a = a + j§ with «, 3 € Fy. If
B # 0 then a # @ and if a # 0 then a # —a. Thus, just pick a to be any
element with a5 # 0. Set t = a/b so that ¢(vs,v3) = a+a # 0. Thus, we
have the result in all cases. O

Suppose we have a basis B = {v1,...,v,} for (V, ¢) so that V; = spanp{v; }
satisfies
V=¥ 1l---1V,.

Observe this gives
ay

lvls =

where a; = ¢(v;,v;). This leads to the following definition.

Definition 5.2.22. Let ¢ be a symmetric bilinear form or a Hermitian
form on a finite dimensional vector space V. We say ¢ is diagonalizable if
there are 1-dimensional subspaces Vi,...,V, sothat V=V, 1 --- L V.

Let a € F with a # 0. We can define a bilinear form on F' by considering
a € Maty(F), i.e., we define ¢,(z,y) = zay. Here we get ¢, is sym-
metric for free. Similarly, if F' has nontrivial conjugation we can define a
sesquilinear form ¢, by setting ¢, (z,y) = xay. This is not Hermitian for
free. In particular, we have

Ya(T,y) = Tay
= yJaT.

This is equal to ¢,(y,x) if and only if @ = a. Thus, we have ¢, is
Hermitian if and only if @ = a. In either case, we write [a] for the space
(F, ¢q). This set-up allows us to rephrase the definition of diagonalizable
to say ¢ is diagonalizable if there exists a1, ..., a, so that ¢ is isometric
to [al] 1L [an]
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Theorem 5.2.23. Let (V, ) be a finite dimensional vector space over
a field F. If char(F) # 2 we assume ¢ is symmetric or Hermitian. If
char(F) = 2, we require ¢ to be Hermitian. Then ¢ is diagonalizable.

Proof. We immediately reduce to the case that ¢ is nondegenerate by
recalling that there is a subspace V; so that ¢|v, xv; is nondegenerate and
V = ker(¢) L V1. Thus, if ¢|y, v, is diagonalizable, then certainly ¢ is
as well since the restriction to ker(y) is just 0.

We now assume ¢ is nondegenerate and induct on the dimension of V.. The
case that dimp V = 1 is trivial. Assume the result is true for all vector
spaces of dimension less than n and let dimgV = n. We have a v; € V
so that ¢(v1,v1) # 0 by Lemma 5.2.21. Set a; = ¢(v1,v1) and let Vi =
spanp{v;}. Since p|y, is nondegenerate we have V = V; L V;-. However,
this gives dimp Vi- = n—1 and Lemma 5.2.18 gives that o1 := QO|V1L XV 18
nondegenerate. We apply the induction hypothesis to (Vi*, 1) to obtain
one dimensional subspaces Va, ..., V, so that V;* =V, L --- 1 V. Thus,
V=ViL1LVyL... 1V, and we are done. O

We can use this theorem to give our first classification theorem. The
following theorem is usually stated strictly over algebraically closed fields,
but we state it a little more generally as algebraically closed is not required.

Theorem 5.2.24. Let (V, ) be an n-dimensional F-vector space with ¢
a nondegenerate symmetric bilinear form. Suppose that F satisfies that
char(F) # 2 and it is closed under square-roots, namely, given any a € F,
one has f(z) = 22 —a € Flx] has a root in F. (In particular, if F
is algebraically closed this is certainly the case.) Then ¢ is isometric to
[1] L --- L [1]. In particular, all nondegenerate symmetric bilinear forms
over such a field are isometric.

Proof. The previous theorem gives one dimensional subspaces Vi,...,V,
sothat V.=V, L --- L V,. Let {v;} be a basis for V; and set a; = p(v;, v;).
We choose v; so that a; # 0. By our assumption on F' we have an element
b; € F so that b; is a root of f(z) = 2% — 1/a;, i.e., b7 = 1/a;. Set
B = {bv1,...,byv,}. Then we have

p(bivi, bivg) = b (vi, v;)
= bfaz
=1
This gives the result. O
In the case that one has ¢ is isometric to [1] L --- L [1] with n copies of
[1], we will write ¢ ~ n][1].

Recall that the isometry group of a symmetric bilinear form ¢ was denoted
O(y). Consider now the case that (V) is defined over a field F' that is
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closed under square-roots. Then we have just seen there is a basis B so
that [p]p = 1,, where 1,, is the n x n identity matrix. Using this basis we
can represent the orthogonal group as

On(p) = {M € GL,(F) : '"M1,M = 1,}
={M € GL,(F): 'M = M~'}.

We refer to matrices M € O, (F) as orthogonal matrices. One important
point to note here is that we saw before that change of basis matrices
for bilinear and sesquilinear forms correspond to isometries. Thus, in this
case we see that change of basis matrices for non-degenerate symmetric
bilinear forms correspond to invertible matrices M satisfying ‘M = M 1.
This shows that changing bases for such forms is equivalent to changing
the basis of a linear transformation. In other words, one can apply all
the nice results of the previous chapter to the matrices of non-degenerate
symmetric bilinear forms.

Note that the proof of Theorem 5.2.24 does not work for ¢ a Hermitian
form even if F' is algebraically closed because in order to scale the v; we
would need b; so that b;b; = a;. However, this equation cannot be set up
as a polynomial equation and so algebraically closed does not guarantee
a solution to such an equation exists. To push our classifications further
we need to restrict the fields of interest some. In general one needs an
ordered field. However, to save the trouble of introducing ordered fields
we will consider our fields F' to satisfy Q € F C C. In addition, if we
wish to consider symmetric forms, we will require F' C R. If we wish to
consider Hermitian forms, we only require F' has nontrivial conjugation.
One important point to note here is that with our set-up, if ¢ is symmetric
we certainly have p(v,v) € R for all v € V. However, if ¢ is Hermitian
we have for any v € V that p(v,v) € C satisfies p(v,v) = ¢(v,v), ie.,
w(v,v) € R in this case as well. This allows us to make the following
definition.

Definition 5.2.25. Let (V,¢) be an F-vector space so that if ¢ is sym-
metric, Q C F' C R and if ¢ is Hermitian Q C F' C C. We say ¢ is positive
definite if o(v,v) > 0 for all nonzero v € V and ¢ is negative definite if
p(v,v) < 0 for all nonzero v € V. We say ¢ is indefinite if there are
vectors v, w € V so that ¢(v,v) > 0 and ¢(w,w) < 0.

Definition 5.2.26. We say a matrix A € Mat,, (F) is positive definite
if the corresponding form ¢ is positive definite. Likewise, we say A is
negative definite if the associated form is negative definite.

With these definitions we give the next classification theorem.

Theorem 5.2.27 (Sylvestor’s Law of Inertia). Let (V,¢) be a finite di-
mensional R-vector space with ¢ a nondegenerate symmetric bilinear form
on V orlet (V,p) be a C-vector space with ¢ a nondegenerate Hermitian
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form on V. Then ¢ is isometric to p[l] L q[—1] for well-defined integers
p,q withp+q=dimpg V.

Proof. The proof that ¢ is isometric to p[l] L ¢[—1] follows the same
argument as used in the proof of Theorem 5.2.24. We begin with the
case that (V) is a R-vector space and ¢ is a nondegenerate symmetric
bilinear form. As in the proof of Theorem 5.2.24, we have one-dimensional
subspaces V1,...,V, so that V; = spang{v;} and V.=V, L --- L V.
Write a; = ¢(v;,v;). Let b; = 1/y/]a;] € R. Then b? = 1/|a;| and so

@ (bivi, biv;) = b (v, v;)
a;

 agl

— sign(a;)

where sign(a;) = 1 if a; > 0 and sign(a;) = —1 if a; < 0. Thus, if we let
p be the number of positive a; and ¢ the number of negative a; we get
@ ~p[1] L q[-1].

Now suppose (V, @) is a C-vector space and ¢ is a nondegenerate Hermitian
form. Given any v € V and b € C we have p(bv,bv) = bbp(v,v) =
|b|2¢ (v, v). Proceeding as above, this shows that for each j we can scale
¢(vj,v;) by any positive real number. Since ¢p(v;,v;) € R for all j, we
again have ¢ ~ p[1] L ¢[—1] where p and ¢ are defined as above.

It remains to show that p and ¢ are invariants of ¢ and do not depend
on the choice of basis. Let V; be the largest subspace of V' so that the
restriction of ¢ to V. is positive definite and V_ the largest subspace of V'
so that the restriction of ¢ to V_ is negative definite. Set pg = dimp V;
and go = dimp V_. Note that py and qg are well-defined and do not depend
on any choices. We now show p = pg and ¢ = qo.

Let B = {v1,...,v,} be a basis of V so that [p]p = p[1] L ¢[—1]. Set
By = {v1,...,v,} and B_ = {vp41,...,0n}. Let Wi = spanp B4 and
W_ =spany B_. Then we have ¢ restricted to W, is positive definite so
p < po and similarly we obtain ¢ < gg. Note that this gives n = p+ ¢ <
po~+qo. Suppose p # po. Then dimp Vi +dimp V_ > n, so V. NV_ # {0}.
This is easily seen to be a contradiction, so p = pg and the same argument
gives ¢ = qo, completing the proof. O

One important point to note is all that was really used in the above proof
was that given any positive number |a;|, one had 1/y/]a;| in F. Thus, we
do not need to use F =R or F' = C in the theorem. For example, if (V, ¢)
is an F-vector space withy is a symmetric bilinear form and F C R, to
apply the result to (V, @) we only require that \/m € F for every a € F.
If the field does not contain all its positive square roots things are more
difficult as we will see below.
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Definition 5.2.28. Let (V,¢),p, and ¢ be as in the previous theorem.
The signature of ¢ is (p,q).

Corollary 5.2.29. A nondegenerate symmetric bilinear form on a finite
dimensional R-vector space or a nondegenerate Hermitian form on a finite
dimensional C-vector space is classified up to isometry by its signature. If
@ is not required to be nondegenerate, it is classified by its signature and
its rank.

Proof. This follows immediately from the previous theorem with the ex-
ception of the degenerate case. However, if we do not require ¢ to be
nondegenerate, then write V' = ker(¢) L V; and apply Sylvestor’s law to
V1 and we obtain the result. O

If we allow ¢ to be degenerate, the previous result gives ¢ = p[1] L ¢[—1] L
r[0] for r =n—p—q.

We again briefly return to the isometry groups. Let ¢ be a nondegenerate
symmetric bilinear form on a real vector space V of signature (p,q) so
¢ ~p[1] L ¢[-1]. Let 1, , be given by

1
o= (v ).

Then the isometry group of ¢ is given by
Op,¢(R) :=0O(p) = {M € GLp14(R) : tMlp,qM =1lpg}

In the case that p = n = dimg V and ¢ = 0 we recover the case given
above for a positive definite symmetric bilinear form.

Let ¢ be a nondegenerate Hermitian form on a complex vector space V
of signature (p, q) so ¢ ~ p[1] L ¢[—1]. The isometry group in this case is
given by

U, q(C) :=U(p) = {M € GL,+4(C) : 'M1, ,M =1,,}.

One will also often see this group denoted at U(p, ¢) when C is clear from
context. In the case p = n = dim¢ V and ¢ = 0, we have

Up(C) i= Uy o(C) = {M € GL,(C) : 'M1,M = 1,}.

‘We now briefly address the situation of a nondegenerate symmetric bilinear
or Hermitian form on a vector space over a field Q € F C C that is
not closed under taking square roots of positive numbers. (If F' is not a
subset of R, we realize the “positive” numbers in F' as F NRsq. Note
by requiring F' C C this makes sense.) Let ¢ be such a form. Theorem
5.2.23 gives elements aq,...,a, so that ¢ ~ [a1] L -+ L [a,]. We know
that each a; can be scaled by any element b? for b; € F. This gives a nice
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diagonal representation for such forms. Let F'* = F—{0} and set (F*)? =
{b? : b € F*}. The above discussion may lead one to believe that there
is a bijection between nondegenerate symmetric bilinear forms on an n-
dimensional F-vector space V and (F*/(F*)?)". However, the following
example shows this does not work even in the case F' = QQ, namely, there
is not a well-defined map from the collection of nondegenerate symmetric
bilinear forms to (F*/(F*)?)". One can relate the study of such forms
to the classification of quadratic forms, but one quickly sees it is a very
difficult problem in this level of generality.

Example 5.2.30. Consider the symmetric bilinear form ¢ on Q2 given

p(a,y) = "o (g g) Y.

) . Then we have

5 0\ _ p(2 0
(0 30>P(0 3)P’

and so we have ¢ is isometric to <(5) 300), but the diagonal entries of this

1 -2

do not differ from 2 and 3 by squares.

We next classify skew-symmetric forms.

Theorem 5.2.31. Let (V, ) be a finite dimensional vector space over a
field F' and let ¢ be a skew-symmetric form. Then n = dimp V' must be

even and @ is isometric to n/2 copies of (_1 (1)), i.e., there is a basis
B so that
0 1
-1 0
[pls =
0 1
-1 0

Proof. We use induction on n = dimp V. Let n =1 and B = {v1} be a
basis for V. Since @ is skew-symmetric we have p(v1,v1) = 0, which gives
[¢]g = [0]. This contradicts ¢ being nondegenerate. Since the n =1 case
is reasonably trivial, we also show the n = 2 case as it is more illustrative
of the general case. Let v; € V with v; # 0. Since ¢ is nondegenerate
there is a w € V so that p(w,v1) # 0. Since ¢ is skew-symmetric w cannot
be a multiple of v; and so dimspanp{v;,w} = 2. Set a = ¢(w,v1) and
vy = w/a. Set By = {v1,v2} and V; = spang{v1,v2}. Then we have

elvls = (o)
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Now suppose the theorem is true for all vector spaces of dimension less
than n. Let v; € V with vy # 0. As in the n = 2 case we construct a v
and V; = spang{v1,va} so that

elvds = (% o)-

This shows |y, is nondegenerate, so V = V; L V;*. We now apply the
induction hypothesis to V. Suppose that n is odd and ¢ is a nondegener-
ate Hermitian form on V. Then Q0|V1L is a nondegenerate Hermitian form
on a vector space of dimension n — 2. Since n — 2 is odd, the induction
hypothesis gives there are no nondegenerate Hermitian forms on a vector
space of dimension n — 2 if it is odd. This contradiction shows there are no
nondegenerate Hermitian forms on V' if n is odd. Now suppose n is even,

then since dimp Vi- = n — 2 is even we have a basis By = {vs,...,v,} of
Vi with
0 1
-1 0
[Plvt]s, =
0 1
-1 0

where there are (n — 2)/2 copies of <01 (1)) on the diagonal. The basis
B = {v1,v2,03,...,v,} now gives the result.

Exercise 5.2.32. One often sees the isometry group for a skew-symmetric
bilinear form represented by a different matrix. Namely, let (V) be an
F-vector space of dimension 2n with ¢ a skew-symmetric bilinear form.

(a) Show that there is a basis B; so that

Using the previous exercise, we can write

On ln O” 1”
Span (F) = {M € GLon(F) - M (1 on) M= (1n 0n>}
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THE ADJOINT MAP CHAPTER 5.

The last case for us to classify is the case of skew-Hermitian forms. Note
that one can obtain the conclusion below simply by using the fact that
if ¢ is skew-symmetric, then j¢ is Hermitian and then applying the ear-
lier results on Hermitian forms. However, we give a direct proof here to
illustrate the methods one last time.

Theorem 5.2.33. Let (V,p) be an F-vector space with ¢ a nondegenerate
skew-Hermitian form. Then ¢ is isometric to [a1] L --- L [ay] for some
a; € F with a; # 0, a; = —a;. (Note that a; = —a; is equivalent to
a; = jb; for some b; € Fy.)

Proof. Our first step is to show there is a v € V' so that ¢(v,v) # 0. Let
vy € V be any nonzero element. If p(v1,v1) # 0, set v = v1. Otherwise,
choose vy € V so that ¢(va,v1) # 0. Such a vy exists because ¢ is
nondegenerate. Set a = ¢(v1,v2). If p(va,v2) # 0, set v = vg. Otherwise,
for any ¢ € F set vg = v; + cvy. We have

p(vs,v3) = @(v1,v1) + ©(v1,CV2) + @(Cva, v1) + p(Cva, Cv2)
= cp(v1,v2) + Cp(v2,v1)

= ac — ac.
Set ¢ = j/a. Then we have
p(vs,v3) =j —j =2j #0.

We now proceed by induction on the dimension of V. If dimp V =1, we
construct vs as above and we have ¢ is isometric to [2j]. Now assume the
result is true for all vector spaces of dimension less than n. Let vy € V
be a vector so that ¢(v1,v1) # 0 as above. Set V4 = spanp{v1}. We have
©lv,xvy # 0, 50 ¢|v, x1; is nondegenerate so we have V = V; L Vit We
now apply the induction hypothesis to V;-. This gives the result. O

Exercise 5.2.34. Let (V,¢) be an C-vector space and ¢ a nondegenerate
skew-Hermitian form. Then ¢ is isometric to p[i] L ¢[—i] for some well-
defined integers p and ¢ with p 4+ g = dim¢ V.

5.3 The adjoint map

The last topic of this chapter is the adjoint map. Let (V, ¢) and (W, ) be
F-vector spaces with ¢ and 1 either both non-degenerate bilinear or both
non-degenerate sesquilinear forms. (Throughout this section when given
¢ and ¥, we always assume they are non-degenerate and are both bilinear
or both sesquilinear.) Let T' € Homg(V, W). The adjoint map is a linear
map T* € Homp (W, V) that behaves nicely with respect to ¢ and 1.
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Definition 5.3.1. Let T' € Homp(V,W). The adjoint map is a map
T : W — V satisfying

p(0, T*(w)) = $(T'(v), w)

forallv eV, weWw.

It is important to note here that many books will use T* to denote the
dual map TV. Be careful not to confuse the adjoint T* with the dual map!
We will see why books use this notation below.

The first step is to show that an adjoint map actually exists when V' and
W are finite dimensional.

Proposition 5.3.2. Let (V,¢) and (W,) be finite dimensional vector
spaces with ¢ and v bilinear forms. Then there is an adjoint map T* €
HOHIF(W, V)

Proof. We begin by showing there is a map T that satisfies the equation.
We then show it is unique and linear. Recall that given any ® € WV,
we have TV o @ € VV defined by TV o ®(v) = ®(T'(v)) for v € V. Fix
w € W so we have p(,w) = Ry(w) € WY. Then TV o Ry(w) € VY
and is given by (TV o Ry(w))(v) = Ry(w)(T(v)) = ¢¥(T(v),w). We now
use that ¢ is non-degenerate, ie., R, : V — VV is an isomorphism to
conclude that for each w € W there exists a unique element z,, € V so
that R, (zw) =TV o Ry(w), i.e., for each w € W and v € V' we have

P(v, 2w) = Ry(2w) (v
= (T" o Ry(w))(v)
= Ry (w)(T(v))
= ¢(T'(v), w).

Thus, we have a map T : W — V defined by sending w to z,,. Moreover,
from the construction it is clear the map is unique.

One could easily show this map is linear directly, but we present a different
proof that is conceptually more useful for later results. Suppose that ¢ and
1 are bilinear. We just saw the defining formula for T* can be rewritten
as

Ry (T (w)) (v) = TV (Ry (w)) (v)-

Thus, R, o T* = TV o Ry. Since ¢ is assumed to be non-degenerate, R,
is an isomorphism so R ! exists and we can write

T* =R,;'oT" o Ry.

Since each term on the right hand side is linear, so is 7. This finishes
the proof of the result in the case the forms are bilinear. O
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We immediately obtain the following version in coordinates.

Corollary 5.3.3. Let B be a basis of (V,¢) and C be a basis of (W, ).
Set P = [¢]|p and Q = []c. Then

[T = P~HT15Q
if o and v are bilinear.

One now needs the same results for sesquilinear forms. If one proceeds
as above the map T* that one constructs is a map from W to V; the
claim is there is a map from W to V. We remedy this by introducing the
conjugate of a linear map. As this is much easier to see in coordinates, we
do that case first. Suppose we are given a linear map 7 : V — W. Let
B ={v1,...,u,} be a basis of V and C = {wy,...,w,} be a basis of W.
(Note these are also bases of V and W.) To obtain the matrix of T" with
respect to B and C we write

T(vi) = ayi-wy+ -+ Qmi - Wiy

Thus, the matrix of T': V — W is given by A = (a;;) € Mat,, ,,(F) where
we view the matrices as acting on F”. However, if we wish to view this
as a linear map from V to W we have

T(vi) = agiwy + -+ + T Wi,

so the correct matrix in this case is A = (@;;) € Mat,, (F) where we view
the matrix as acting on F™. Thus, given a linear transformation T : V —
W with associated matrix A = [T]%, we obtain a linear transformation T'
given in coordinates by [T]% = A. We can now remedy the above situation
by setting T = E_l oTV o Ry. This finishes the proof of Proposition
5.3.2 and gives the following result.

Corollary 5.3.4. Let B be a basis of (V,¢) and C be a basis of (W, ).
Set P = [¢]|p and Q = []c. Then

[T*]¢ =P HTI5Q
if o and ¥ are sesquilinear.

Note the above proof fails completely when V' and W are not finite dimen-
sional vector spaces. One no longer has that R, and R, are isomorphisms.
In fact, in the infinite dimensional case it often happens that the adjoint
map does not exist! One particularly important case where one knows
adjoints exist in the infinite dimensional case is for bounded linear maps
on Hilbert spaces. This follows from the Riesz Representation Theorem.
We do not expand on this here as it takes us too far afield.

One special case of the above corollaries is when V =W and ¢ = 9. In
this case one has P = Q. We can take this further with the following
definition and result. These concepts will be developed more fully in the
next chapter.
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Definition 5.3.5. Let (V) be a vector space. A basis B = {v;} is said
to be orthogonal if p(v;,v;) = 0 for all v;,v; € B with i # j. We say the
basis is orthonormal if it is orthogonal and satisfies ¢(v;,v;) = 1 for all
v; € B.

In general there is no reason an arbitrary vector space should have an
orthonormal basis. However, if one has an orthonormal basis one obtains
some very nice properties. One immediate property is the following corol-
lary.

Corollary 5.3.6. Let (V, @) and (W, 1)) be finite dimensional vector spaces
with orthonormal bases B and C respectively. Let T € Homp(V,W). Then

if p and 1 are bilinear and

if o and ¢ are sesquilinear.

Proof. This follows from Proposition 5.3.2 upon observing that P and @
are both the identity matrix due to the fact that B and C are orthonormal.
O

Suppose we have a finite dimensional vector space (V) with ¢ a non-
degenerate symmetric bilinear form. Suppose there are orthonormal bases
B ={vi,...,v,} and C = {wy,...,w,} of V. Let T € Homp(V,W) be
defined by T'(v;) = w;. Observe we have

p(vi,vj) = i
= ‘p(wi7wj)
= (T (vi), T(v))

where 0;; = { (1) z 7:]7 . We immediately obtain that ¢(v,v) = o(T'(v), T(v))

for all v,v € V. In particular, we have ¢(v,v) = (v, T*(T(v))) for all
v,w € V, ie., pv,0 — T*(T(v))) = 0 for all v,v € V. Since ¢ is non-
degenerate, this gives T*oT = idy, i.e., if we set P = [T]$, then ‘PP = 1,,.
Thus, if P is a change of basis matrix between two orthonormal bases then
P is an orthogonal matrix. The same argument gives that if ¢ is a Hermi-
tian form, then a change of basis matrix between two orthonormal bases
is a unitary matrix.

Exercise 5.3.7. Let B = {v1,...,v,} be an orthonormal basis of a finite
dimensional vector space (V, ) with ¢ a non-degenerate symmetric bilin-
ear form. Let T € Homp(V,V) and let P = [T]g. Show that if P is an
orthogonal matrix then C = {T'(vy),...,T(v,)} is an orthonormal basis of
V. Prove the analogous result when ¢ is Hermitian as well.
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Exercise 5.3.8. Let (U, ¢), (V, ¢), and (W, ¢) be finite dimensional vector

spaces. Prove the following elementary results about the adjoint map.

(a) S,T € Homp(V,W). Show that (S +T)* = S* +T*.

(b) (¢I')* =¢T™ for every c € F

(c) Let T € Homp(U,V) and S € Homp(V, W). Then (SoT)* = T*0S*.

(d) Let p(x) = apz™+---+a1x+ap € Flz] and T € Homp(V, W). Then
(p(T))* =p(T") where p(z) = Gpa™ + - - + @17 + ao.

Corollary 5.3.9. Let (V,¢) and (W,) be vector spaces with ¢ and
both symmetric, skew-symmetric, Hermitian, or skew-Hermitian. Then
(T*)*=T.

Proof. We prove the Hermitian case and leave the others as exercises as
the proofs are analogous. Set S = T™ so that

e(v, S(w)) = P(T(v), w)
forallv eV, w e W. We have

(P(S(w)v ’U) = (v, S(w))

=Y(T(v),w)

= ¢(w,T(v))
for all v € V, w € W. This shows we must have T' = S* since the adjoint
is unique and T satisfies the properties of being the adjoint of S. O

Note the above proof works for infinite dimensional spaces as well with
the added assumption that the adjoint exists.
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5.4 Problems

For these problems we assume V is a finite dimensional vector space over
a field F.

(a)

Let Vi and V5 be subspaces of V. Show that V =V, L V, if
(i) V=V &V, and

(ii) given any v,v’ € V, when we write v = v; + vo and v’ = v] + v}
for v;, v, € V; we have

@(v,0") = @1(v1,v7) + w2(v2,v3)

where p; = ¢lv;.

Let ¢ be a bilinear form on V' and assume char(F') # 2. Prove that B
is skew-symmetric if and only if the diagonal function V' — F' given
by v — ¢(v,v) is additive.

Let D be an integer so that /D ¢ Z. Let V = R

(a) Show that pp(z,y) = (é lO)) y is a bilinear form on V.

(b) Given two such integers Dj, Do, give necessary and sufficient
conditions for ¢p, to be isometric to ¢p,?

(c) Suppose now that V = Q2. Under what condition is ¢p, iso-
metric to ¢p,?

Let V =R Set ((z1,91), (z2,92)) = T122.

(a) Show this is a bilinear form. Give a matrix representing this
form. Is this form nondegenerate?

(b) Let W = spang(e;) where e; is the standard basis element. Show
that V=W L W+

(c) Calculate (W+)+.

(a) Let A € Mat,,(C). Prove that there is a unique Hermitian matrix
H € Mat,,(C) and a unique skew-Hermitian matrix S € Mat,, (C)
so that A = H 4+ S. This is referred to as the Hermitian decom-
position of A.

(b) Find the Hermitian decomposition of A = ( 2 L+ 3Z>.

-1+3i -5

Let A € Mat,,(C) be a Hermitian matrix. Prove all the eigenvalues
of A must be real.
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(¢) Let V be a 3-dimensional Q-vector space with basis B = {v1, vy, v3}.
Define a symmetric bilinear form on V' by setting ¢ (v1,v1) = 0, p(v1, v2) =

—2,0(v1,v3) = 2, p(v2,v2) = 2, p(v2,v3) = =2, 0(v3,v3) = 3.
(a) Give the matrix [¢]g.

(b) If possible, find a basis B’ so that [¢]s is diagonal and give [¢]p:.
If it is not possible to diagonalize ¢, give reasons.

(c) Is the symmetric bilinear form given in (b) isometric to the sym-

-2 0 0
metric bilinear form given by | 0 8 07
0 01

(h) Let A € U,(C). Prove all the eigenvalues of A must lie on the unit
circle in C.

(i) Let A € O2(R). Prove that the first row of A has the form (cos 6, sin 9)
for some 6 € [0,27). Given this first row, what are all possible second
rows of A?

(j) (a) Let V =TF2 and let &3 be the standard basis for V. Let ¢ : V —
V be the symmetric bilinear form given by

11 2
[Ples = |1 3 1
2 1 4

Find an orthogonal basis for V' with respect to ¢. Can you make
this an orthonormal basis?

(b) Give a finite collection of matrices so that every nondegenerate
symmetric bilinear form on V is isometric to one of the forms
listed. Give a short justification on why your list is complete.

(k) Let ¢ be the standard inner product on R" from multivariable cal-
culus class. Define T' € Homg(R™, R™) by

T(x1,...,2n) = (0,21, ..., Tp_1).

Find a formula for the adjoint map T™.

(1) Let T € Homp(V,W). Show that T is injective if and only if 7™ is
surjective.
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Chapter 6

Inner product spaces and
the spectral theorem

We now specialize some of the results of the previous chapter to situations
where more can be said. We will require all our vector spaces (V,¢) to
satisfy that ¢ is positive definite. In particular, we will restrict to the
case that Q@ C F' C R in the case that ¢ is a symmetric bilinear form and
F C C if ¢ is Hermitian. One can restrict to F = R or F' = C in this
chapter and not much will be lost unless one really feels the need to work
over other fields.

In this chapter we will recover some of the things one sees in undergraduate
linear algebra such as the Gram-Schmidt process. We will end with the
Spectral Theorem, which tells when one can choose a “nice” basis of a
linear map that is also “nice” with respect to the bilinear form on the
vector space.

6.1 Inner product spaces

We begin by defining the spaces that we will work with in this chapter.

Definition 6.1.1. (a) Let (V,¢) be a vector space with ¢ a positive
definite symmetric bilinear form. We say ¢ is an inner product on V'
and say (V, ) is an inner product space.

(b) Let (V,¢) be a vector space with ¢ a positive definite Hermitian
form. We say ¢ is an inner product on V and say (V) is an inner
product space.

Some of the most familiar examples given in the last chapter turn out to
be inner products.
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Example 6.1.2. Let A € Mat, (R) with ‘A = A and A positive definite
or A € Mat,,(C) with A = A and A positive definite. Then the form ¢4
is an inner product. Note this example recovers the usual dot product on
R™ by setting A = 1,,.

Example 6.1.3. Let V = C°([0,1],R) be the space of continuous func-
tions from [0, 1] to R. Define

Sﬁ(fyg):/o f(z)g(x)dx.

We have seen before this is a symmetric bilinear form. Moreover, note
that

o(fof) = / f(2)%dz > 0

for all f € V with f # 0. Thus, ¢ is an inner product.

Example 6.1.4. Let V = C°([0,1],C) be the vector space of continuous
functions from [0, 1] to C. Define

o(f.9) = /0 f(@)g@)da

As in the previous example, one has this is an inner product.

Exercise 6.1.5. Let (V, ¢) be an inner product space. Show that for any
subspace W C V one has @|w is nondegenerate. Conversely, if ¢ is a form
on V so that ¢|w is nondegenerate for each subspace W C V, then either
@ or —¢ is an inner product on V.

One of the nicest things about an inner product is that it allows us to

define a norm on the vector space, i.e., we can define a notion of distance
on V.

Definition 6.1.6. Let (V, ) be an inner product space. The norm of a
vector v € V, denoted ||v]|, is defined by

o]l = Ve(v, ).

The previous definition recovers the definition of the length of a vector
given in multivariable calculus by considering V' = R™ and ¢ the usual
dot product.

The following lemma gives some of the basic properties of norms. These
are all familiar properties from calculus class for the norm of a vector.

Lemma 6.1.7. Let (V@) be an inner product space.
(a) We have ||ev|| = |¢|||v]| for allc € F, v e V.
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(b) We have ||[v|| > 0 and ||v|| = 0 if and only if v =0.
(¢) (Cauchy-Schwartz inequality) We have |p(v, w)| < ||v||||w]|. We have
equality if and only if {v,w} is linearly dependent.

(d) (Triangle inequality) We have ||v+wl|| < ||v||+ ||w]| for allv,w € V.
This is an equality if and only if w =0 or v = cw for ¢ € F>, where
FZO =FnN RZO'

Proof. The proofs of the first two statements are left as exercises. We now
prove the Cauchy-Schwartz inequality. If {v, w} is linearly dependent, then
up to reordering either w = 0 or w = cv for some ¢ € F. In either case it
is clear we have equality. Now assume {v,w} is linearly independent, i.e.,
for any ¢ € F we have u = v — cw # 0. Observe we have

0 < [[ul”
= o(u, u)
= |lll* + p(—cw,v) + (v, —cw) + |c]?||w]]*

= [[vl]* = cp(w, v) — Tp(v, w) + |cf||w]”

for any ¢ € F. Set ¢ = 2% This gives

p(w,w)*
2
0< ||U||2 _ cp(v,w)go(v,w) o (,0(’[}710)@(1),10) + @(’an) ||w||2
N w2 [[wl]? (w, w)

ie,0< HvHQ—%. Thus, |¢(v,w)| < ||v]|||w]|| as claimed. Moreover,
note that we get a strict inequality here since {v,w} is linearly indepen-
dent, we cannot have equality.

We now turn our attention to the triangle inequality. Observe for any
v,w € V we have

o+ wl]? = p(v+w,v +w)

= |loll* + ¢ (v, w) + p(w, v) + [Jw]|?

= [l1 + ¢(v,w) + (v, w) + ||w]|?

= [[v]]” + 2R (e (v, w)) + |Jw][?

< |[ol|* + 2|p (v, w)| + [Jw]®

< [oll® + 2{ol|l[w]| + [Jw]f?

= (lloll + [lw]])*.
This gives the triangle inequality. It remains to deal with the case when
[[v+wl||? = (||v|| + ||w]|)?. If this is the case, then both inequalities above
must be equalities. The second inequality is equality if and only if w = 0

(note the first inequality is also an equality if w = 0) or if w # 0 and
w = cv for some ¢ € F. We have

(v, ) + p(w, v)p(cw, w) + p(w, cw) = (c+72)[[wl]*.
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Thus the first inequality is an equality if and only if ¢ € F>o. O

The fact that we are restricting ourselves to characteristic 0 fields and ¢
being symmetric bilinear form or a Hermitian form immediately gives that
there is a basis of V' consisting of orthogonal vectors via Theorem 5.2.23.
Moreover, if we take F' to be R or C then we can combine the facts that
the form is positive definite with Sylvestor’s Law of Inertia to conclude
that V has an orthonormal basis as well. We now give a few easy lemmas
that deal with orthogonality of vectors.

Lemma 6.1.8. Let B = {v;} be an orthogonal set of nonzero vectors in
an inner product space (V, ). If v € V' can be written as v = Zj c;v; for

cj € F, then ¢; = pv.vg) If B is orthonormal, then ¢; = ¢(v,v;).

[lv; 112

Proof. Observe we have

’U U] ( E CZ’UZ,UJ>
= E Cigﬁ ’Ui,’Uj
[
= ¢;p(v5,v5).

This gives ¢; = f((;;’ifj)). If B happens to be orthonormal then ¢(v;, v;)

1. O

We can use the previous result to talk about projection of vectors onto
subspaces. Let W C V be a subspace and let v be any vector in V. We can
project v onto a unique vector vy in W and onto a unique vector vy, in
W+ so that v = vy +vy 1. To see this we just use that V =W 1L W+. We
can use the previous result to write down explicitly what vy and vy, 1 are

in terms of an orthogonal basis. Let By = {v1,...,v,,} be an orthogonal
basis of W and B = {v1,...,Vm,Vm+1,-..,Un} be an orthogonal basis of
V. We have .
(v, v; (v, v,
j=1 QD(UJ”U] j= erl UJ’U])

It is now clear that if we set
P(v,v;)
v
w = Z o)
and

v, V5
VwL = E SD J 55

o(vj,v;
j=mr1 ? 7 Vi)
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then we have the claim. In this case one usually writes projy, v for vy
and projyy. v for vy . If one takes V. = R™ and ¢ to be the usual dot
product, this recovers vector projection studied in multivariable calculus.

Lemma 6.1.9. Let W C V be a subspace andv € V. Then for allw € W
with w # projy, v we have

[lv = projy o[ < [|v — w]l.
Proof. Observe we have

v—w = (v —projy v) + (projy v — w).
We have projy, v —w € W and (v — projy, v) € W+. Thus, the triangle
inequality gives
[l = wl? = [Jv = projy v|[* + || projy v — w||*.
Since w # projy, v, we have || projy, v — w||> > 0, which gives the result.
O

Corollary 6.1.10. Let B = {v;} be a set of nonzero orthogonal vectors
in an inner product space (V,p). Then B is linearly independent.

Proof. Suppose there exists ¢; € F so that 0 = }_,¢;jv;. The previous

result gives ¢; = QTI(STIUIQ) = 0. Thus, we have B is linearly independent. [
J

Lemma 6.1.11. Let B = {v;} be a set of nonzero orthogonal vectors in
an inner product space (V, ). Let v € V and suppose v can be written as

v =73 ;cjvj. Then
[oll? = > les P11 12
J

If B is orthonormal, then
ol = les]-
J

Proof. We have

[oll* = ¢(v,v)
=@ Zcivi,chvj
i J
= Zcﬁg‘@(%vg‘)
1)
=" le;Pe(v),v5)
J
=l Pl
J
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This gives the result for B orthogonal. The orthonormal case follows
immediately upon observing ||v;|| =1 for all j. O

Corollary 6.1.12. Let B = {v1,...,v,} be a set of nonzero orthogonal
vectors in V. Then for any vector v € V we have

n
with equality if and only if v =

Proof. Set w = Z (QPH(U;'T;)) v; and u = v — w. Note,
v
=1 !

and so ¢(u,v;) = ¢(v,v;) — p(w,v;) =0 for i = 1,...,n. Thus,

[0l = ¢ (v, v)
= p(u+w,u+ w)
= p(u,u) + p(u, w) + p(w, u) + p(w, w)

= [Jull* + [[w]|*

since @(u,w) =0 as p(u,v;) = 0 for all 4. Hence,

2
< vl
as claimed. We obtain equality if and only if u = 0, i.e., v is of the form

5 () :

Jj=1

Our next step is to prove the traditional Gram-Schmidt process from un-
dergraduate linear algebra. Upon completing this, we give a brief outline
of how one can do this in a more general setting.

Theorem 6.1.13. (Gram-Schmidt) Let W be a finite dimensional sub-
space of V with dimp W = k. Let B = {vy,...,vx} be a basis of W. Then

there is an orthogonal basis C = {w1, ..., wi} of W so that spang{vy,..., v} =

spanp{wy,...,w;} forl = 1,..., k. Moreover, if F contains R we can
choose C to be orthonormal.
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Proof. The fact that an orthogonal basis exists follows Theorem 5.2.23.
If R C F we obtain an orthonormal basis via Sylvestor’s Law of Inertia
and the fact that ¢ is positive definite. To construct the basis we work
inductively. Set z1 = v and for j > 1 we set

- e (vi, iCQJ
2l
One can easily check this gives an orthogonal basis that satisfies spanp{vi,..., v} =

spanp{xi,...,z;} for L =1,... k. If R C F, we set w; = x;/||z;|| and
obtain the result. O

Let (V, ) be a real vector space with ¢ symmetric. (We do not require
that ¢ be positive definite here!) Let B = {v1,...,v.} be a basis of
ker p. We can write V = kero L W and ¢|w is non-degenerate. Let
W™ be the maximal subspace so that ¢|y+ is positive definite and W~
the maximal subspace so that ¢|y— is negative definite. Then we have
V =%kerp L Wt 1 W~. Since ¢|y+ is positive definite, we can apply
Gram-Schmidt to get the desired basis of W. Similarly, since oy - is
negative definite, we can apply Gram-Schmidt to —p to get the desired
basis of W~. This gives the matrix

Note the difficulty in this case is in calculating ker o, W, and W . This
issue is not present for positive definite forms.

Proposition 6.1.14. Let (V, ) and (W,4) be finite dimensional inner
product spaces and let T € Homp(V,W). Then we have:

(a) ker T* = (ImT)*

(b) ker T = (ImT*)*

(c) ImT* = (ker T')*

(d) Tm T = (ker T*)*
Proof. 1) Let w € W. We have w € ker T* if and only if T*(w) = 0.
Since ¢ is nondegenerate, T*(w) = 0 if and only if p(v, T*(w)) = 0 for all

v € V. However, this is equivalent to ¢(T'(v),w) = 0 for all v € V by the
definition of the adjoint map. Finally, this is equivalent to w € (ImT)~+

2) This follows exactly as 1) upon interchanging T' and T*.

3) Observe we have V = kerT L (kerT)t = (Im7T*)* L (kerT)* by
2). Moreover, we have V = ImT* L (ImT*)*. Combining these gives
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ImT* = (ker T)*.

4) This follows exactly as in 3) upon interchanging 7" and T*. O

Lemma 6.1.15. Let (V,p) be a finite dimensional inner product space
and let T € Homp(V, V). Then we have

dimp ker T' = dimp ker T*.

Proof. The previous proposition gives that Im 7* = (ker 7). Observe we
have

dimp V = dimp ker T + dim p (ker T') -
=dimpker T + dimp ImT*.

On the other hand, we also have dimgp V = dimpg ker T* + dimp Im T*.
Equating these and canceling dimp Im T™ gives the result. O

Example 6.1.16. Suppose one is given a collection of points in R?, say
p1 = (¢1,¥1)s- -, Pn = (TnyYn). We can consider the line y = 1z + ¢
that “best fits” these points. If the points all were on the line we would
have a consistent set of linear equations

Y1 =11+ ¢o

Y2 = C1Z2 + Co

Yn = C1Tn + Co-

This can be represented in matrix form by say there is a solution to the
Iz (7

. Iz co Y2
equation Xc¢ =Y where X = | . ], = o ) and Y = . In
: : 1 :

1 ‘T7l yn
general the points will not be collinear, so we do not have a solution to this

equation. However, we can ask for the values of ¢y and ¢; that minimize
the distance || X¢—Y||. We call the solution of this minimization problem
the least square regression line y = ¢y + c1 .

We now rephrase this a bit. As X € Mat, 2(R), we view X as a linear
map from R? to R™. The goal is to find a vector Xc € Im(X) that is as
close as possible to Y. We know from Lemma 6.1.9 that this is given by
the projection of Y onto the subspace Im(X). Thus, X¢ = proji,x)(Y).
As above, we have Xc¢—Y = projy,x) Y —Y is orthogonal to Im(X), i.e.,

Xc—Y € Im(X)t = ker(X*) = ker(X). Thus,

0="X(Xc-Y)
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i.e., we have

("X X)c = 'XY.
So finding the best fit line boils down to solving this system of linear
equations.

We can generalize the previous example as follows.

Example 6.1.17. Let A € Mat,, ,(C) with m > n and b € C™. In this
case one is interested in solving the equation Az = b for some x € C". Of
course, in general one will not be able to find a solution so one has to do
a best approximation, i.e., find the vector x that minimizes the length of
the error vector Az — b. Assume that A has rank n, i.e., it has n linearly
independent columns. We will see there is a unique x that minimizes the
error vector.

The analysis goes essentially exactly as in the previous example. The first
thing to show is that since A has rank n, A* A is invertible where we recall
the adjoint A* is given here by the conjugate transpose of A. Fix z € C"
and observe that since z is arbitrary, if we show that A*Az = 0 implies
that z = 0, we have A*A is invertible since it is necessarily injective and
maps C" to C". Suppose that A*Az = 0. Then we have

Az]] = p(Az, A2)
= (Az)"Az
=2"A"Az
=0.
Thus, we must have Az = 0. If z is not 0, we can write the equation Az = 0
as an equation in the column vectors of A, giving a linear dependence

among them unless z = 0. Thus, we have z = 0 and so A*A is invertible.
Using this, we have # = (A*A)~1A*b as in the previous example.

It remains to show this x minimizes this error vector and it is the unique
such vector. This follows from what we did in the previous example if one
follows the same argument and uniqueness follows from the uniqueness

of the projection vector, but we give a direct proof here for clarity. Let
y € C™. We have

p(Az —b, Ay — x))

(y —x)"A"(Az - b)
(y —xz)"(A*Ax — A™b)
0.

Thus, the vectors Az — b and A(y — x) are orthogonal. We have via the
Pythagorean theorem

14y —bI? = [|A(y — @) + (Ax — b)|?
— |Gy — )| + || Az — b|
> || Az - b|[%.
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This shows of all vectors, # minimizes ||Az — b||>. Moreover, we have
equality above if and only if ||A(y — z)|| = 0, i.e., z = y. Thus, the
solution is unique.

We end this section with a couple of elementary results on the minimal
and characteristic polynomials as well as the Jordan canonical form of 7.

Corollary 6.1.18. Let (V,p) be a finite dimensional inner product space
over F' let and T € Homp(V, V). Suppose cp(x) factors into linear terms
over F, i.e., T has Jordan canonical form over F. Then T* has Jordan
canonical form over F and the Jordan canonical form of T* is given by
conjugating the diagonals of the Jordan canonical form of T.

Proof. Assuming the roots of ¢r(x) lie in F, the dimensions of the spaces
EX(T) = ker(T — Aid)* for A an eigenvalue of T' determine the Jordan
canonical form of T. (Note we include the linear map 7' in the notation to
avoid confusion.) Recall from Exercise 5.3.8 that we have ((T — \id)*)* =
(T* — Xid)*. We now apply the previous lemma to obtain

dimp EX(T*) = dimp ker(T* — Xid)"
= dimp ker((T — Xid)*)*
= dimp ker(T — \id)*
= dimp EX(T).

Since the dimensions of these spaces are equal, we have the Jordan canon-
ical form of T™ exists and is obtained by conjugating the diagonals of the
Jordan canonical form of T. O

Corollary 6.1.19. Let (V, ) be a finite dimensional inner product space.
Let T € Homp(V,V). Then

(a) mr«(z) = mr(x);

(b) cr-(z) = er(x).

Proof. Observe that Exercise 5.3.8 gives that mq«(z) = mp(z) immedi-
ately. For the second result it is enough to work over C, and then one can
apply the previous result. O

6.2 The spectral theorem

In this final section we give one of the more important results of the
course. The spectral theorem tells us when we can choose a nice basis
for a linear map that is also nice with respect to the inner products, i.e.,
is orthonormal. Unfortunately this theorem does not apply to all linear
maps, so we begin by defining the linear maps we will be considering.
Throughout this section we fix (V, ¢) to be an inner product space.

148



6.2. THE SPECTRAL THEOREM CHAPTER 6.

Definition 6.2.1. Let T € Hompg(V, V). We say T is normal if T* exists
and ToT* =T*oT. We say T is self-adjoint if T exists and T = T™*.

Lemma 6.2.2. Let T € Homp(V,V). Then o(T(v), T(w)) = ¢(v,w) for
all v,w € V if and only if ||T(v)|| = ||v|| for all v € V. Furthermore,
If |IT(W)|| = |jv]| for all v € V, then T is an injection. If V is finite
dimensional this gives an isomorphism.
Proof. Suppose o(T(v),T(w)) = (v, w) for all v,w € V. This gives
IT()|* = ¢(T(v),T(v))

= QO(U’ 'U)

= |lvll?,
ie, ||T(v)|| = ||v]| for all v € V.

Conversely, suppose ||T'(v)|| = |[v|| for all v € V. Then we have the
following identities:

(a) If ¢ is a symmetric bilinear form, then

1 1
p(v,w) = 7o+ wl[? = 7o — wl*
(b) If ¢ is a Hermitian form, then
1 ) 1 )
p(v,w) = 1llo 4wl = 2l +iwl2 = 7lo w2 = 7]jo = iw][

These two identities are enough to give the result. For example, if ¢ is a
symmetric bilinear form we have

P(T(0), T(w)) = 1IT() + T(w)|[* ~ T () ~ T(w)|?

1 1
= IT@+w)|? - T - w)|

1 1
= 7l + = Zlo —wlP?
= ¢(v,w)
for all v,w e V. O
Corollary 6.2.3. Let T € Homp(V,V) be an isometry. Then T has an
adjoint and T* = T~ 1.

Proof. Note that by definition if 7" is an isometry then 7' is an isomor-
phism, which implies T~! exists. Now we calculate

p(v, T7H(w)) = p(T(v), T(T~} (w)))
= @(T(v), w)

for all v,w € V. This fact, combined with the uniqueness of the adjoint
map gives 7% = T~ 1. O
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Corollary 6.2.4. Let T € Homp(V,V).
(a) If T is self-adjoint, then T is normal.

(b) If T is an isometry, then T is normal.

Proof. If T is self-adjoint, the only thing we need to check for T to be
normal is that T" commutes with its adjoint. However, self-adjoint gives
T = T* so this is obvious. If T is an isometry we have just seen that
T* exists and is equal to T~!. Again, the fact that T commutes with its
adjoint is clear. O

Recall that for a nondegenerate symmetric bilinear form the isometry
group is denoted O(y) and elements of this group are said to be orthog-
onal. If ¢ is a nondegenerate Hermitian form we denoted the isometry
group by U(y) and elements of this group are said to be unitary. We say
a matrix P € GL,(F) is orthogonal if 'P = P~! and we say P is unitary if
P = P71, In the case F =R or F = C, the statement P is orthogonal is
equivalent to P € O,,(R) and P being unitary is equivalent to P € U, (C).

Corollary 6.2.5. Let T € Homp(V, V). Let C be an orthonormal basis

and M = [T)c. Then

(a) If (V,p) is a real vector space, then
i. if T is self-adjoint, then M is symmetric (‘M = M ).
i. if T is orthogonal, then M is orthogonal.

(b) If (V, ) is a complex vector space. Then

i. If T is self-adjoint, then M is Hermitian (‘M = M ).
. If T is unitary, then M is unitary.

Proof. Recall that for C an orthonormal basis we have
[T*]e = Tle
via Corollary 5.3.6. If T is self-adjoint, this gives
M =[Tle = [T"]e = "M,

i.e., M is symmetric. The statement that T being self-adjoint in the
complex case implies M is Hermitian follows along the exact same lines.
The statements in regards to orthogonal and unitary were given before
when discussing isometry groups in the previous chapter. O

One should also note the reverse direction in the above result. For exam-
ple, if M is a symmetric matrix, then the associated map T4 is certainly
self-adjoint.

The following example is the fundamental example to keep in mind when
working with normal and self-adjoint linear maps.
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Example 6.2.6. Let \q,..., A\, € F. Let Wy,...,W,, be nonzero sub-
spaces of V' such that V. =W, L --- L W,,. Define T' € Homp(V,V) as
follows. Let B; = {w},...,wF} be a basis for W;. Set T(w]) = \w] for
j=1,... k. This gives W; is the \;-eigenspace for T, i.e., T'(v) = A\;v for
all v e W;.

For any v € V we can write v = vy + - - - 4+ v,,, for some v; € W;. We have
T(v) = M1+ - Ao
and o o
T*(v) = Av1 + - + AU,
Thus
(T* o T)(v) = M Por + -+ |/\m|2vm = (T oT")(v).

This gives that T" is a normal map. Moreover, we see immediately that 7'
is self-adjoint if and only if A\; = A; for all 4.

In the following proposition we collect some of the results we've already
seen, as well as give some new ones that will be of use.

Proposition 6.2.7. Let T € Homp(V, V) be normal. Then T* is normal.
Furthermore,

(a) We have p(T) is normal for all p(x) € Flx]. If T is self-adjoint, then
p(T) is self-adjoint.

(b) We have ||T(v)|| = ||T*()|| for all v and ker T = ker T™*.

(c) We have kerT = (ImT)* and ker T* = (Im T*)+.

(d) If T?(v) = 0, then T'(v) = 0.

(e) If v € V is an eigenvector of T with eigenvalue A, then v is an
eigenvector of T* with eigenvalue \.

(f) Eigenspaces of distinct eigenvalues are orthogonal.

Proof. We have already seen that for ¢ symmetric or Hermitian that if
T has an adjoint, so does T* and (T*)* = T. Since T is assumed to be
normal it has an adjoint and
T (T*) =TT
=TT*
Thus, T* is normal.

We have already seen 1) and 5).
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For 2) we have

The statement about kernels now follows immediately.

We now prove 3). Note we have just seen that v € kerT if and only if
v € ker T*. We have v € kerT' = ker T* is equivalent to o(T*(v),w) = 0
for every w € V. However, since ¢(T*(v),w) = (v, T(w)), this gives that
v € ker T' if and only if p(v,T'(w)) = 0 for every w € V, i.e., if and only if
v € (ImT)*. One gets the other equality by switching 7" and T*.

Assume T?(v) = 0 and let w = T'(v). Note that T'(w) = T?(v) = 0, so
w € kerT. However, w € ImT as well, so we have w € ker TNImT =0
by 3). This gives part 4).

We now prove 6). Let v; be an eigenvector of T' with eigenvalue A\ and vy

with eigenvalue Ao and assume A; # Ao. Set S =T — M\ I, so S(v;) =0.
‘We have

However, by assumption we have Ay — A1 # 0 so it must be that ¢(vy,vs) =
0, i.e., v; and vy are orthogonal. O

Exercise 6.2.8. Let (V, ) be finite dimensional and T' € Homg(V, V') be
normal. Show Im7T" = ImT™.

Proposition 6.2.9. Let (V, ) be a finite dimensional inner product space
and let T € Homp(V,V) be normal. The minimal polynomial of T is a
product of distinct irreducible factors. If V is a C-vector space or V is an
R-vector space and T is self-adjoint, then every factor is linear.

Proof. Let p(r) be an irreducible factor of mz(x). Suppose p?|my. Thus,
there is a vector v so that p?(T)(v) = 0, but p(T)(v) # 0. Let S = p(T).
Then S is normal and S%(v) = 0, but S(v) # 0. This is a contradiction to
4) in the previous proposition, so p(x) exactly divides my(x).
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For the second statement if V' is a C vector space there is nothing to prove.
Assume V is an R-vector space and T is self-adjoint. We can factor mr(x)
into linear and quadratic factors as this is true for any polynomial over
R. Let p(x) = 2% + bx + ¢ be irreducible over R and assume p(z) | mr(z).
Note that p(x) irreducible over R gives b* —4c < 0. Let v € V with v # 0
such that p(T)(v) = 0. Write p(z) = (z + %)? + d? with d = # eR.
Set S = T + 5I. Then (S? 4+ d*I)(v) = 0, ie., S?v = —d?v. Since we
are assuming T is self-adjoint we obtain S is self-adjoint because g e R.
Thus, we have

This is clearly a contradiction, so it must be that p(z) is reducible over
R. O

Theorem 6.2.10 (Spectral Theorem). (a) Let (V, ) be a finite dimen-
stonal C-vector space and let T € Homp(V,V) be normal. Then V
has an orthonormal basis that is an eigenbasis for T'.

(b) LetV be a finite dimensional R-vector space and let T € Homp(V, V)
be self-adjoint. Then there is an orthonormal basis of V that is an
eigenbasis for T .

Proof. Use the previous result to split mz(z) into distinct linear factors
and let Aj,...,\x be the roots of mr(x). Let EY° be the eigenspace
associated to A;. We have V = ES7 @ --- @ EY;. But we saw eigenspaces
of distinct eigenvalues are orthonormal. So V' = ES7 L --- L ES°. Let C;

be an orthonormal basis of EY°. Then C = UF_,C; is the desired basis. [

One can also write the Spectral theorem in the following form which will
be useful in the next section. The proof is left as an exercise.

Corollary 6.2.11. Let T € Homp(V,V') be as in Theorem 6.2.10. Let
AL, ..., A be the distinct eigenvalues of T. There are projection maps
m,..., T, SO that

(a) T=Mm1+ -+ Amp;
(b) id=m1 + -+ 7
(c) miom;y=07ifi+#j.

Exercise 6.2.12. Let A1,..., A, be the eigenvalues of T" and write

T:>\17T1+"'+>\7“7T'r
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as above. Show that

1 .
g#i o

We can also rephrase the Spectral theorem in terms of matrices.

Corollary 6.2.13. (a) Let A be a Hermitian matriz. Then there is a
unitary matriz P and a diagonal matriz D such that A= PDP~! =
PD'P.

(b) Let A be a real symmetric matriz. Then there is a real orthogonal ma-
triz P and real diagonal matriz D such that A= PDP~! = PD'P.

Proof. Let A € Mat,,(R) be a symmetric matrix. Let V' = R™ and let &,
be the standard basis of V. We have that A = [T4]¢,. The fact that A is
symmetric immediately gives T4 is a self-adjoint map. Thus, the spectral
theorem implies there is an orthonormal basis B of V' that is an eigenbasis
for Ta, i.e., [Ta]p = D is a diagonal matrix. Let @ be the change of basis
matrix from B to &,. Then @ is an orthogonal matrix and QAQ~! = D.
(To see why it is orthogonal, see the discussion preceding Exercise 5.3.7.)
Thus, if we set P = Q! we have the result in the real symmetric case.
The Hermitian case follows along the same lines. O
. . 2 1414
Example 6.2.14. Consider the matrix A = 1 3 | We want to
find a unitary matrix P and a diagonal matrix D so that A = PDP~!.
Observe we have ca(z) = 22 — 5x +4 = (z — 4)(z — 1), so the eigenvalues
of A are Ay =1 and Ay = 4. Thus, we must have D = ((1) 2) This gives
that C? = ker(A — 15) L ker(A — 415). One computes that ker(A — 13) =

spang { <_11_ Z) } and ker(A —415) = spang { (1 _2|_ Z) } We now apply

the Gram-Schmidt procedure to obtain an orthonormal basis given by

—1—i 144
wy = < \{g ) and wy = (@) Thus, we have

V3

V6

One immediately checks that A = PDP~! as desired.

1 1 4

Example 6.2.15. Consider the matrix A = [1 1 4 ]|. We easily
4 4 -2

calculate that cs(z) = z(x — 6)(z + 6). Write Ay = 0,y = 6,3 = —6.
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Using the above exercise we have

s . 12 ~1/2 0
— 66 13~A+66 L [Z12 12 o
- 0o 0 0
_ 1/3 1/3 1/3
m:g.%: 1/3 1/3 1/3
1/3 1/3 1/3
s 16 1/6 —1/3
m:%-%: 16 1/6 —1/3

~1/3 —1/3 2/3

Now given any v € R3, we have ;(v) lies in the \;-eigenspace. For exam-
ple, we have

1 ~1/2
(2] ] =]-1/2
3 1
~1/2 3 ~1/2
Al-1/2] =3 |=-6-1/2
1 —6 1

This allows one to quickly give an eigenbasis, and then one applies Gram-
Schmidt to get an orthonormal eigenbasis to recover the orthogonal matrix
P that diagonalizes A.

We saw in the previous section a way to use Gram-Schmidt to compute
the signature. The following corollary allows us to compute the signature
by counting eigenvalues.

Corollary 6.2.16. Let (V, ) be an inner product space. Setn = dimp V.
Let B be a basis for V and set A = [p]p. Then

(a) A has n real eigenvalues (counting multiplicity);

(b) the signature of ¢ is (r,s) where r is the number of positive eigenval-
ues and s is the number of negative eigenvalues of A.

Proof. The first statement is left as a homework problem.

Let ¢ be a nondegenerate symmetric bilinear form. Then if we take any
basis B of V, we have A = [p]p is a symmetric matrix. We apply Corol-
lary 6.2.13 to see that there exists an orthonormal basis C = {vy,...,v,}
so that D = [g]c is a diagonal matrix, i.e., there is an orthogonal ma-
trix P so that A = PDP~'. The diagonal entries of D are precisely the
eigenvalues of A. Upon reordering C we can assume that the first r diag-
onal entries of D are positive and the remaining s = n — r are negative.
Let Wy = spangp{vi,...,v.} and Wy = spanp{v,41,...,v,}. We have
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V =W; L Ws. Observe that ¢|w, is positive definite and ¢|w, is negative
definite. Thus, the signature of ¢ is exactly (dimp W1, dimp W) = (1, 5),
as claimed. O

Recall we saw before that if S and T are diagonalizable, they are simul-
taneously diagonalizable if and only if S and T commute. In fact, it was
noted this result can be extended to a countable collection of diagonaliz-
able maps. This, along with the spectral theorem, immediately gives the
following result.

Corollary 6.2.17. Let {T;} be a countable collection of normal or self-
adjoint maps. Then {T;} is simultaneously diagonalizable if and only if
the T; all commute.

We have the following elementary calculation of when an isometry with a
minimal polynomial that splits completely is an isometry.

Corollary 6.2.18. Let T € Homp(V,V) be normal. Suppose my(x) is
a product of linear factors over F. Then T is an isometry if and only if
|A| =1 for every eigenvalue \ of T'.

Proof. Let T be an isometry and let v be an eigenvector with eigenvalue

A. Then
p(v,v) = (T'(v), T (v))
= o(\v, \)
= Mp(v,v)
= [APp(v,v).
Thus, |A| = 1.
Let B = {vy,...,v,} be a basis of orthogonal eigenvectors with eigenvalues

ALy .oy Ap. Assume |\;| = 1 for all 4. Pick any v € V and write v = >_ a;v;
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for some a; € F. We have

AT(), TW) = ¢ (3 aT(w), Y a;T ()
= Z Lp(ai)\ivi, aj/\jvj)

i
=D a\ighp(vi,v))
i

= a;@5 |\ e(v),05)

J
= a;@0(vs,v5)
7

=¢ Zaﬂj,zaﬂj
J J
= ¢(v,v).

Thus, T is an isometry as desired. O

We now have the very nice result that if we have a normal map then it
is diagonalizable with respect to an orthonormal basis. Of course, not
all maps are normal so it is natural to ask if anything can be said in the
more general case. We close this section with a couple of results in that
direction.

Theorem 6.2.19 (Schur’s Theorem). Let (V,¢) be a finite dimensional
inner product space and let T € Homp(V,V'). Then V has an orthonor-
mal basis C so that [T)c is upper triangular if and only if the minimal
polynomial my(x) is a product of linear factors.

Proof. Suppose there is an orthonormal basis C such that [T)¢ is upper
triangular. Then cp(z) = [[(z — A\;) for A; the diagonal entries. Since
mr(x) | er(x) we immediately obtain my(z) splits into a product of linear
factors.

Suppose mr(x) factors as a product of linear factors. Let W be a T-
invariant subspace. We claim W is a T*-invariant subspace. To see this,
observe that for any w € W,y € W+ we have

0=p(T(w),y) =p(w, T"(y)).

Thus, T*(y) € W+, ie., Wt is T*invariant as claimed. We now use
induction on the dimension of V. If dimgpV = 1 the result is trivial.
Suppose the result is true for any vector space of dimension less than
n. Let dimp V' = n. Note that since mr(z) splits into linear factors, so
does mp« () because mp«(x) = my(x). Then T* has an eigenvector, say
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vp. Scale this so ||v,|| = 1. Let W = spang{v,}. Using the fact that
W is T*-invariant, W is an n — 1 dimensional subspace of V that is a
(T*)*-invariant subspace, i.e., a T-invariant subspace. Set S = T |y ..
Now mg | mp so mg splits into linear factors. Applying the induction

hypothesis we get an orthonormal basis C; = {v1,...,v,—-1} such that
[Sle, is upper triangular. Thus, setting ¢ = C; U {v,}, we have [T]¢ is
upper triangular as desired. O

In fact, it turns out we can characterize whether a map is normal by
whether it can be diagonalized.

Theorem 6.2.20. Let (V, ) be a finite dimensional inner product space
and T € Homp(V,V). Let C be any orthonormal basis of V' with [T)c
upper triangular. Then T is normal if and only if [T)c s diagonal.

Proof. Certainly if [T]¢ is diagonal then T is normal. So suppose T is
normal and set E = [T]¢. Let Cq be a basis so that [T]¢, = D is diagonal.
Such a basis exists by the Spectral Theorem. Set P = [T]g1 so £ =
PDP~!. Since C and C; are both orthonormal, we have P is orthogonal
in the real case and unitary in the Hermitian case, i.e., if F' = R, then
‘P = P! and if F = C, then P = P~!. Using this, we have if F = R
then

‘B =YPDP™)
= Y{PD'P)
=PD'P
=PDP™!
=FE.
Since FE is assumed to be upper triangular, the only way it can equal its

transpose is if it is actually diagonal. The same argument works in the
Hermitian case as well. O

6.3 Polar decomposition and the Singular Value
Theorem

Recall that given a complex number z, one can write z = x+iy for x,y € R
or z = re? for r € R>g and 6 € [0,27). One can ask if the same thing
can be done for a matrix A € Mat,,(C). In the case of writing z = x + iy,
the analogy was given in Problem 16e in Section 5.4 via the Hermitian
decomposition of a matrix. To see this, recall that one showed A = H+ S
for H a Hermitian matrix and S a skew-Hermitian matrix. Furthermore,
recall that one can write S = iHy for Hy a Hermitian matrix, so this
equation can be written as A = H; + iHy for H; Hermitian matrices.
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(One does not have that the H; have entries in R so don’t read too much
into the analogy.) Naturally, we would like to give a version of the polar
decomposition as well. That will be one of the main goals of this section.
Once we have the polar decomposition of a complex matrix, we will use
this to prove the singular value decomposition theorem.

We require all the vector spaces to be finite dimensional inner product
spaces in this section.

We begin with some more results on self-adjoint linear maps. First, ob-
serve that given a linear map 7' € Homp(V, V'), the map T*T is always a
self-adjoint linear map. This is because we have for any v,w € V

p((T7T)(v),w) = ¢(T(v), T(w))
= o(v, (T7T)(w)).

Similarly, we have TT* is self-adjoint. This allows us to apply the Spectral
Theorem to these maps and conclude they are both diagonalizable. This
will be very important for our applications. Moreover, since they are self-
adjoint one has that the eigenvalues are all non-negative real numbers.
Thus, we can write the eigenvalues of T*T as u?,. .., u2 for some p; > 0.
Moreover, T*T and TT* actually have the same eigenvalues. (This is true
in general. Given T :V — W and S: W — V| T'S and ST have the same

eigenvalues.)

Definition 6.3.1. Let T' € Homg(V, V). The positive square roots of the
eigenvalues of T*T are called the singular values of T'.

Definition 6.3.2. Let T € Homp(V,V). We say T is positive if T is
self-adjoint and ¢(T'(v),v) > 0 for all v # 0.

The positive linear maps act as our generalization of positive numbers. In
particular, we know a complex number z is positive if and only if we can
write z = ww for some w € C. We have the following result.

Theorem 6.3.3. Let T € Homp(V,V). Then T is positive if and only if
there is an invertible linear map S € Homp(V, V) so that T = S*S.

Proof. First, suppose there exists such an S. We have T* = (5*5)* =
S*S =T, so T is self-adjoint. Observe that ¢(T'(v),v) = @(S*S(v),v) =
©(S(v),S(v)) > 0. Since S is invertible, if v # 0 then S(v) # 0 and so
©(T'(v),v) > 0 and so T is positive.

Now assume T is positive. We have via the homework problems that
Y(v,w) = (T (v),w) is an inner product on V. Let B = {vy,...,v,} be an
orthonormal basis with respect to ¢ and C = {wy, ..., w,} an orthonormal
basis with respect to 1. Then we have

Y(wi, wy) = dij = p(vi, vj).
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Define S to be the unique linear map defined by S(w;) = v;. This is
invertible since B and C are bases. Observe that

Y(wi, wi) = p(S(w;), S(w;)) = ¢(vi,vj).

Let w,w’ € V and write w = Y a;w;, w' = > byw;. Using that ¢ is an
inner product we see

w(wa ’LU/) = W(S<w)7 S(w/))

The definition of ¢ gives p(T(w),w’) = Y(w,w") = p(S(w),S(w')) =
©(S*S(w),w’) for all w,w" € V. Thus, T = S*S. O

If FF = C we can drop the requirement that T be self-adjoint from the
definition of positive. This is because if o(T'(v),v) > 0 for all v # 0 in this
case then T is automatically self-adjoint. This follows from the following
result.

Lemma 6.3.4. Let V' be a complex inner product space andT € Homp(V, V).
If o(T(v),v) €R for allv eV, then T is self-adjoint.

Proof. Let v,w € V. Observe we have
P(T(v+w),v+w) = (T (v),v) + (T (v),w) + (T (w),v) + (T (w), w).

We are assuming o(T'(v + w),v + w), p(T'(v),v), and ¢(T(w),w) are all
real, so we must have ¢(7T'(v), w) 4+ ¢(T'(w), v) is real as well. Now run the
same argument with the vector v + iw and we have

p(T(v+iw), vtiw) = ¢(T(v),v) =ip(T(v), w) +ip(T(w), v) +(T(w), w).

As above, this gives —ip(T'(v), w) + ip(T(v),w) is real. Since these num-
bers are real, they are equal to their complex conjugates:

(T (v), w) + o(T'(w),v) = @(T'(v), w) + ¢(T'(w),v)
= p(w, T(U)) + (P(U’ T(w))

and

—1p(T(v), w) +ip(T(v), w) = —ip(T(v), w) +ip(T(v), w)
= ip(w, T(v)) — ip(w, T(v)).

We now multiply the second set of equations by ¢ and add the result to
the first set of equations and obtain

20(T'(v), w) = 2p(w, T (v)),

i.e., T is self-adjoint. O
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The previous result is not true for real inner product spaces as clearly
we have p(T'(v),v) € R for any v € V automatically. In general, if T is
self-adjoint we have ¢(T(v),v) = (v, T(v)) = @(T(v),v) so o(T(v),v) is
real. Thus, for a complex inner product space we see that T is self-adjoint
if and only if o(T'(v),v) € R for all v € V and T is positive if and only if
o(T'(v),v) > 0 for all v # 0.

Theorem 6.3.5. Let T € Homp(V,V) be a normal map on a complex
inner product space. Then T is self-adjoint, positive, or unitary according
to if its eigenvalues are real, positive, or absolute value 1.

Proof. The result on unitary maps was given in the homework of the
previous chapter. The result on self-adjoint maps follows immediately
from the fact that ¢(T(v),v) € R if T is self-adjoint. It only remains
to prove the result for positive maps. Using the Spectral Theorem write
T = Mm1+ -+ A\-m,.. Then we have for v € V that

p(T(v),v) = ¢ Z Aimi(v), Z i (v)

= Z Aip(mi(v), 7 (v))

i,j=1
T

=" Nllm ).
Jj=1

Thus, we see that ¢(T'(v),v) > 0 is satisfied if and only if A; > 0 for each
J O

Definition 6.3.6. Let T € Homp(V,V). We say T is non-negative if T
is self-adjoint and @(T'(v),v) >0 for all v € V.

As above, if F' = C then we can drop the assumption that T is self-adjoint.

Lemma 6.3.7. Let T € Homp(V, V) be a non-negative linear map. There
is a unique non-negative linear map S € Homp(V,V) so that T = S2.

Proof. We can apply the Spectral Theorem to write T' = Ay +- - -+ A7y
Since T is assumed to be non-negative, we have \; > 0 for all i. Set
S =+vAm + -+ VA7, It is clear we have S? = T. Now let R be any
other non-negative linear map with B2 = T. Let R = dymy + - - + d,7,
be the spectral resolution of R. Since R is assumed to be non-negative,
d; > 0 for all i. Since R? = T we have

T:d%m+~~~+df7rr.

This decomposition satisfies the conditions of being a spectral resolution
of T, and so we must have d? = \; for each i. Since d; > 0, we get
d; = \/\; for each i and so R = S as claimed. O
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Exercise 6.3.8. Given T and S as in the last theorem, the eigenvalues of
S are given by v/A1,...,V/A, and for each i we have ES°(T) = E?/OT(S)

Exercise 6.3.9. Prove that if T' € Homp(V, V) is a positive self-adjoint
linear map, then for any m > 2 there is a unique positive self-adjoint linear
map S € Homp(V,V) so that T = S™.

We now state the Polar Decomposition Theorem. One should think of the
non-negative linear map as the “r” and the orthogonal/unitary map as

the :ceien )

Theorem 6.3.10. Let T € Hompg(V,V). There are two non-negative
linear maps S1,S2 € Homp(V,V) and a linear map U € Homp(V,V) (R
is orthogonal if F =R and unitary if F = C) so that

T=US; = 5U.
Moreover, if dimpIm(T) = r, then Sy and Sz have the same positive
etgenvalues i1, . . . , b, which are the singular values of T. If T is invertible

then U, Sy, and Sy are unique. If T is normal, S1 = Ss.

Proof. Suppose that we have T' = US;. Then T* = (US;)* = S;7U* =
S1U* because S is self-adjoint. Thus, T*T = S1U*US; = S? because U
is orthogonal or unitary. Thus, S; is uniquely determined by T because
it is the unique square root of T*T as given above. A similar argument
works for Sy except one gets it is the square-root of TT™*.

We now need to prove the existence of U and S7. Set S; to be the square-
root of T*T. Similarly, define Sy to be the square-root of TT*. This
immediately gives that S; and Sy are unique and have the same positive
eigenvalues. We also have that if T" is normal then S; = S;. Moreover,
Note that if T is invertible, S; is invertible as well because

p(S1(v), S1(v)) = (SF(v),v)
(IT"T'(v),v)
=¢(T'(v),T(v)).
In this case, set U = T'Sy ! One defines Sy similarly. It only remains to

prove that U is orthogonal or unitary. We have U* = (T'S;')* = S; 1T
Thus we have

UU* =TS ST
=T(5, )1
=T(s7) T
=T(T*T)"'T*
_ TT—l(T*)—lT*
=id.
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Thus, if T is invertible we have the result.

We now must deal with the case when T is not invertible. This is consid-
erably more work to define U. We begin by defining U on the image of
Sy. Let w € W = Im(S1), say w = S1(v). We want to define U so that
US1(v) = T(v). Thus, we set U(w) = T'(v). We must check this is well-
defined. Let w; = S1(v1) = S1(v2); we need to show that T(vy) = T'(vs).
We saw above that ||S;(v)||? = ||T(v)||? for all v. Set v = v —vo. Then we
have S1(v) = 0 if and only if T'(v) = 0. This gives that U is well-defined.
It now remains to define U on W-. Observe that T and S; have the same
kernel, so the dimension of the image of S; is equal to the dimension of
the image of T. Thus, W+ has the same dimension as the orthogonal
complement of the image of T. Thus, we have an isomorphism of inner
product spaces Uy : W+ — Im(7T)*. Define U to be equal to Uy on W=,
We make this a bit clearer. Let v € V. We can uniquely write v = wy +ws
with wy € W and ws € W+, Write w; = Si(v1). Define

U(v) = T(v1) + Ug(ws).

It is clear that U is a well-defined linear map. We now check it is orthog-
onal/unitary. We have

p(U(v),U(v))

(T'(v1) + Uo(w2), T'(v1) + Up(w2))
(T'(v1), T(v1)) + p(Uo(wz), Uo(ws))
(S1(v1), S1(v1)) + p(we, w2)

(v,v)

14

14
14
14

where we have used that ||T'(vy)|| = ||S1(v1)|| and Uy is orthogonal /unitary
because it is an isomorphism of inner product spaces. Thus, U is orthog-
onal/unitary. This gives US;(v) = T'(v) for each v.

One can run the same argument with Ss. O

We now rephrase this in terms of matrices.

Corollary 6.3.11. (a) Let A € Mat,(R). There is a matriz U € O, (R)
and a non-negative symmetric matriz S so that

A=US.

Moreover, if A is invertible then U and S are unique.

(b) Let A € Mat,,(C). There is a matriz U € U, (C) and a non-negative
Hermitian matriz S so that

A=US.

Moreover, if A is invertible then U and S are unique.
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We also obtain as an immediate corollary the Singular Value Decomposi-
tion Theorem (SVD).

Theorem 6.3.12. Let T' € Homp(V, V) with (V,¢) a inner product space
of dimension n. There are orthonormal bases B = {uy,...,u,} and C =
{v1,...,0,} such that if r = dimp Im(T"), we have

H1
C
[T =
Hn
where py, ..., 1 are the singular values of T and ppy1 = -+ = g =
0. Moreover, uy,...,u, are the eigenvectors of T*T, vy,...,v, are the

eigenvectors of TT*, and T(u;) = p;v; for 1 <i < n.

We can rephrase the SVD in terms of matrices.

Theorem 6.3.13. (a) Let A € Mat,,(R). There are two matrices U,V €
O, (R) and a diagonal matriz D so that A = VD where D is a
diagonal matriz with the positive square roots of the eigenvalues of
'AA on the diagonal. The columns of U are the eigenvectors of 'AA
and the columns of V are the eigenvectors of A'A.

(b) Let A € Mat,,(R). There are two matrices U,V € 0,(R) and a diag-
onal matriz D so that A = VDU where D is a diagonal matriz with
the positive square roots of the eigenvalues of TAA on the diagonal.
The columns of U are the eigenvectors of YAA and the columns of V
are the eigenvectors of A‘A.

We briefly indicate how to go from the polar decomposition to the SVD
and vice versa. Suppose A = U3 S with U; being orthogonal /unitary and S
positive symmetric/Hermitian. We can use the Spectral Theorem to write
S = Uy DU with D a positive diagonal matrix and Us orthogonal /unitary.
Thus,

A = U1 UQDUQ*

The SVD is given by setting V = U Us and U = Us. Now suppose we
have A = VDU* is the SVD of A. Set R = VU* and S = UDU*. Then
we have R is orthogonal /unitary, S is positive symmetric/Hermitian and
RS =VU*UDU*
=VDU*
= A.

We find the singular value decomposition of a matrix now.
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Example 6.3.14. Let A = _51 ?) We want to find U,V and D so

that A = UD%W with U,V orthogonal and D diagonal. First, we observe
that the two equations we need to work with are
‘AA=V'DDWV
and
AV =UD.
The first equation is just the diagonalization of ‘AA. We have ‘AA =
(26 18) . The eigenvalues of this are 20 and 80 as ctg4(x) = (z—20)(x—

18 74
80). To find V', we need to find an orthonormal basis for the eigenspaces

of tAA. We have
. (6 18
AA—20-1y = (18 54> .

A basis for the kernel of this space is given by v = <_1?}%? ) . Similarly,

a basis for the eigenspace associated to the eigenvector 80 is given by

Vg = (;; \/%> These form an orthonormal basis, so

Vo -3/V/10 1/4/10
-(i i)

The singular values of A are given by V20 and \/@, soD = V20 .
0 80
We now just write
- -1/v2 1/v2
= AVD™ ! = .
v=avo = (8 s
We now have all the components of the singular value decomposition of

A.

One can give similar results for A € Mat,, ,(F), but we do not pursue
those here. We end by stating (without proof) the following result that
relates the eigenvalues of A and the singular values of A.

Theorem 6.3.15. Let A € Mat,(C) with eigenvalues Ay,..., N\, € C
and singular values pi1, ..., un € Rsg listed so that |A\1] > -+ > |\,| and
H1 Z Z Ly then

(a) M- Anl = p1 -+ pin
(5) Dl el < oo fork=1,...m— 1.
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6.4 Problems

For these problems V and W are finite dimensional F-vector spaces.

(a) Prove the two identities used in the proof of Lemma 6.2.2. Complete
the proof in the case that ¢ is a Hermitian form.

(b) Prove the first statement in Corollary 6.2.16.

(c¢) Let V = Mato(R).
(a) Show that the map ¢ : V x V — R given by (4, B) — Tr(AB)

is a bilinear form.
(b) Determine the signature of .
(c¢) Determine the signature of ¢ on the subspace sly(R).

(d) Let ¢ be a nondegenerate bilinear form on V.

(a) Given any 1 € V'V, show there is a unique vector v € V so that

P(w) = p(w,v)

for every w € V.
(b) Find a polynomial g € P2(R) so that

1
p(1/2) = / p()q(t)dt

for every p € P»(R).

(e) Let V = P(R) and let ¢(f,g) = fil f(z)g(x)dz. Find an orthonor-
mal basis of V.

(f) (a) Show that if V' is a finite dimensional vector space over F' with
F not of characteristic 2 and ¢ is a symmetric bilinear form (not
necessarily nondegenerate!) then V has an orthogonal basis with
respect to ¢.

(b) Let V = Q3. Let ¢ be the bilinear form represented by

1
2
1

N = N
O N =

in the standard basis. Find an orthogonal basis of V' with respect
to .
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(g) (a) Let ¢ be a bilinear form on a real vector space V. Show there
is a symmetric form ¢; and a skew-symmetric form @9 so that

» =1+ P2
(b) Let A € Mat,(R). Show that there is a unique symmetric ma-
trix B and a unique skew-symmetric matrix C so that A = B+C.

3 2
(h) Let A=12 0 . Find the projection maps m; associated to A
4 2

W N

=

via the Spectral T
nalizes A.

eorem. Give an orthogonal matrix P that diago-

(i) Show that T € Homy (F, F) is positive if and only if ¢(v,w) =
o(T(v),w) is an inner product.

(j) Find a polar decomposition for the matrix

O o O
—_ O O
o O O

(k) Provide a detailed proof of Theorem 6.3.12.

(1) Compute the singular value decomposition and polar decomposition

. (841 =12
of the matrix A4 = < 4 —6+1)'
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Chapter 7

Tensor products, exterior
algebras, and the
determinant

In this chapter we will introduce tensor products and exterior algebras
and use the exterior algebra to provide a coordinate free definition of the
determinant. The first time one sees a determinant it seems very unnat-
ural. Viewing the determinant from the perspective of exterior algebras
makes it a very natural object to consider. It takes consider machinery
to work up to the definition, but once it has been developed the familiar
properties of the determinant essentially fall out for free. The benefit of
this is that the machinery that one builds up is useful in many other con-
texts as well. Unfortunately, by restricting ourselves to tensor products
over vector spaces we miss many of the more interesting and nontrivial
properties one obtains by studying tensor products of modules.

7.1 Extension of scalars

In this section we discuss a particular example of tensor products that can
be useful in many situations. Namely, given an F-vector space V and a
field K that contains F', can we form a K-vector space that contains a
copy of V7 Before we can do this, we need to address a basic question
about forming vector spaces with a given basis.

We have seen early on that given a vector space V over a field F', we
can always find a basis for V. Before we can define tensor products, we
need to address the very natural question of if we are given a set X, can
we find a vector space that has X as a basis? In fact, one can construct
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such a vector space and moreover the vector space we construct satisfies
a universal property.

Theorem 7.1.1. Let F be a field and X a set. There is an F-vector space
VSr(X) that has X as a basis. Moreover, VSp(X) satisfies the following
universal property. If W is any F-vector space andt : X — W is any map
of sets, there is a unique T € Homp(VSp(X), W) so that T(z) = t(x) for
all x € X, i.e., the following diagram commutes:

X incl. VSF(X)

w

Proof. This result should not be surprising. In fact, the universal property
essentially amounts to the fact that a linear map is determined by its image
on a basis.

If X =0, set VSp(X) = {0} and we are done. If X # (), let

VSp(X) = {Zaimi :a; € F, a; = 0 for all but finitely many z}
icl

where [ is an indexing set of the same cardinality as X. We define

Z a;x; + Z bix; = Z(ai +b;)xi

il icl icl
and

C <Z aixi> = anixi~
iel i€l

It is easy to see these both lie in VSp(X) and that VSp(X) is a vector

space under this addition and scalar multiplication. By definition we have

X spans VSp(X) and is linearly independent by construction, so X is a
basis for VSp(X).

It remains to show the universal property. Let t : X — W. We define
T:VSp(X) = W by

T (Z aixi> = Zait(a:i).
i€l i€l

This gives a well-defined linear map because X is a basis. It is unique
because any linear map that agrees with ¢ on X must also agree with T’
on VSg(X). This gives the result. O
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It is important to note in the above result that we treat X as strictly a
set. It may be the case that X is itself a vector space, but when we form
VSF(X) we ignore any structure that X may have.

Example 7.1.2. Let ' =R and X = R. We know that as an R-vector
space R is 1-dimensional with 1 as a basis. However, if we consider VSg(R)
as an R-vector space, this is infinite dimensional with every element of R
as a basis element. For example, an element of VSg(R) is 2-3+4 -7 where

3 and 7 are considered as elements of X. This sum does not simplify in
VSgr(R).

We now turn our attention to the main topic of this section, extension
of scalars. Let V be an F-vector space and let K/F be an extension of
fields, i.e., FF C K and K is a field. We can naturally consider K as an
F-vector space as well. When studying problems over the vector space V,
say looking for the Jordan canonical form of a linear transformation, the
field F' may not be big enough. In this case we would like to change the
scalars of V' so that we are working over a bigger field. We can construct
such a vector space by forming the tensor product of V with K. Let
X = {(a,v) : a € K,v € V}. As above, we consider this as just a set
and forget the vector space structure on it. We form the K-vector space
VSk(X); elements in this space are given by > ¢;(a;,v;) where ¢; € K.
This is a K-vector space, but it does not take into account the F-vector
space structure of K or V at all. This means it is much too large to
be useful for anything. We will cut this space down to something useful
by taking the quotient by an appropriate subspace. We define a subspace
Relg (X) of VS (X) by setting Relx (X) to be the K-span of the elements

(a) (a1 + aa,v) — (a1,v) — (az,v) for all a1, a2 € K, v € V;

(b) (a,v1 +v2) — (a,v1) — (a,vz) for all a € K, vy,vq € V;

(¢) (ca,v)— (a,cv) forallce Flae K andv €V

(d) ai(agz,v) — (arag,v) for all a1,a2 € K, ve V.
Note the Rel stands for “relations” as we are using this quotient to iden-
tify some relations we are requiring be satisfied. We now consider the
quotient space K @ p V = VSk(X)/Relgx(X). The fact that K @ V is
a vector space follows immediately because we have constructed it as the
quotient of two vector spaces. Note the F' subscript on the ® indicates
the original field that K and V' are vector spaces over. Given an element
(a,v) € VSkg(X), we denote the equivalence class (a,v) + Relg(X) by
a ®v. Observe from the definition of K ® p V that we have

(a) (a1 +a2)®v=a1 @v+az®v for all a;,as € K, v € V;

(b) a® (v1+v2) =a®v1+a®uy foralla € K, vy,vy € V;

(¢c) ca@v=a®cvforallce Flac Kandv eV ;
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(d) a1(az ® v) = (a1a2) @ v for all a1,a2 € K, v € V.

It is very important to note that a typical element in K ® g V is of the
form > c¢;i(a; ® v;) where ¢; is 0 for all but finitely many i. Note we
can combine the ¢; and a; so in this case a typical element is really just
> a; ® v; where a; = 0 for all but finitely many ¢. It is a common mistake
when working with tensor products to check things for elements a ® v
without remembering this is not a typical element! One other important
point is that since K ® p V' is a quotient, the elements are all equivalence
classes. So one must be very careful to check things are well-defined when
working with tensor products!

We have that 0@ v=¢c®0=08 0= 0gg,v for all v € V, c € K. First,
note that since 0 € K is also in F', we have 0 ® v = 0 ® 0v = 0 ® 0 and
c®0=0c®0=0®0. Now we use uniqueness of the additive identity in
a vector space and the fact that 0 ® 0 is clearly an additive identity in V.

Example 7.1.3. Let K =C, F' =R and let V be an F-vector space. We
consider some elements in C ®g V' and how they simplify. We have

(2+)@v)+6@v=(-14+2)Qv+6Q®0v
=(5+2)®v.

The reason we were able to combine the terms is the term coming from
V', namely v, was the same in both. Similarly, we have

2001 +2Q v =2® (v + va).

One other thing we can use to simplify is to bring a scalar that is in F' = R
across the tensor. So we have

201 +7TQ® v =1R 201 +1® Tvg
=1® (2u1 + Tvg).

However, if the first terms in the tensors lies in K = C and are unequal,
and the second terms are not equal, the sum cannot be combined into one
term. For instance, we have

(2+i)®’01 +31QRQU=2Qv; +1 Qv + 31 R vy
=1®201+1Q®v1 +1Q 3vs.
The only way the first two terms could be combined is if v; = 0, and for

the second two one needs v; = 3vy. Which means to combine this to one
term the vectors must all be 0.

Since the original goal was to extend V to be a vector space over K, it is

important to check that there is actually a subspace of K ®p V that is
isomorphic to V' as an F-vector space.
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Proposition 7.1.4. Let K/F be a field extension and V an F-vector
space. Then K ®p V' contains an F-subspace isomorphic to V' as an F-
vector space.

Proof. Let B = {v;} be an F-basis of V. Define T' € Homp(V, K ®p V)
by setting T'(v;) = 1 ® v;. Let W be the image of T, i.e., W is the F-span
of {1®w;}. By definition this gives W is an F-subspace of K @z V. Note
that this is not a K-subspace of K @p V. It is also clear that T is a
surjective linear map. It only remains to see that it is injective. Suppose
T'(v) = 0 for some v € V. Then we have 1 ® v = 0® 0. This is equivalent
to (1,v) — (0,0) € Relg (X). However, from the definition of Relx (X) it
is clear this is only the case if v = 0. Thus, T is injective and so we have
the result. O

The K-vector space K ®p V is referred to as the extension of scalars of V
by K. Thus, we have constructed a K-vector space that contains a copy of
V as an F-subspace. The following universal property shows that we have
done as good as possible, i.e., the K-vector space K ®p V is the smallest
K-vector space that contains V' as an F-subspace.

Theorem 7.1.5. Let K/F be an extension of fields, V an F-vector space,
and v :V — K ®pV given by 1(v) = 1®wv. Let W be a K-vector space
and t € Homp(V,W). There is a unique T € Homg (K @F V,W) so that
t=Tou, i.e., the following diagram commutes

V— ' SKQpV

T

w.
Conversely, if T € Homg (K @p V,W) then T o € Homp(V,W).

Proof. Let t € Homp(V,W). Consider the K-vector space VSg (K x V).
Since W is a K-vector space, we have a map

KxV =W
(c,v) — ct(v).
This extends to amap T : VS (K xV) — W by Theorem 7.1.1. Moreover,
T € Homg (VSk(K x V), W). It is now easy to check that T is 0 when
restricted to Relgx (K x V). Thus, we have T': K ® p V. — W given by
T(a ® v) = at(v). Observe we have
cT(a®v) = c(at(v))
~ (ca)t(v)
— T(c(a ®))
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for all a,c € K and v € V. It is also easy to see that T is additive, and
so T € Homg (K @ V,W). This gives the existence of T' and that the
diagram commutes.

We have that K ®p V is given by the K-span of elements of the form
1®wv, so any K-linear map on K ® p V' is determined by its image on these
elements. Since T(1 ® v) = #(v), we get T is uniquely determined by t.
This gives the uniqueness statement.

It is now an easy exercise to check that for any 7' € Homg (K ®p V, W),
one has T' ot € Homp(V,W). O

Example 7.1.6. Let K/F be an extension of fields. In this example we
show that K @ p F' =2 K as K-vector spaces. We have a natural inclusion
map i: FF— K. We write ¢« : FF — K ®p F as above. From the previous
result we obtain a unique K-linear map T : K ®r F' — K so that the
following diagram commutes

F— ' >sK®pF

~—]

K.

Thus, we see T'(1 ® ) = x. Moreover, since T is K-linear this completely
determines T because for > a; ® x; € K @ F, we have

D MACIEES)
= ZaiT(l ®Z‘z)

Define S : K - K ®p F by S(y) = y® 1. We clearly have S €
Homg (K, K ®F F) and we have

SoTye1l) =Sy =yx1

and
ToS(y)=TH®1)=y.

Thus, we have T-! = S and so K ®p F = K as K-vector spaces.

Example 7.1.7. More generally, let K/F be an extension of fields and
let V' be an n-dimensional F-vector space. We claim that K  p V = K"
as K-vector spaces. We being by using the universal property to obtain
a K-linear map from K ®p V to K". Let B = {v1,...,v,} be a basis of
V and define an F-linear map ¢t : V. — K™ by ¢(v;) = e; where ¢; is the
standard basis element of K™. Using the universal property we obtain a
K-linearmap T : K @V — K" given by T(1®v;) =¢; fori =1,...,n.
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Define a linear map S : K™ — K ®p V by S(e;) = 1 ® v;. We know
to define a linear map we only need to specify where it sends a basis, so
this gives a well-defined K-linear map. Moreover, it is easy to see that S
and T are inverse maps. Thus, K @ V' = K". Moreover, since S is an
isomorphism and {ey,...,e,} is a basis for K", we see {1Qv1,...,1®v,}
is a basis of K ®p V.

7.2 Tensor products of vector spaces

‘We now turn our attention to tensor products of two F-vector spaces. One
motivation for defining tensor products is it gives a way to form a new
vector space where one has the “product” of elements from the original
vector space. We began with a fairly simple case to help motivate the
more general definition. Now that we have seen a particular example of
tensor products in the previous section, namely, extension of scalars, we
return to the more general situation of forming the tensor product of two
F-vector spaces V and W. Since the set-up is very similar to what was
done in the previous section many of the details will be left to the reader.

Let V and W be F-vector spaces. (If we allow them to be K-vector spaces
as well, we will recover what was done in the previous section.) Consider
X =VxW={(v,w) :v e V,we W} and let VSp(V x W) be the
associated F-vector space as above. Let Relp(V x W) be the subspace of
VSr(V x W) given by the F-span of

(a) (v1 +v2,w) — (v1,w) — (ve,w) for all v1,v2 €V, w e W;
(b) (v, w1 +we) — (v,w1) — (v,we) for all v € V| wy,we € W;
(c)

(d)

(cv,w) — (v,cw) for all c€ F,v € Vyw e W;
c(v,w) — (ev,w) forallce F,ve Viwe W.

Then, as above, we define V@p W = VSp(V x W)/ Relp(V x W). As
before, denote the equivalence class containing (v, w) by v ® w.

We have V®@prW is an F-vector space with elements of the form ), ¢;(v; ®
w;). Note, we can represent any such element by combining ¢; with the
v; ® w;, so elements can be represented in the form > v; ® w; for v; €
V,w; € W with only finitely many terms being nonzero. Elements of the
form v ® w are called pure tensors.

We would like a similar universal property to the one we gave above for
K ®p V. However, this requires a new type of map. We defined bilinear
maps Homp(V,V; F) in Chapter 5. We now extend that definition.

Definition 7.2.1. Let VW, and U be F-vector spaces. We say a map
t:V xW — U is an F-bilinear map (or just bilinear map if F is clear
from context), and write ¢ € Homy (V, W;U), if it satisfies
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(a) t(cvr + vo,w) = ct(v1,w) + t(vg,w) for all c € F, v, € V, w € W,
(b) t(v,cwy + we) = ct(v,w1) + t(v,ws) forallc€e F,v eV, w; € W.

The point of bilinear maps as opposed to linear maps is they treat V and
W as vector spaces, but they do not use the fact that we can define a
vector space structure on V' x W. They keep V and W separate in terms
of the algebraic structure; they are linear in each variable separately. This
allows us to give the appropriate universal property for V @p W.

Theorem 7.2.2. Let U,V, and W be F-vector spaces. Define a map
L:VXW =S VerW by (v,w) =v®w. Then
(a) L € Homp(V,W:;V @ W), i.e., ¢ is F-bilinear;
(b) if T € Homp(V @p W,U), then T o € Homp(V,W;U);
(c) ift € Homp(V,W;U), then there is a unique T € Homp(V @p W, U)
so thatt =T o.

FEquivalently, we can write the correspondence by saying we have a bijec-
tion between Homp(V,W;U) and Homp(V @ W, U) so that the following
diagram commutes:

VxW— s VW

\iT

U.

Proof. (a) This part follows immediately from the definition and prop-
erties of the tensors.

(b) We will show that t = T o is linear in the first variable; linear in the
second variable is the same argument. Let vi,v9 € V, w € W, and
c € F. We have

t(cvy + v, w) =T o t(cvy + vg, w)
=T((cv1 +v2) @ w)
=T(cv1 @ W+ va @ W)
=cT (v @w) +T(ve @ w)
= ct(v1,w) + t(vg, w).

Thus, t is bilinear in the first variable.

(¢) Let t € Homp(V,W;U). We have that ¢ vanishes on the elements of
Relp(V x W) by the properties of being a bilinear map. Thus, we
obtain a well-defined linear map 7' : V @ W — U so that T(v ®
w) = t(v,w). Thus, we have a unique map 7' € Homp(V @ W,U)
satisfying T o v(v,w) = T(v ® w) = t(v,w), as claimed.

O
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Exercise 7.2.3. Show that Homp(V, W; U) is isomorphic to Homp(V®@p
W,U) as F-vector spaces.

We now illustrate how this universal property can be used to prove basic
properties about tensor products. It is extremely powerful because it
allows one to define a bilinear map on V' x W and obtain a linear map on
V ®pr W. The reason this is so nice is to define a map directly on V@p W
one must also check the map is well-defined, which can be very tedious.

Corollary 7.2.4. Let V and W be F-vector spaces with bases B = {v1,...,vn}

and C = {w1,...,wy} respectively. Then {v; ® wj}ti<i<m is a basis for
1<5<n

Ver W. In particular, dimp(V @ W) = dimp V dimp W.

Proof. We show this result by showing that V®pW = Mat,, ,(F) = F™".
Define amap ¢t : V. x W — F™" by t((vi,w;)) = e; ;. First, observe this
is enough to define a bilinear map. Given v € V and w € W, write
v=>" aw; and w= 377" bjw;. Then

m n
t(v,w) =1t Zaivi,ijwj
i=1 j=1

M-

n
ait Vi, E bjwj
1 j=1

o
Il

NE
NE

aibjt(v,;, U)j).

Il
-

i=1 j=1
Thus, just as it was enough to define a linear map on a basis, it is enough
to specify the values of a bilinear map on elements (v;, w;) for v; € B and
w; € C. We now apply the universal property to obtain an F-linear map
T:V ®p W — Mat,, ,(F) that satisfies T'(v; ® w;) = e; ;. We can define
an F-linear map S : Maty, »(F) = V®pW by S(e; ;) = v;Qw;j. It is clear
that S and T are inverse maps, so we obtain V ®p W = Mat,, ,(F) =
F™. Moreover, since {e; ;} forms a basis for Mat,, ,(F) and S is an
isomorphism, we have that {v; ® w;} is a basis of V ®@p W. O

Example 7.2.5. The vector space C @g C =2 R*. A basis for C ®g C is
given by {10 1,1®4,i®1,i®1}.

The following results follow immediately from this corollary.
Corollary 7.2.6. Let U,V and W be F-vector spaces. We have

(a) VorW=WrV;
() (UerV)orW 2Uer (VorW).
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Given F-vector spaces U,V and W, the next theorem follows immediately
from Corollary 7.2.4. However, we give a direct proof. The benefits of this
are it shows the spirit of how such things would be proven for modules,
and it also allows us to easily see what the isomorphism is and show it is
unique.

Theorem 7.2.7. Let U,V and W be F-vector spaces. There is a unique
isomorphism

UaV)RpW = (UerW)a (VeorW)
(u,v) @w — (U W, v w).

Proof. We will once again make use of the universal property to define the
appropriate maps. Define

UeV)xW— UerW)e(VarW)
(u,v),w) = (L@ w,v @ w).

It is easy to see this map is bilinear, so the universal property gives a
unique linear map

T:(UdV)@rW — (UrW)® (Ver W)
(u,v) @w = (U w,v @ w).

It now remains to define an inverse map. We begin by defining maps

UxW—=UeaV)pW
(u,w) = (u,0) @ w

and

VxW —UaV)orW
(v,w) = (0,v) @ w.

The universal property applied to each of these maps gives

S1:UQqrW — UV)r W
u@w — (u,0) @w

and

Se:VerpW — U V)er W
v@w— (0,v) ® w.

Combining these gives a linear map

S:(UerpW)a(VeorpW) — UaV)erW
(u®wy,v@ws) — (u,0) ®wy + (0,v) ® ws.
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It now only remains to check that these are inverse maps. Since these are
linear maps it is enough to check it on pure tensors. We have

SoT(u,v) @w) =S(u®@w,vQw)
= (u O)®w+(0,v)®w
= (u,) ®

and

ToS(u®w1,v®w2) T((u,0) ® w1 + (0,v) ®@ wa)
T((u,0) ® w1) + T((0,v) ® ws)
( ®@w,0@wy) + (0@ wse, v ® ws)
= (u®w1,0) + (0,v ® wy)
= (v ®wy, v ® ws).

Thus, we have the desired isomorphism. O

We can use the tensor product to give a coordinate-free construction of
the trace map. We begin with the following lemma

Lemma 7.2.8. Let V be a finite dimensional F vector space. Then V ®
VYV =~ Homp(V,V).

Proof. 1t is clear since the dimensions of the spaces are the same that they
are isomorphic, but for our purposes we need to know the specific map
giving the isomorphism. We define a map ¢

V x VY — Homp(V,V)
(v, ) = (w = p(w)v).

It is easy to check this is a bilinear map, so the universal property gives
amap 7 : V®@r VY — Homp(V,V) so that T(v® ¢)(w) = p(w)v. It
remains to check this map is an isomorphism. Since the dimensions of
the spaces are the same, it is enough to show that 7 is injective. Let
B = {v1,...,v,} be a basis for V and {vy,...,v,} a dual basis for V.
Suppose that 7 (32i_; aij(v; ® v))) = 0 in Homp(V,V). Thus, for v,
we must have

n

0="T Z a;j(vi ® U;/) (Um)

i,j=1

n

Z @i, 50} (Um)v;
ij=1

n

E @i mUs-

i=1
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However, since B is a basis, this gives a;,, = 0 for all ¢ = 1,...,n. Since
m was arbitrary, this gives a; ; = 0 for all 7,7, i.e., T is injective. Thus,
we have T : V ®@p VV — Homp(V,V) is an isomorphism. O

In Homp(V, V) one can compose maps (recall this corresponds to matrix
multiplication.) Since V @p VV = Homp(V,V), there is a well-defined
map (V @p VV) x (V@r VY) = (V ®p V) that corresponds to the
composition of linear maps on V. We claim this map is given by sending
(v® ) X (wRY) to p(w)v ®1)p. Denote this map by ¥. We need to show
the following diagram commutes:

VorV)x(VepVV) —— VeV

e 1

comp

Homp(V,V) x Homp(V,V) ——— Homp(V, V).

Let (v®@ @)X (w®y) € (VerVY)x (VerVY). We compute the image
of this in Hompg(V, V) by going in each direction of the diagram. If we
first apply T x 7 and then composition we obtain for each z € V'

Twee)oT(wep)(z) =T ) (T(weP)(z))
T (v ) (Y(z)w)
P(@)T (v @ )(w)
P(z)p(w)v.
Going in the other direction we obtain

T ((v@ @) x (we)))(z) =T(p(w)(vey))(z)

p(w)T (v & Y)(x)

p(w)(z)v.

Since the diagram commutes, we have that ¥ is the map corresponding
to composition of functions.

We now apply these results to the trace map. Let T € Homp(V,V).
The trace map from undergraduate linear algebra is defined relative to a
choice of basis. Let B = {v1,...,v,} be a basis of V and A = (a;;) = [T]5
the associated matrix. Let BY = {vY,...,vY} be the dual basis. It is
straightforward to check that

aij = vy (T(v;))

for all 1 < ,j < n. In particular, if we use Tr to denote the familiar trace
from undergraduate linear algebra, then
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This definition depends upon first choosing coordinates on V. We now
give a coordinate free definition of the trace and show it agrees with this
definition upon choosing a basis. Consider the linear map V @ VYV — F
induced from the bilinear map V x V¥ — F given by (v,p) — ©(v).
Since V ®@p VV =2 Homp(V,V), this gives a map tr : Homp(V,V) — F.
Note that this map does not depend upon any choice of basis. We have
that the elements vy ® vlv form a basis for V ®p V'V, and so the elements
T (v ®v)’) form a basis of Homp (V, V). We compute Tr on these elements
with respect to the basis B.

Te(T (vr @ v))) = > o' (T(vr @ 0)) (v3))

i=1

= Z%V(Uzv(vi)vk)

=3 o (el ()
=1

= v’ (vr)
1 k=1
10 k#£L
On the other hand, we have
tr(vy @ v)) = v’ (vg)
1 k=1
10 k#£L

Since these two maps agree on basis elements, they are the same. We
will use Tr to denote the trace map on V @ Vv and Hompg(V, V) as well
since we have seen they specialize to the undergraduate definition upon
choosing coordinates. This coordinate-free definition allows us to easily
prove basic properties of the trace map. For instance, the construction we
constructed the coordinate-free trace to be a linear map, so for ¢ € F' and
A, B € Mat, (F), we have

Tr(cA + B) = ¢Tr(A) + Tr(B).
Corollary 7.2.9. Let A, B € Mat,,(F). Then Tr(AB) = Tr(BA).

Proof. We prove this using the coordinate-free definition; the result in
terms of matrices follows immediately upon choosing coordinates. Observe
that the maps

Homp(V,V) x Homp(V,V) = F
(A, B) — Tr(AB)
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and

Homp(V,V) x Homp(V,V) — F
(A, B) — Tr(BA)
are both bilinear forms. Thus, it is enough to show they agree on pure

tensors v @@ € V@ VV. Let v ® p and w ® 9 be two such pure tensors.
We must show that

Tr(T(v®@p) o T(wey))=Tr(T(w@p)oT(veyp)).

Recall we showed above that composition of the linear maps 7 (v ® ) o
T (w ® 1)) corresponds under the isomorphism identifying V @p VY with
Homp(V,V) to ¢(w)v ® 1. Using this, we have

Te(T(v @) o T(w @ ¢)) = Tr(p(w)v @ )
= o(w) Tr(v @ )
= p(w)Y(v)
and
Tr(T(w@ ) o T(v@¢)) =Tr(Y(v)w @ @)
=1p(v) Tr(w @ )
= Y (v)p(w).
Thus, we have the result. O

Before we can introduce the exterior product of a vector space, we need
to consider multilinear maps and tensor products of finitely many vector
spaces. In particular, we saw above that given F-vector spaces U,V and
W, wehave UQp (VRp W) 2 (U®prV)®p W as F-vector spaces. Thus,
it makes sense to just write U ® p V @ W. By induction, given F-vector
spaces Vi,...,V,, it makes sense to write V Qp Vo Qp -+ - ®@p V,,. We will
be particularly interested in the case when V; = V for all i. In this case
we write VO™ for V ®p --- @ V. If there is any chance of confusion we
write V€™, We now define multilinear maps; these are the appropriate
maps to consider in this context.

Definition 7.2.10. Let Vi,...,V,, and W be F-vector spaces. A map
t:Vix---xV,—>W

is said to be multilinear if t is linear in each variable separately. We denote
the set of multilinear maps by Hompg(V4, ..., V,; W).

Exercise 7.2.11. Show that Homp(Vi,...,V,; W) is an F-vector space.

For tensor products of several vector spaces we have a universal property
as well; bilinear maps are just replaced by multilinear maps.
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Theorem 7.2.12. Let Vi,...,V, be F-vector spaces. Define

Vi X xV, —Vi®p: - Qp V,
(V1,0 yU) P V1 ® - @ V.

Then we have

(a) For everyT € Homp(V1Qp: - -®@pV,; W) the map Tor € Homp(Vy,..., V,y; W).

(b) Foreveryt € Homp(Vy, ..., V,; W) there is a unique T € Homp(Vi®p
o Qp Vo, W) so that t =T o .

The proof of this theorem is left as an exercise as it follows from the same
type of arguments used in the case n = 2. Note the theorem can be
restated by saying there is a bijection between Hompg (V1, ..., V,; W) and
Homp (Vi ®p -+ ®p V,,, W) so that the following diagram commutes

VixexVy—"sVi®p- - QpV,

\lT

w.

Corollary 7.2.13. Let Vq,... Vi be F-vector spaces of dimensionny, ..., ng.
Let B; = {v},..., v} } be a basis of Vi. Show that {v}, @ ---@vf} is a
basis for V1 @p «-- Q@p Vi. In particular, show that

k
dimp (Vi @p - Qp Vi) = Hdimp V.
j=1

Proof. See homework problems. O

7.3 Alternating forms, exterior powers, and
the determinant

In this section we will define exterior powers of a vector space and see how
studying these gives the correct definition of the determinant.

Let V be a finite dimensional F-vector space and let k£ be a positive integer.
We begin by defining the k*" exterior power of V.

Definition 7.3.1. Let Ay (V) of V®* be the subspace spanned by v; ®
.-+ @ v, where v; = v; for some i # j. The k™ exterior power of V is the
quotient space

AR (V) = VEFAL(V).
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We denote elements of A¥(V) by vy A~ Ao = vy ® -+ ®@ vg + Ap(V).
Note that we have vi A--- Av, = 0 if v; = v; for any ¢ # j. Thus, for
v,w € V we have

0=@w+w)A (v+w)
=vAv+vAwH+wAv+wAw
=vAw+wAwv.

This gives that in A%(V) we have v Aw = —w A v. This can be used for
higher degree exterior powers as well. Namely, we have

VLA NNV A ANV = —U1 A= U01 AU Ao - AU

This will be very useful when proving the universal property for exterior
powers. Before we can state that, we need to define the appropriate maps.

Definition 7.3.2. Let V and W be F-vector spaces and let t € Homp(V, ..., V; W).
We say t is alternating if t(v1,...,vr) = 0 whenever v; = v;41 for some

1 <i < k—1. We denote the set of alternating maps by Alth(V; ). We

set Alt%(V; W) = F.

Note that in the case that W = F and k = 2, an alternating map is just
a skew-symmetric bilinear form.

Exercise 7.3.3. (a) Show that AltY.(V; W) is an F-subspace of Homp(V, ..., V;W).

(b) Show that Alt}.(V; F) = Homp(V,F) = V"V,

(c) If dimp V = n, show Alth(V; F) = 0 for all k& > n.
Theorem 7.3.4. Let V and W be F-vector spaces and k a positive integer.
Define a map v : V. x - x V — AF(V) by t(vy,...,01) = v1 A -+ Avp.
Then

(a) v € AltE.(V; AR(V)), d.e., o is alternating;

(b) if T € Homp(A*(V), W), then Tor € Alth(V x - x V; W);

(c) ift € A% (V'x---xV; W), then there is a unique T € Homp (A*(V), W)
so thatt =T o .
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FEquivalently, we can write the correspondence by saying we have a bi-
jection between Alth(V x --- x V;W) and Homp(AF(V), W) so that the
following diagram commutes:

Vx-xV - Alth (V)
\ \LT
t
w.

Proof. This essentially follows from Theorem 7.2.12. To see ¢ is alternat-
ing, observe that it is the composition of the multilinear map used in the
universal property of the tensor product composed with projection onto
the quotient. This gives ¢ is multilinear. It vanishes on elements of the
form (v1,...,vg) with v; = v; for ¢ # j by the definition of the exterior
power. This gives the first statement.

We now show ¢ = T o is alternating. Let ¢ € F and vy,...,v,0] € V.
We have

t(avy + vy, v, ..., vk) = T((avy +v])) Avg A=+ Avg)
=T(avy Avg A+ Av + vy Avg A+ Avy)
=aT(vy Ava A~ Avg) + Ty Ava A+ Avy)
=at(vy Avg A+ Avg) +t(v] Avg A=+ Awg).

This shows t is multilinear. To see it is also alternating, one just uses ¢ is
alternating.

Suppose now we have t € Alt]}(Vx ---xV;W). Since the alternating forms
are a subset of the multilinear forms, we obtain a linear map S : VEF — W
so that S(v1 ® --- @ vg) = t(vy,...,vx). As A¥(V) is a quotient of V&,
we obtain a linear map 7 : A¥(V) — W given by composing S with the

projection map, i.e., T(vy A -+ Av;) = t(vy,...,0,). It is now easy to
check this map is unique because it agrees with ¢ and that the diagram
above commutes. O

Example 7.3.5. Let V be an F-vector space with dimp V' = 1. Thus,
given any nonzero v € V, the set {v} forms a basis for V. Given any
positive integer k, we can write elements of A¥(V) as finite sums of ele-
ments of the form aiv A --- A agv. However, we know a1v A --- A apv =
(ar---ag)v A--- Av and since v Av = 0, we have ajv A -+ A agv = 0 for
k > 2. Thus, we have A°(V) = F, A} (V) 2V, and A*(V) =0 for k > 2.

Example 7.3.6. Let V be a 2-dimensional F-vector space and let B =
{v1,v2} be a basis. Let k be a positive integer. Elements of A¥(V) consist
of finite sums of the form (ajv; 4+ bjva) A -+ A (agvy + brvs) for a;,b; € F.
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If £ > 3, this sum is 0 because each term will have a term v; Av; Avy, and
since the dimension is 2 one of these terms will be a repeat and so 0. If
k =2, a typical element can be written in the form

(avy + bua) A (cvr + dve) = advy A vg + bcva A vq
= (ad — be)vy A vs.

Thus, in this case we have A°(V) = F, AL(V) =2V, and A%(V) = F(v; A
’UQ) = F.

Theorem 7.3.7. Let V be an n-dimensional F-vector space. Let B =
{v1,...,vn} be a basis of V. For k < n the the vectors {vi, A-+-Av;, : 1 <
iy < - < < n} form a basis of A*(V). For k > n we have A¥(V) = 0.
In particular, dimp AF(V) = (7).

Proof. This follows easily from the fact that {v;, ® --- ®v;, : 1 <i; <n}
is a basis for V¥, Since A*(V) is a quotient of V®* by A.(V), to find
a basis it only amounts to finding a basis of Ag (V). However, we clearly
have any element v;, ® -+ ® v, with ¢;, = 7;, for some j; # ja lies in
Ay (V). Moreover, we know the elements v;, A -+ A wv;, can be reordered
by introducing a negative sign. This gives the result. O

Exercise 7.3.8. Prove the above theorem directly from Theorem 7.3.4.

As was observed in the previous examples for particular cases, this theorem
shows in general that for an n-dimensional F-vector space one has A™(V)

is of dimension 1 over F' and has as a basis v; A --- A v, for {vy,...,v,}
a basis of V. This is the key point in defining the determinant of a linear
map.

Let T € Homp(V,W) with V and W finite dimensional vector spaces.
The map T induces a map

TOk . YOk _ ek
V1 ® Qg = T(01) @ -+ @ T(vg).

It is easy to see that the generators of Ay (V) are sent to generators of
A (W), so this descends to a map

AR(T) : AR (V) = AF(W)
vi A Avg = T(vg) A AT (o).

We now restrict to the case that V=W and dimp V' = n. Since A"(V) is
1-dimensional over F'; we have A™(T') is just multiplication by a constant.
This leads to the definition of the determinant of a map.
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Definition 7.3.9. Let V be an F-vector space with dimp V =n. Let T €
Homp(V,V). We define the determinant of T', denoted det(T'), to be the
constant so that A™(T)(v) = (det(T))v for all v € A™(V). Given a matrix
A € Mat,,(F), we define the determinant of A to be the determinant of
the associated linear map T'4.

One should note that it is clear from this definition of the determinant
that there is no dependence on the choice of a basis of V' as none was used
in defining the determinant.

Lemma 7.3.10. Let S,T € Homp(V,V). Thendet(ToS) = det(T) det(S).

Proof. Let v1 A+ - Av, € A"(V) be any nonzero element (so a basis). We
have

det(T o SYvy A= Avy = A" (T o S)(vy A+ Avy)
=ToSw)A---ANToS(vy,)
=T(S(w))A---ANT(S(vp))

This gives the result. O

Of course, for this to be useful we want to show this is the same deter-
minant that was defined in undergraduate linear algebra class. Before
showing this in general we check the case V' has dimension 2.

a b

Example 7.3.11. Let V = F?. Let A = (c d) and let T4 be the

associated linear map. Thus, we have

A*(T)(e1 Aez) = T(er) AT(ez)
= (ae1 + ces) A (bey + des)
abe; N e1 + adey A ea + cbea A e + cdes N es
adey A eg 4+ beeg A eq
= (ad — bc)ey N eq.

Thus, we see det(A) = ad — be, as one expects from undergraduate linear
algebra.

Exercise 7.3.12. Let A € Mat3(F). Show that the definition of det(A)
given here matches the definition from undergraduate linear algebra.
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We now want to prove in general that given a matrix A € Mat,,(F') one
has det(A) is the same as the value from undergraduate linear algebra.
Note that we can view A as an element of F™ x --- x F™ with each column
of A a vector in F™. Thus, we can view

det: F" x -+ x F" — F.

Theorem 7.3.13. The determinant function is in Alt"(F™, F) and sat-
isfies det(1,,) = 1.

Proof. We begin by checking bilinearity in the first variable; the other
variables follow from the same argument. Write

w1 = aiie1 + -+ aniey

Wy = Gp1€1 + -+ -+ Apnén

and w = byie; + -+ - + byie, for eq, ..., e, the standard basis of F™. We
want to show that for any ¢ € F' we have

det(wy + cw,wa, ..., wy,) = det(wy, wa, ..., wy,) + cdet(w, wa, ..., wy,).

To do this, we need to translate this into a statement about linear maps.
Define Ty : F™ — F™ by T (e;) = w;, so

ayp - a1n
Thle, =A1=] : S
an1 Gpn

Ty : F" — F" by Tao(e1) = w and Th(e;) = w; for 2 < j <n so
[Tole, = A2 = | - N

T3 : F" — F" by Tz(e1) = w1 + cw and T3(e;j) = w; for 2 < j <nso

a1 +cbiy a1z - Qin
[T3]e, = Az =

Gn1 +Cbp1 G2 o Gpn
Now observe we have

det(wl,wg, . ,wn) = det(T1
det(w, wa, ..., w,) = det(T2)
det(wy + cw, wa, ..., w,) = det(T3
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Thus, we just need to show that det(73) = det(T3) + cdet(Tz). We have

det(T3)er A+ Ney = A" (Ts)(ex Aea A+ ANep)
=Ts5(e1) ANT(ea) A+~ NT(en)
= (w1 +cw) Nwag A+ Awy,
=wi A ANwyp +FcwANwa A+ Nwy
=Ti(e1) A -~-/\T1(en)+cT2(el)/\~-~/\T2(en)
=A"(Ty)(er A Nep) +cA"(Ta)(er A+ -+ Aey)
=det(Th)(e1 A--- Ney) +cdet(Tr)(er A+~ Aey)
= (det(T1) 4+ cdet(T2))(er A -+ Aey).

This gives det € Homp(F",..., F™; F). Next we show that det is alter-
nating. Suppose that w; = w; for some ¢ # j. Then we have
det(wr,...,w,) = A"(T1)(e1 A+ Nep)
= Tl(el) AR /\Tl(en)

=wi A ANwy

=0.
Thus,
det(wy, ..., w,) = det(Ty) = 0.
This gives det € Alt" (F™; F'). It is easy to see that det 1, = 1. O

Not only is det in AIt"(F™; F') satisfying det(1,) = 1, it is the only such
map. This takes a little work to prove, but it is the key to seeing this
is actually the same map as the undergraduate version. This will follow
immediately from observing the undergraduate definition certainly takes
1, to 1 and is in Alt"(F™; F). To see the undergraduate definition is in
Alt"(F™; F), one only needs to recall that the determinant is preserved
under elementary column operations. We need a few result before proving
the uniqueness.

Let n be a positive integer and let S,, denote the collection of bijections

from {1,...,n} to itself. It is easy to see this is a group under composition
of functions. Given a tuple (x1,...,x,), we define
0(1‘1, ey mn) = (1‘0(1), ce ,xa(n)).

Note this tuple could be a tuple of anything: variables, vectors, numbers,

etc. Define
A= H (i —xj).

1<i<j<n

For example, if n = 3 we have

A= (.’171 — :1?2)(3?1 — $3)($2 — 56’3).
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We have
1<i<j<n
Since o just permutes the values of {1,...,n}, we have cA = +A where

the + depends on 0. We define sign(o) € {£1} by
oA = sign(o)A.
Lemma 7.3.14. Let t € Alt*(V, F). Then
(U1, ey Uiy Uiy e ooy V) = —E(U14« ooy Vim 1, Vi1 Uiy Vig 2y« -+ 5 Uk)-
Proof. Define
Y(x,y) = t(v1, .o Ve, T Y, Vi 1y - -+ Un)

for fixed v1,...,Vi—1,Vi41,...,Un. It is enough to show that ¥(z,y) =
—4(y,x). Since t € Alt*(V; F) we have

V(e +y,z+y) =0
Expanding this and noting that ¢ (z,z) = ¥ (y,y) = 0 we obtain
¢(l‘a y) = _w(:% J?)

We leave the proof of the following lemma to the homework problems.

Lemma 7.3.15. Let t € Alt*(V; F).
(a) For each o € Sk,
(V1) - - > Vo)) = sign(o)t(vi, ..., vg).

(b) If v; = v; for any i # j, then t(vq,...,vx) = 0.
(c) If v; is replaced by v; + cvj for any i # j, ¢ € F, then the value of t
is unchanged.

The following proposition is the key step needed to show that det is unique.

Proposition 7.3.16. Lett € Altk(V; F). Assume for some vi,...,v, €
V,wi,...,w, €V, and a;; € I we have

w1 = a11V1 + -+ Ap1Uy

Wy, = G1pV1 + -+ - + ApnVn-

Then

t(wy,...,wy) = Z sign(0)ay (1)1 * - Go(n)nt(V1, - - -, Un).
oeSy
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Proof. We expand t(wy, ..., w,) using multilinearity. Note that any of the
terms with equal entries vanish since ¢ is alternating so we are left with
terms of the form
@iyt @it (Vigs - 0i,)
where the iq,...,4, run over 1,...,n and are all distinct. Such tuples are
in bijective correspondence with S, so we can write each such term as
Ao(1)1 """ aa’(n)nt(va(l)7 oo 7U0'(n))
for a unique o € S,,. This gives the result. O

Corollary 7.3.17. The determinant function defined above is the unique
map in Alt"(F™; F) that satisfies det(1,) = 1.

Proof. We have already seen that det satisfies the conditions; it only re-
mains to show it is the unique function that does so. Let &, = {e1,...,e,}
be the standard basis of F™. As above, we can identify elements of
Mat,, (F) with F™ x --- x F™ via column vectors. Thus, the identity ma-
trix is identified with (eq,...,e,). Let A € Mat,,(F') with column vectors
V1,...,Up, 1.6,

v1 = aj1e1 + - -+ anién

Up = A1n€1 + -+ Gnpen.
We now apply the previous proposition to see
det(A) = det(vy,...,v,)

= Z sign(o)aq (1)1 -+ - A (n)n det(er, ..., en)
cES,

= Z sign(0)aq (1)1 *** Ao (n)n-
g€Sy

Moreover, given any ¢ € Alt" (F"™; F) with t(1,) = 1 we see

t(v1, ..., 0p) = Z sign(0)ay (1)1 * * Go (n)n-
oeSy
Thus, we have the result. O
We finish the section with another coordinate-free construction of the trace

of a linear map. Let T € Homp(V,V) with V an n-dimensional F-vector
space. Define a map

er : A"(V) = A™(V)

n
le---AvnHZvlA---Avj,lAT(vj)/\ij/\---Avn.
j=1
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We claim this is well-defined and F-linear. It is clear that if it is well-
defined then it is F-linear. To show it is well-defined we must show that
er(vi A+ Awvy,) = 0if v; = v; for some i # j. For simplicity we consider
the case that v; = vo. Then we have

n
LpT(v/\v/\vg-u/\vn):ZU/\U/\---/\Uj,l/\T(vj)/\vjﬂ/\---/\vn
Jj=1

=TW)ANvAVsA--- Aoy +v AT W) Avg A+ Aoy
=TW)AvAvgA---ANvy, —TW)AVAVZA-- Aoy
=0.
Thus, we see @ is a well-defined F-linear map. Since A™ (V) is 1-dimensional,
there exists a constant tr(7) € F so that for any vy,...,v, € V we have
er(vy A Avy) =tr(T)vy A+ A g

Definition 7.3.18. Let V' be an n-dimensional F-vector space. Let T €
Homp(V, V). Define the trace of T to be the element of F' so that

It is easy to see that tr(T) is linear, i.e., tr(¢S + T) = ctr(S) + tr(T) for
c€ Fand S,T € Homp(V,V).

It only remains to show this new coordinate-free definition of trace agrees
with the familiar definition of trace for a matrix A = (a;;) € Mat, (F).

Let vq,...,v, denote the column vectors of A and let T4 be the linear
n

map associated to A4, i.e., Ta(ej) =vj = Zaijei. Then we have for any

i=1

1<j<n

n
61/\~--/\ej_1/\TA(ej)/\ej+1/\-~~6n:61/\~~/\ej_1/\Zaijei/\ej+1/\-«~6n
=1
=e1N---Nej_1Najjej Nejr1 N---ey
:ajjel/\~~~/\en.

Thus,

n
cpTA(el/\~~~/\en):Zel/\w%\ej,l/\TA(ej)/\ejH/\~~/\en
j=1

n
= E ajjel/\~--/\en.
Jj=1

Thus, tr(T4) = Z;;l a,;, which agrees with the undergraduate definition.
Set tr(A) = tr(T4). Since tr is a coordinate-free definition, we obtain
immediately that if A and B are similar matrices that tr(A4) = tr(B),
which is not so obvious if one defines the trace in terms of the diagonal
entries of a matrix.
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TENSOR PRODUCTS AND EXTERIOR POWERS OF CHNPUEES 7.

7.4 Tensor products and exterior powers of
modules

In this section we give a brief survey of tensor product and exterior pow-
ers of modules over a commutative ring with identity. One can consider
more general tensor products, but this is sufficient for our purposes. As
this mirrors the presentation for vector spaces in many ways, we skip the
motivation and proceed straight to the constructions and results. We will
also give a correct construction of the characteristic polynomial of a linear
map. It is actually essential to consider tensor products of modules to give
such a construction; the world of vector spaces is not enough to do this
properly. We will end with a proof of the Cayley-Hamilton theorem using
exterior products that mirrors what a student first wants to do, i.e., to
say cp(T) = 0 because one just plugs in T for z. Of course, we must first
make sense of what it even means to plug in 7" for z. Gratitude for this
proof of the Cayley-Hamilton theorem via exterior algebras goes to Paul
Garrett; his abstract algebra notes are where I learned this argument.

Let R be a commutative ring with identity. We will assume this through-
out this section. Let M and N be R-modules and let Fr(M x N) be
the free abelian group on M x N. Let Relg(M x N) be the subgroup of
Fr(M x N) generated by the following elements:

(a) (m1 4+ ma,n)— (m1,n) — (mg,n) for my,mg € M, n € N,
(b) (m,n1 +n2) — (m,n1) — (m,ng) for m € M, ny,ny € N,
(¢) (rm,n) — (m,rn) form € M,n € N and r € R.

We set M @r N = Fr(M x N)/Relg(M x N) and refer to this abelian
group as the tensor product of M and N over R. We denote the image of
(m,n) in M ®r N by m®mn and refer to such an element as a pure tensor.
Note that one immediately obtains that M ®g N is an R-module via the
action 7 - (m ® n) = rm ® n. Moreover, if S is another commutative ring
with identity and M is an S-module, then M ®gr N is an S-module via
s-(m®n)=sm®mn. As in the case of tensor products of vector spaces,
we need the correct maps here as well.

Definition 7.4.1. Let M, N and P be R-modules. We say a map ¢ :
M x N — P is R-bilinear or just bilinear if it is linear in each variable
separately. We denote the space of R-bilinear forms by Hompg (M, N; P).

Note this is exactly the same definition as in the case of vector spaces with
the only difference being the linearity is as an R-module map.

We have the following universal property. We omit the proof as it follows
in exactly the same manner as the corresponding result for vector spaces.

Theorem 7.4.2. Let M, N, and P be R-modules. Define a map v : M x
N —=> M®pgN by t(m,n) =m®n. Then
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(a) © € Homp(M,N; M ®r N), i.e., ¢ is R-bilinear;
(b) if T € Hompr(M ®g N, P), then T o € Homg(M, N; P);

(c) ift € Homg(M, N; P), then there is a unique T € Homg(M &g N, P)
so thatt =T ov.

Equivalently, we can write the correspondence by saying we have a bijection
between Homp(M, N; P) and Homg(M ®g N, P) so that the following
diagram commutes:

MxN—" ~M®sN

\iT

P.

There is one notable difference. In the case of vector spaces one has that ¢
is an injective map; for general modules this is not the case. For instance,
consider the following example.

Example 7.4.3. Consider the space Z/nZ®zQ. Let m®q € Z/nZ®7Q.
We have

an
mRI=m® —
n
q

=nmQK —
n

=0® 2
n
—0

where we have used n € Z so it can be moved across the tensor product.
Since all pure tensors are 0, we must have Z/nZ ®z Q = 0. However,
Z/nZ x Q is not the 0 set, so ¢ in this case cannot be injective; the entire
domain is in the kernel!

By expanding to modules there are more interesting examples. We will
cover several, but here is one we can easily do with no further information.

Example 7.4.4. Let m and n be positive integers with ged(m,n) = 1.
We consider the space Z/mZ ®z Z/nZ. We claim this is 0. Let a ®
b € Z/mZ @z Z/nZ. Since ged(m,n) = 1, there exists s,t € Z so that
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1 = ms + nt. We have

a®b=1-(a®Db)
=(ms+nt) (a®b)

ms(a ® b) + nt(a ® b)

= (msa) @ b+ (nta @ b)

=0®b+a® (ntb)

=a®0

=0.

Since all the pure tensors vanish, the entire space must be 0.

We now establish some of the basic properties. These were given for vector
spaces before, but for modules we cannot immediately just resort to bases
since our modules may not have bases.

Proposition 7.4.5. Let M, N, and P be R-modules. We have

(a) M®RNgN®RM,

(b) (M®RN) RrRP =M Qg (N®RP),

(¢c) M®N)®rP=(M®®rP)®(NegP).

Proof. We leave the proof of the first statement as an exercise. The proof
of Theorem 7.2.7 given above is the same proof one uses for modules so

the third statement follows immediately from just changing notation in
that proof. We prove the second claim. Let p € P. Define a map

MXN—}M@R(M®RP)
(m,n) > m® (n®Dp).

It is easy to check that this is a bilinear map. (Note p is fixed!) Thus, we
can apply the universal property to this map to obtain an R-linear map

M&®&r N — M®®gr (N Qg P)
men—me (np).

Now consider the map

(M@rN)x P — M®r(N®gP)
(m®&n,p) —»m®e (nep).

This is well-defined and easily seen to be a bilinear map. Thus, we apply
the universal property again to obtain an R-linear map

(M ®rN)®r P — M®g(N®rP)
(men)@p—me® (np).
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Now that we have an R-linear map form (M@rN)®rP - MQr(N®grP),
we use the exact same process to get the inverse map. Namely, we begin
by fixing a m € M and define a bilinear map
NXP—>(M®RN)®RP
(n,p) = (m®n) @ p.

As above, one applies the universal property to obtain an R-linear map

N®rP — (M®rN)®gP
nRp— (Men)p.

Now consider the bilinear map

Mx(N®rP)— (M®rN)QgrP
(m,n®p) = (m&n)Qp.

We again apply the universal property to obtain the R-linear map

M®r(N®grP)— (M®rN)®gP
m® (n®p)— (men)Qp.

It is clear this is the inverse map to the one constructed above, so we have
the isomorphism. O

These basic results allow us to conclude several interesting results. For
instance, via induction we have the following.

Corollary 7.4.6. Let M and N be a free R-modules of dimension m and
n respectively. Then

M®pr N = R™".

In particular, if {z1,...,2m,} s a basis for M and {y1,...,yn} is a basis
for N, then {z; ® y; : 1 <i<m,1 <j<n}isa basis of M @ N.

Note that the corresponding result for vector spaces was proven early and
used to conclude essentially all the results above tensor products of vector
spaces. In this case we cannot do that. For instance, since our modules
in general do not have bases, we certainly don’t get bases of the tensor
products in general. We do have one result along those lines that can be
helpful.

Proposition 7.4.7. Let {x;};cr be a set of generators of an R-module M
and {y;}jes a set of generators of an R-module N. Then {z; ® y; : i €
1,5 € J} is a set of generators of M ®r N.

Proof. Note it is enough to show each pure tensor is generated by this set.

Let m®n € M ®@g N. Write m = ), a;z; and n = Z]EJ bjy;. Then
we have m®@n = 3,01 35y aibj(zi ® y;). O
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Example 7.4.8. Let m,n € Z with d = gcd(m,n). Consider the space
Z/mZ Rz Z/nZ. We know that 1+mZ generates Z/mZ and 1+nZ gener-
ates Z/nZ,s0 1®@1 = (1+mZ) ® (14 nZ) must generate Z/mZ Qz Z/nZ.
The same argument given above when d = 1 shows that d annihilates all
the pure tensors in Z/mZ ® Z/nZ; thus it must annihilate 1 ® 1. This
gives that Z/mZ ®yz Z/nZ is necessarily a quotient of Z/dZ. Define a map

Z/mZ x T/nZ — 7./dZ.
(a,b) — ab.

First, since d | m and d | n one can easily check this map is well-defined.
It is also easy to check it is bilinear, so the universal property gives a
Z-linear map (i.e., a group homomorphism)

Z/mZ @y Z/nZ — 7.]dZ
a® b ab.

In particular, we have this maps 1 ® 1 to 1 + dZ. Since 1 + dZ generates
Z,/dZ, we have it has exact order d. Thus, it must be that 1® 1 has order
at least d. However, above we showed it had order at most d. Thus, 1® 1
has exact order d and so we have an isomorphism.

Proposition 7.4.5 also shows it makes sense to write M ®r N ®pr P.
More generally, using induction one can show it makes sense to write
M, ®gr -+ ®r M,, for My,..., M, a collection of R-modules. One de-
fines multilinear maps exactly as was done for vector spaces replacing
F-linear with R-linear. One then obtains the same universal property for
M; ®p -+ ®gr M, as for vector spaces upon making the adjustment from
F to R.

Theorem 7.4.9. Let My,...,M,, and N be R-modules. Define

LZM1X-~-XMn—)M1®R-~-®RMn

(mla"~7mn)'_>m1®"‘®mn.

Then we have

(a) ForeveryT € Homp(M1®pg: - -®@grM,; N) the map Tor € Homp(My, ..., My; N).

(b) Foreveryt € Homp(Mj, ..., My; N) thereis a unique T € Homp(M;1®pr
<+ Qp M,,N) so thatt =T o..

If My,..., M, are free R-modules with bases B; = {mgi), .. ,x%?} then
M, ®g---®rM, is a free R-module with basis {x;i)®~ . ~®x§:) : :zzgll) € B;}.
In the case that M; = --- = M,,, we write M®" = M, Qg -+ Qr M,

We can now form the space of exterior powers just as before. Again
let Aj(M) be the subspace of M®* generated by elements of the form
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mi® -+ ®@my with m; = m; for some i # j. Set AR (M) = M®* /A (M).
We write
MIA-AMy=m Q- @my + Ap(M).

The same basic properties hold for exterior powers in this case, as the
interested reader can easily verify. For instance, one has the following
theorem.

Theorem 7.4.10. Let M be a free R-module of dimension n. Let B =
{m1,...,my} be a basis of M. For k < n the the vectors {m;, A---Am;, :
1 <i; <+ < <n} form a basis ofA’f%(M). For k > n we have
AR(M) = 0. In particular, dimp A%,(M) = (7).
As in the case of vector apaces, this gives A% (M) has dimension 1. Given
T € Hompg(M, M), we get an induced map A% (T) : AL(M) — AR (M).
Again, if k = n this leads to the definition of det(T") just as before. All
of the same proofs as in the previous section go through unchanged so we
do not repeat them here.

We are now in a position to give a correct definition of the characteristic
polynomial of a linear map. Let V be an n-dimensional F-vector space
and let T € Homp(V,V). Consider the set V ®p F[z]. This is a F|x]-
module via the action of F[z] on the right, i.e., for v® f(z) € V @p F[z]
and g(x) € Flz], we set g(z) - v® f(x) =v®@g(x)f(z). In fact, V ®@p Flx]
is a free F[z]-module of rank n with basis given by v; ® 1,...,v, ® 1 if
{v1,...,v,} is a basis of V. We also have that V@ F[z] is a F[T']-module
viaT-v® f(z) = T(v)® f(z). Thus, V®F Flz] is a F[T]®p F[z]-module.
Wehave 1@ —T ®1 € F[T] ®F Flx]. We can view this element as an
element of Homp(7)g, ro)(V ®F Flz],V ®@F Flz]) by identifying it with
the multiplication by 1 ® x — T'® 1 map. In particular, since this is an
F[T] ® F|x]-linear map, it is certainly F[z]-linear. Thus, we have an
induced F[z]-linear map

Since V ®p F[z] is a free F[z]-module of rank n, we have A (Ver Flx])
is a free rank 1 F'[x]-module. Thus, we must have an element cr(z) € F|[z]
so that

This element cr(z) is the characteristic polynomial of T. Note, in short-
hand it can be written as

er(z)=det(l®@xz—T®1).

Recall that the Cayley-Hamilton theorem gives that er(T) = 0. We give
another proof of this result using exterior algebras. In the course of the
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proof we will also see the correct way to interpret this statement. Consider
the F[z]-bilinear map
() ARV @ Fla) x Abgy(V @5 Fla]) — Ay (V 9 Fla])
(TL AN A1, Tp) D TL A - ATp_1 AT

To ease notation, write A=1® 2 —T ® 1. We have

ABHAY @ A - A )y A@a)) = AT @1 A+ Ano1) A Aea)

=A(z) N N Azy)
— Al (A)@1 A A )

=crp(x)xy A Ay,

Let A24 be the adjoint of A%[_ml] (A) with respect to this pairing. Note this
is not the adjoint of A here! Note that since the pairing is F[z]-bilinear a
priori we only have A*¥ is F[z]-linear, not F[T] ®r F|[z]-linear. We have

(k1 N ANap,ep(z)z,) =cep(x)zy A Axy,

= <A}[_x1](a:1 Ao Axp—1), Alxy,))

= (T1 A= Awno1, AN 0 A(zy,)).

Thus, we see that A2 o A = cr(2)ly g, pla)- We need to show that Aadi
commutes with A as then we will have A2Y is F[T|®p F[z]-linear. Before
we show why this is true, we show how it gives the Cayley-Hamilton
theorem. To ease notation write M = V ®p Flz], R = F[T] ®p Flz],
and I = AR. If A*Y commutes with A, then necessarily we have A is
actually an R-linear map. Thus, we have A>3 € Hompg (M, M). Moreover,
one has that A*Y descends to an R/I-linear map from M/IM to M/IM
where we recall that

IM:{Zaimi:aiEI,mieM}

finite

is a submodule of M. The point is that one must have A2% commutes with
A for the map A*Y : M/IM — M/IM to be well-defined. Descending
to M/IM is what is meant by substituting 7" in for x as in M/IM the
terms T'® 1 is identified with x ® 1. Thus, we want to consider the image
of ep(x) acting on M/IM, i.e., cp(z)1ar . Write A for the map from
M/IM to M/IM induced by A and likewise for 424, We have

Aadj OZ = CT(LU)lM/]M.

However, we know A = 0y, s1m by construction (I = AR), so we have
er(x)aryive = Ong/ra, as desired. Now we just observe that the compo-
sition

V — M — M/IM
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is an isomorphism if F[T]-modules, so certainly an isomorphism of F-
vector spaces. Thus, we see the corresponding map on V' given by cr(2)1 /10
is 0; this map is denoted by cg (7).

It only remains to prove that A>3 and A commute. To see this, we extend
scalars to F'(z). Thus, viewing everything now over V ®p F(z) we have

A2dig A = CT($)1V®FF(I)'

Since cr(x) is a monic polynomial, it is invertible in F'(x). However, we
know that cp(x) is the determinant of A, so that means A is invertible
over V @ F(x). Thus, we can write A3 = cp(2)A™! over V @ F(x).
This shows that A*J commutes with A over V ®p F(x), so necessarily
over V ®@p F[z] as well.
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7.5 Problems

For these problems V' and W are finite dimensional F-vector spaces.

(a) Let V and W be F-vector spaces. Prove using the universal property
that V@rp W W p V.

(b) Let V, W, and U be F-vector spaces. Prove that the space of bilinear
forms Homg(V,W;U) is an F-vector space. Moreover, prove that
Homp(V,W;U) = Homp(V @ W,U).

(c) Let V4, Vo, Wy, and Wy be F-vector spaces. Let T} € Homp(Vy, Wh)
and T, € Hompg(V3, Ws). Prove there is a unique F-linear map
Ty @ Ty from Vi @ V3 to Wi @p Wy satisfying (1) ® T)(v1 @ vg) =
T1 (’Ul) (24 TQ(UQ).

(d) Let Vi =W; = R? both with basis A = {331,:172,1‘3} and Vo = Wy =
R? with basis B = {y1,y2}. Let T (az1+bxo+cxs) = cry+2awy—3bxs
and Th(ay1 + by2) = (a + 3b)y1 + (4b — 2a)ys. Let C be the basis for
Vi ®r Vo and Wy @r Ws given by

C={21®y1,21 @ Y2, T2 @Y1, T2 @ Y2, 23 D Y1, 23 D Ya}.

Compute the matrix [T} ® T»]S.

(e) Let V = P5(Q) and W = Q(v/2) = {a+bv2 : a,b € Q}. Give a basis
for V.®q W.

(f) Show that the cross product, defined in multivariable calculus, is a
bilinear form from R3 x R? — R3.

(g) (a) Let ¢ € VV and ¢ € WV. Define a map

Byy :VaW — F
(v,w) = (V)Y (w).

Show that B, 4 is a bilinear form.

(b) Prove that there is a natural isomorphism between (V @ W)Y
and VY @p WV. (Note a natural isomorphism means it does not
depend on a choice of basis.)

(h) Let V and W be F-vector spaces. Prove that Alt"(V, W) is an F-
subspace of Homp(V,..,V;W).
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(i) Use the definition to compute the determinant of a 3 by 3 matrix
over a field F. Check your result agrees with the definition that was
given in undergraduate linear algebra.

(j) Let V be an F-vector space. Show that A*(V)Y = Alt"(V) as F-
vector spaces.

(k) Let T € Homp(V,W). Give a detailed proof that T induces a well-
defined linear map AF(T) : A*(V) — A*(W) given by

AR(TY oy A Avog) =T (v1) A--- AT (vg)

for each k > 0.

(1) Use the definition to prove that if A € GL,(F), then det(A~!) =
det(A4)7L.

(m) Prove that v Avy Avg A~ Avg = (=1)*(vg Avg A== Ay Av).
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Appendix A

Groups, rings, and fields:
a quick recap

It is expected that students reading these notes have some experience
with abstract algebra. For instance, an undergraduate course in abstract
algebra is more than sufficient. A good source for those beginning in
abstract algebra is [2] and a more advanced resource is [1]. We do not
attempt to give a comprehensive treatment here; we present only the basic
definitions and some examples to refresh the reader’s memory.

Definition A.0.1. Let G be a nonempty set and x : G x G — G a binary
operation. We call (G, ) a group if it satisfies the following properties:

e for all g1, g2, and g3 € G we have (g1 *x g2) * g3 = g1 * (92 * g3);

e there exists an element eq € G, referred to as the identity element
of G, so that gxeq = g =eg x g for all g € G;

1

e for each g € G there exists an element g™+, referred to as the inverse

of g,sothat gxg ' =eqg =g ' xg.

We say a group is abelian if for all g1, g2 € G we have g1 x g2 = g2 % 1.

Often the operation x will be clear from context so we will write our groups
as G instead of (G, *).

Exercise A.0.2. Let G be a group. Show that inverses are unique, i.e.,

if given g € G there exists h € G so that gxh =eg = h*g, then h = g~ .

Definition A.0.3. Let (G,*) be a group and H C G. We say H is
a subgroup of (G,x) if (H,x) is a group. One generally denotes H is a
subgroup of G by H < G.
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Example A.0.4. Let G = C and x = +. It is easy to check that this
gives an abelian group. In fact, it is easy to see that Z < Q < R < C.
Note the operation is addition for all of these.

Example A.0.5. Let G = Z and let x be multiplication. This does not
give a group as 2 € Z but the multiplicative inverse of 2, namely, 1/2 is
not in Z.

Example A.0.6. Let G =R* = {2 € R: x # 0} with x being multipli-
cation. This gives an abelian group.

Example A.0.7. Let X be a set of n elements. Let .S,, denote the set of
bijections from X to X, i.e., the permutations of X. This forms a group
under composition of functions.

Example A.0.8. Let Mat, (R) denote the n by n matrices with entries
in R. This forms a group under matrix addition but not under matrix
multiplication as the 0 matrix, the matrix with all 0’s as entries, does not
have a multiplicative inverse.

Example A.0.9. Let GL,(R) be the subset of Mat, (R) consisting of
invertible matrices. This gives a group under matrix multiplication. Let
SL,(R) be the subset of GL, (R) consisting of matrices with determinant
1. This is a subgroup of GL, (R).

Example A.0.10. Let n be a positive integer and consider the set H =
nZ = {nm : m € Z}. Note that H < (Z,4). We can form a quotient
group in this case as follows. We define an equivalence relation on Z by
setting a ~ b if n|(a — b). One should check this is in fact an equivalence
relation. This partitions Z into equivalence classes. For example, given
a € Z, the equivalence class containing a is given by [a], = {b € Z :
n|(a—0b)}. We write a = b (mod n) if a and b lie in the same equivalence
class, i.e., if [a], = [b],. Note that for each a € Z, there is an element
r € {0,1,...,n — 1} so that [a], = [r]n. This follows immediately from
the division algorithm: write a = nqg + r with 0 <r <n — 1. Write

Z/nZ = {[0]n, [1]n,---,[n — 1]}

We define addition on this set by setting [a], + [b], = [a + b],. One can
easily check this is well-defined and makes Z/nZ into an abelian group
with n elements. We drop the subscript n on the equivalence classes when
it is clear from context.

Consider the case that n = 4. We have Z/4Z = {[0],[1],[2],[3]}. An
addition table is given here:

+ [ 0] (1] [2] [3]
o o 1 2] [3]
Ay 2 3 (o]
21121 B8] o] []
BB O [ [2]
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Example A.0.11. Let n € Z and consider the subset of Z/nZ consisting
of those [a] so that ged(a,n) = 1. We denote this set by (Z/nZ)™. Recall
that if ged(a,n) = 1 then there exists z,y € Z so that ax + ny = 1. This
means that n | (ax — 1), i.e., az = 1 (mod n). If [a], [b] € (Z/nZ)™, then
[ab] € (Z/nZ)™ as well. One can now check that if we set [a] x [b] = [ab],
then this makes (Z/nZ)” into an abelian group. Note that (Z/nZ)™ is
not a subgroup of Z/nZ even though it is a subset; they do not have the
same operations.

Exercise A.0.12. (a) How many elements are in (Z/nZ)™?
(b) Give multiplication tables for (Z/4Z)* and (Z/5Z)™. Do you notice
anything interesting about these tables?

As is always the case, the relevant maps to study are the ones that preserve
the structure being studied. For groups these are group homomorphisms.

Definition A.0.13. Let (G, *¢) and (H,*g) be groups. A map ¢ : G —
H is a group homomorphism if it satisfies ¢(g1 x¢ g2) = ¢(g1) xu ¢(g2) for
all g1, 92 € G. We define the kernel of the map ¢ by

kerp={g € G:¢(9) =en}.

Exercise A.0.14. (a) Show that ker ¢ < G.
(b) Show that if ¢ : G — H is a group homomorphism, then ¢ is injective
if and only if ker ¢ = {eg}.

Example A.0.15. Let n € Z be a positive integer and define ¢ : Z —
Z/nZ by ¢(a) = [a],. This is easily seen to be a surjective group homo-
morphism. Moreover, one has that ker ¢ = nZ.

Example A.0.16. Let ¢ : R — C* be defined by ¢(z) = €2™®. Given
z,y € R we have ¢(x + y) = 2™ (@) = 2miwe2miy — 4(3)p(y). Thus,
¢ is a group homomorphism. The image of this group homomorphism is
Sl ={z € C:|z| =1}, ie., the unit circle. The kernel is given by Z. For
those that remember the first isomorphism theorem, this gives R/Z = S1.

Example A.0.17. The determinant map gives a group homomorphism
from GL,(R) to R* with kernel SL,, (R).

As one may have observed, the first examples of groups given were familiar
objects such as Z and R with only one operation considered. It is natural to
consider both operations for such objects, which brings us to the definition
of a ring.

Definition A.0.18. A ring is a nonempty set R with two binary opera-
tions, + and -, satisfying the following properties

e R is an abelian group under the operation + (the additive identity
is denoted Og);
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e there is an element 1 that satisfies r-1gp =r =1 -r for all r € R;
e for all 71,r9,73 € R one has (r1 -7r2) -r3 =711 - (ra - r3);
e for all 7y,79,73 € R one has (ry +12) -r3 =1y 73+ ro - 73;

e for all 71,792,753 € Rone has 1y - (rg +13) =1y -ro+ 11 - 3.
We say R is commutative if r1 - ro = ro - rq for all r1,79 € R.

It is often the case that one writes 71 - r9 as ri79 to ease notation. We will
follow that convention here when there is no fear of confusion.

Note that what we have defined as a ring is often referred to as a ring with
identity. This is because in some cases one would like to consider rings
without requiring that there be an element 1. We will not be interested
in such rings so in these notes “ring” always means “ring with identity”.

Example A.0.19. Many of the examples given above are also rings. The
groups Z,Q, R, and C are all commutative rings when considered with the
operations + and -.

Example A.0.20. Let R be a ring. The group Mat,,(R) is a ring under
the operations of matrix addition and multiplication. However, if n > 2
this is not a commutative ring.

Example A.0.21. Let R be a ring and let R[x] denote the set of poly-
nomials with coefficients in R. The set R[z] is a ring under polynomial
addition and multiplication.

Given a ring R, a subring of R is a nonempty set .S that is a ring under
the same operations. However, it turns out that the concept of ideals is
more important than the notion of subrings.

Definition A.0.22. Let R be a ring and I C R be a subring. We say I
is an ideal if ra € [ and ar € I for allr € R and a € 1.

Note this is a stronger condition than being a subring. For example, Z is
a subring of R but it is not an ideal.

Example A.0.23. Consider the ring Z. For any integer n we have nZ
is an ideal in Z. In fact, every ideal can be written in this form. Let I
be an ideal in Z. If I = 7Z then clearly we have I = 1Z. Suppose [ is
a proper subset of Z and I # 0. Let IT be the subset of I consisting of
positive elements. Since I # 0 this is a nonempty set because if m € I,
either m € I™ or —m € I". Since IT is a set of positive integers, it has
a minimal element; call this minimal element n. We claim I = nZ. Let
m € I. Then we can write m = ng + r for some 0 < r < n — 1. Since
m € I and n € I, we have r = m — nq € I. However, this contradicts n
being the least positive integer in I unless 7 = 0. Thus, m € nZ and so
I = nZ. We call an ideal generated by a single element a principal ideal.
A ring where all the ideals are principal is called a principal ideal domain.
Thus, Z is a principal ideal domain.
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Exercise A.0.24. Let F be a field. Mimic the proof that Z is a principal
ideal domain to show F[z] is a principal ideal domain.

Example A.0.25. Consider the polynomial ring R[z] with R a ring. Let
f(x) € R[z] be any nonzero polynomial. We define an equivalence relation
on R[z] much as we did on Z when defining Z/nZ, namely, we say g(z) ~
h(z) if f(z) | (g(z) — h(x)). We write g(x) = h(z) (mod f(z)) if g(x) =
h(z). This equivalence relation partitions R[x] into equivalence classes.
Given g(x) € R[z], welet [g(2)](,) denote the equivalence class containing
9(@), 1o, [9(@)]sey = {h(z) € Rlz] : hz) = g(z) (mod f(z))}. We
drop the subscript f(z) when it is clear from context. We denote the
set of equivalence classes by R[z]/(f(x)) = {[g(2)] : g(xz) € R[z]}. Note
that R[z]/(f(x)) need not be a finite set. In this case one can use the
division algorithm to see that one can always choose a representative r(x)
for the equivalence class with degr(x) < deg f(x). We define addition
and multiplication on R[z]/(f(z)) by [g(z)] + [h(x)] = [g(z) + h(z)] and
[9(2)] - [h(z)] = [g(x)h(x)]. This makes R[z]/(f(z)) into a ring. This ring
is commutative if R is commutative.

Exercise A.0.26. Consider the ring R[z]/(z% + 1). Show that one has
Rlz]/(x* +1) = {[ax + 1] : a,b € R}.
What is [2]? equal to in this ring? What familiar ring does this look like?

Exercise A.0.27. Let R be a ring and I C R an ideal. Define a relation
~ on R by setting a ~ b if a — b € I. Show this is an equivalence relation.
For a € R, let a+ I denote the equivalence class containing a, i.e., a+1 =
{a+1i:4 € I}. (Note this is also sometimes denoted [a].) Let R/I denote
the set of these equivalence classes. Define (a+ 1)+ (b+1)=(a+b)+1
and (a+1)(b+1I) = ab+ 1. Show this makes R/I into a ring. Rectify this
with the notation Z/nZ and R[x]/(f(x)) used above.

While rings are extremely important if one wants to consider the more
general results of linear algebra that are phrased in terms of modules, for
the main results in these notes we stick with vector spaces. Thus, we are
mainly interested in fields.

Definition A.0.28. A commutative ring R is said to be a field if every
nonzero element in R has a multiplicative inverse.

Exercise A.0.29. Show the only ideals in a field F' are 0 and F'.

Example A.0.30. The rings Q,R and C are all fields, but Z is not a
field.

Example A.0.31. Let n be a positive integer and recall the group Z/nZ
with the operation given by +. Given [a], [b] € Z/nZ, we define [a] - [b] =
[ab]. One can easily check this makes Z/nZ into a commutative ring. Now
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consider the case when n = p is a prime. We still clearly have Z/pZ is
a commutative ring, but in this case we have more. Let [a] € Z/pZ with
[a] # [0], i.e., p 1 a. Since p is a prime this means that ged(a,p) = 1, so
there exists x,y € Z so that az+by = 1, i.e., ax =1 (mod p). This means
that [a][z] = [1], i.e., [a] has a multiplicative inverse. Thus, Z/pZ is a field.
(Note this does not work for general n; look back at your multiplication
table for Z/4Z.) When we wish to think of Z/pZ as a field we denote it
by F,.

Exercise A.0.32. Let F' be a field and f(z) € F[z] an irreducible poly-
nomial. Show that F[z]/(f(z)) is a field. (Hint: mimic the proof that
Z/pZ is a field.)

Exercise A.0.33. Consider the ring C[z]/(2? +1). Is this a field? Prove
your answer.

Definition A.0.34. Let R and S be rings. A map ¢ : R — S is a ring
homomorphism if it satisfies

o O(r1 +rre) = P(r1) +s5 ¢(ra) for all r1,rs € R;
o ¢(r1-r72) = ¢(r1) -5 ¢(r2) for all 7,73 € R.
We define the kernel of ¢ by

ker¢p ={r € R: ¢(r) =0s}.

Exercise A.0.35. Let ¢ : R — S be a ring homomorphism. Show ker ¢
is an ideal of R.

Exercise A.0.36. Let F be a field and R a ring. Let ¢ : FF — R be a
ring homomorphism and assume ¢ is not the zero map, i.e., there exists
x € F so that ¢(x) # Og. Prove that ¢ is an injective map.

Example A.0.37. Let S C R be a subring. Then inclusion map S — R
is a ring homomorphism with a trivial kernel.

Example A.0.38. Let R be a ring and I C R an ideal. The natural
projection map

R— R/I
a—a+1
is a surjective ring homomorphism with kernel equal to I.

Example A.0.39. Define ¢ : R[z] — C by f(z) — f(i). This is a ring
homomorphism with kernel (z2 + 1).

Exercise A.0.40. Define a map ¢ : Z/6Z — Z/6Z by ¢([a]) = [4a).
What is the kernel of this map? What is the image of this map?
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