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ON THE CONGRUENCES PRIMES OF SAITO-KUROKAWA LIFTS
OF ODD SQUARE-FREE LEVEL

JIM BROWN

ABSTRACT. In this paper we extend a conjecture of Katsurada’s characterizing the con-
gruence primes of Saito-Kurokawa lifts of weight x and full level in terms of the divisi-
bility of Laig(k, f) to the case of odd square-free level. After stating the conjecture, we
provide evidence for the conjecture by constructing a congruence.

1. Introduction

Let x > 2 be an even integer and M > 1 an odd square-free integer. It is well

new

known that given a newform f € S5¢¥,(T'o(M)), one can associate an eigenform

Fr € SN(FE)Z)(M )) called the Saito-Kurokawa lift. As the Galois representations
attached to Saito-Kurokawa lifts are reducible, it is natural to consider the congruence
primes of Saito-Kurokawa lifts. For example, given a congruence between a Saito-
Kurokawa lift and a cuspidal eigenform with irreducible Galois representation, one
can produce non-trivial torsion elements in an appropriate Shafarevich-Tate group
attached to the (twisted) Galois representation associated to f by following the same
type of arguments used by Ribet in his proof of the converse of Herbrand’s theorem.
One can see [4] for such results.

In the case that M = 1 Katsurada conjectured a classification of the congruence
primes of a Saito-Kurokawa lift in terms of divisibility of Lag(k, f). We extend

this conjecture as follows. Let S}XI*“CW(F(()Q)) be the space of new Maass spezialschar.
Let p C Ogs) be a prime with p + M(2x — 1)!. Then p is a congruence prime
of Fy with respect to SMew (T2 (M))+ if and only if p | Lug(k, f). We provide
evidence for this conjecture by explicitly constructing a congruence between F'y and an
eigenform G € SQA’HQW(F(()Q)(M ))* under suitable hypotheses. This is accomplished by
considering the pullback from Spg to Sp, x Sp, of a suitably chosen Siegel Eisenstein
series and then using an inner product formula of Shimura to give a spectral expansion
of the pullback. One then constructs Hecke operators to “kill off” the forms occurring
in the expansion that lie in S,E/[’”ew(F(()z)(M)).

One should note that even though G € S,E/I*“ew(Féz)(M ))+, we are not guaranteed
that G is not a CAP form. For instance, G could be an “old” Saito-Kurokawa lift
if f happens to be congruent to an oldform. One can eliminate such possibilities by
putting further requirements on the weight x or requiring f to have Serre-level M.
This is discussed in Corollary 5.10. There is also still the possibility that G arises as

Received by the editors June 3, 2010.
2000 Mathematics Subject Classification. Primary 11F33; Secondary 11F46.
Key words and phrases. Saito-Kurokawa correspondence, congruence primes.

977
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a CAP form that is a theta lift twisted by a quadratic character, see [14] for example.
We do not address this possibility here. It is possible to show that G is not a weakly
endoscopic form by considering the Galois representations of G and Fy. While these
considerations are not necessary for the result in this paper, they are of paramount
importance in current ongoing work with Mahesh Agarwal described briefly below.

Aside from its intrinsic interest, such results can be used to produce evidence for
the Bloch-Kato conjecture for modular forms. Applying Theorem 5.9 and Corollary
5.10 to produce such results is current ongoing joint work with Mahesh Agarwal. By
applying the restrictions mentioned above to ensure that the form G produced is not
CAP combined with an argument showing that G is not weakly endoscopic, we aim
to construct a nontrivial torsion element in the appropriate Shafarevich-Tate group
as predicted by the Bloch-Kato conjecture. In particular, let p be a prime, p a prime
over p in a suitably large finite extension of Q, and let Vy, be the 2-dimensional
p-adic Galois representation associated to f. Let T, be a Galois-stable lattice and
let Wy =Vip/Ttp. If p| Lag(k, ), we aim to use the congruence between Fy and
G to produce a nontrivial p-torsion element in HI(Wy ,(k)) where Wy, (k) denotes
Wy, twisted by the kth power of the p-adic cyclotomic character.

It is also natural to consider a A-adic version of the results given in this paper.
Analogous theorems in that context would naturally lend themselves to results on
main conjectures in Iwasawa theory as formulated by Greenberg by pursuing the
natural generalizations of the arguments used by Wiles in his proof of the main
conjecture for totally real fields ([19]). This is a topic the author plans to return
to in subsequent work.

2. The Saito-Kurokawa Correspondence

In this section we briefly recall the Saito-Kurokawa correspondence and some of
its basic properties. The full level Saito-Kurokawa correspondence was established
through the work of many mathematicians; see [20] for an account. We are interested
in the case of odd square-free level which was established in [12] in the classical
setting and in [13] in the language of automorphic forms. We let x be an even integer
throughout this section.

We begin by recalling the relationship between elliptic modular forms of weight
2k — 2 and half-integer weight modular forms of weight x — 1/2. Let M be a positive
odd square-free integer and D be a fundamental discriminant with D < 0. There exists
a Shimura lifting (p that maps S:_l/Q(FO(ZlM)) to Sox—2(To(M)) and a Shintani

lifting SHp mapping Sa,—2(To(M)) to 5:71/2(1"0(4M)). These maps are adjoint on
cusp forms with respect to the Petersson products. Explicitly, for

92)= Y cyln)g" € SEy ,(To(4M)

n>1

n=0,3(mod 4)

one has

wa) =S| X (F) o) | o

n>1 dln
ged(d,M)=1
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and for f € S8V, (Ty(M)) a newform one has

SHp(f)(z) = (=)= D2n=t Ny vp(f;|DIm)g™
m>1
mEO,?;Gnod 4)

where the r._1 p p(f;|D|m) are certain integrals. One can consult [11] for their
precise definition; we will not need it here. Using the Shimura and Shintani liftings
one has the following theorem.

Theorem 2.1. ([11],[12]) For D < 0 a fundamental discriminant with ged(D, M) =
1, the Shimura and Shintani liftings give a Hecke-equivariant isomorphism between
S (To(4M)) and S5E,(To(M)).

Let O be aring so that an embedding of O into C exists. Choose such an embedding
and identify O with its image in C via this embedding. Assume that O contains
the Fourier coefficients of f. The Shintani lifting g5 := (}f is determined up to
normalization by a constant multiple. We have the following result of Stevens.

Theorem 2.2. ([18], Prop. 2.3.1) Let f € SyV,(I'o(M)) be a newform. If the
Fourier coefficients of f are in O, then there exists a corresponding Shintani lifting
SHp(f) of f with Fourier coefficients in O as well.

Remark 2.3. We fix a SHp(f) as in the theorem throughout this paper. If O is a
discrete valuation ring, we fix SHp(f) to not only have its Fourier coefficients in O,
but to have one Fourier coefficient in O* as well.

Half-integer weight forms and Jacobi forms are related by the following theorem.
Theorem 2.4. ([12]) The linear map defined by
2-D
Z c(D,r)e (r T+ 7“2) — Z e(D)e(|D|r)

D<0,rez D<0
D=r?(mod 4) D=0,1(mod 4)

is a canonical isomorphism between J.' 7P (DY (M) and St nle/‘g(FO(ALM)) which
commutes with the action of Hecke operators. It also preserves the Hilbert space
structure.

The last step is to relate Jacobi forms to Siegel modular forms. First we define
the space of Maass spezialschar. Recall that we can write the Fourier expansion of a
Siegel modular form F' as

(1) F(r,z,7") = Z Ap(n,m,m)e(nt + 7z +mt')
m,n,r € Z
m,n,dmn —r2 >0

where Z = (z f,) with 7,7/ € ',z € C, Im(2)? < Im(r)Im(7') and T =

(7’72 7;{1 2 . We say that F is in the space of Maass spezialschar if the Fourier
coefficients of I satisfy the relation
Arnrm) = Y0 e (B 00)
d|ged(n,r,m)

QJ*
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for every m,n,r € Z with m,n,4mn — 2 > 0. We denote the space of Maass
spezialschar by S};/I(F?)(M )). Note that the space of Maass forms and Maass cusp
forms are invariant under the action of Hecke operators. We now have the following
theorem relating Jacobi forms to the Maass spezialschar.

Theorem 2.5. ([12]) Let F € S,I;/[’HQW(FE)Q)(M)) and write the Fourier-Jacobi expan-
sion of F as

F(r,z,7) Zgbmrz (mt").

Then one has

F(r,z,7) = Z (Vind1) (7, 2)e(mt")

m=1
and the association F' +— ¢1 gives a Hecke equivariant isomorphism between the spaces
S’,I;/I’new(r((f)(M)) and J29(DY(M)). Here Vi, is the index shifting operator defined
by

D r r2—D

— k—1
Vind = Z Z d"" ey <d2’d> e( y T+7“Z)
D<0,reZ d|ged(n,r)
D=r?(mod4m) \ D=r2(mod 4md)
for ¢ € J.1(T3(M)).
Combining all of these results gives the Saito-Kurokawa correspondence for odd
square-free levels.

Theorem 2.6. ([12]) There is a Hecke equivariant isomorphism between the spaces
SV (To(M)) and S’};/[’“ew(F((f)(M)) so that if f € S3V,(To(M)) maps to Fy €
SM, “eW(I‘(()z)(M)) one has
(2) L*(s,Fy,Spin) = ((s —k + 1)((s — K + 2) L(s, f)
where we define the modified Spinor L-function by

L*(s, Fy,Spin) = (v (s — k + 1)Car(s — & + 2)L(s, Fy, Spin)

where

Cu(s) = [[a-p)~"

p|M

Corollary 2.7. If f € S5c%,(To(M),O), then Fy € S};/[’“ew(F((f)(M),O). IfOis a
discrete valuation ring, then Fy has a Fourier coefficient in O .

Proof. This follows from the formulas given above combined with the Maass relations
and the formula for the index shifting operator V,,. O

Corollary 2.8. Let f € Si(T'o(M)) be newform and Fy the Saito-Kurokawa lift of
f. One has that F§ = F}.
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Proof. This is straightforward by viewing the lift through the isomorphisms described
above. For example, observe that SHp(f)¢ maps to f¢ under the given isomorphism,
as does SHp(f¢). Thus, we must have SHp(f¢) = SHp(f)°. The others are even
more obvious. Thus, we have that F§ = Fye. However, since f is a newform we know
that f¢ = f. This follows immediately from the fact that the Hecke operators are
self-adjoint with respect to the Petersson product. This gives the result. O

The following theorem is an easy generalization of Theorem 3.10 of [4].

Theorem 2.9. Let M and N be positive integers with M odd and square-free and
M | N. Let x be a Dirichlet character of conductor N. Let f € S5V, (To(M)) be
a newform and Fy the Saito-Kurokawa lift of f. The standard zeta function of Fy
factors as

LZN(QSa Ff7X7 St) = LEN (25 - 27X)L2N (25 + K- 37 f7 X)LZN (25 + K= 45 fa X)
where for an L-function L(s) =[], Ly(s), we write

LN (s) = ] Lu(s).

pEEN
We will also make use of the following result relating (Fy, Fy) and (f, f).

Theorem 2.10. ([3], Theorem 1.1) Let M = p1 ...py, f € SZE¥5(To(M)) a newform,
and Fy the Saito-Kurokawa lift of f. Let D < 0 be a fundamental discriminant with
ged(M, D) = 1, xp the associated quadratic character, and csy,r)(|D|) # 0. Then
one has

lesHp () (ID))I? Lk, £)

3 F F :Bn
(3) (Fy, Fy) ’MW‘D|~73/2L(/$—17f7XD)

(f: 1)

where .
M* (k= 1) T, (07 +1)
2n+432 [Sp, (Z) : TSP (M)

B =

3. The conjecture

In this section we recall the conjecture of Katsurada for congruence primes of Saito-
Kurokawa lifts of full level and then state a generalization of this conjecture to the
case of odd square-free levels. We begin with some notation.

Definition 3.1. Let f,g € S.(T'o(M),O). Let p be a prime of O. We write
f=g (modp™)

to indicate a congruence of Fourier coefficients, i.e., that (a;(n) —ay4(n)) € p™ for all

n. If f and g are Hecke eigenforms and we wish to denote a congruence of eigenvalues,
we write

f=eg (modp™).
Furthermore, if we wish to indicate a congruence of eigenvalues away from a finite set
of places X we write
f EeV,Z g (mOd pm>
We use the same notation for Siegel modular forms.
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Let F € S, (To(M)) be a Hecke eigenform and let Q(F') denote the finite extension
of Q generated by the eigenvalues of F. Let V C S.(Sp4(Z)) be a subspace that
is stable under the Hecke algebra and assume that V' C (CF)* where (CF)* is the
orthogonal complement of CF' in S, (Sp,(Z)) with respect to the Petersson product.
Let Og(ry be the ring of integers of Q(F).

Definition 3.2. A prime p of Og(p) is said to be a congruence prime of F with
respect to V. C (CF)* if there exists a Hecke eigenform G € V so that

F =e 5, G(modp)

for p a prime of Og(r)-g(c) that divides p. We simply say p is a congruence prime of
Fif V = (CF)*.

One has the following conjecture of Katsurada.

Conjecture 3.3. ([10]) Let k > 2 be even and f € Sa,_2(SL2(Z)) be a normalized
eigenform. Let p C Og(y) be a prime with p { (25 —1)!. Then p is a congruence prime
of Fy with respect to SM(Sp4(Z))* if and only if p | Lag(r, f).

In fact, Katsurada’s conjecture is more general than stated here as it deals with
Tkeda lifts, but we restrict to the case of interest. Katsurada provides evidence for
this conjecture via the following theorem.

Theorem 3.4. ([10]) Let k > 2 be even and f € Sox_2(SLa(Z)) be a normalized
eigenform. Let p be a prime of Q(f). Furthermore, assume that
(1) p | Lalg(’%a f)’
(2) p does not divide
2
D (26— 1) Cag(2m) - Lag(k = 1, £,xp) - [ [ Larg(@m + £ — i, f)
i=1
for some 2 <m < k/2—1 with D <0 a fundamental discriminant.
Then p is a congruence prime for Fy. Furthermore, if one assumes that
(1) f is ordinary at p;
(2) p does not divide

1<(k—1)/6 Fuf
then p is a congruence prime of Fy with respect to SN (Sp,(Z))*.
We have provided evidence in previous work on this conjecture as well. For exam-
ple, we have the following theorem (rephrased here in terms of the conjecture):

Theorem 3.5. ([4], Theorem 6.5) Let k > 9 be even and f € S2,_2(SLa2(Z)) be a
normalized eigenform. Let p be a prime of Q(f) with residue characteristic p so that
p > 26 — 2. Furthermore, assume that p;, is irreducible, f is ordinary at p, and
p | Laig(k, f). If there exists an integer N > 1, a fundamental discriminant D < 0
with p 1 ND, and a Dirichlet character x of conductor N so that

p )f LZN (3 — K, X)Lalg(lf - 1a fu XD)Lalg(17 f7 X)Lalg(27 fa X)a

then p is a congruence prime of Fy with respect to SM(Spy(Z))*.
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One should note the main difference in the two results is that while Katsurada’s
result allows one to vary the special value one wants to “miss”, our result allows one
to vary a character. One can find similar results in [5] where the result is in terms of
twisting by a modular form instead of a character.

The point here is to extend this conjecture to the case where the Saito-Kurokawa
lift has level T’ 82) (M). We propose the following conjecture.

Conjecture 3.6. Let k > 2 be even, M a positive square-free integer, and f €
S5V, (Lo(M)) a newform. Let p C Og(yy be a prime with p { M(2x—1)!. Then p is a
congruence prime of Fy with respect to S};/I’“ew(Fgf)(M))J— if and only if p | Laig(%, f).

Furthermore, if there is a basis of newforms for S35¥,(I'o(M)) or py,, has Serre level
M, then p is a congruence prime of Fy with respect to S}XI(F(()Q) (M))* if and only if
p | Lalg(’iaf)'

We will provide evidence for this conjecture in Theorem 5.9 and Corollary 5.10.

4. Eisenstein Series

In this section we define a general Siegel Eisenstein series as well as choose an
appropriate section for our purposes. We then review relevant properties of this
particular Siegel Eisenstein series. Many of the results are due to Shimura, and those
not contained in the works of Shimura can be found in [4]. The interested reader is
advised to consult there for proofs and a more complete exposition than is given here.

To ease notation we set G, = Sp,,, in this section. Let S,, be the set of n by n
symmetric matrices. We let P, = U,Q,, denote the Siegel parabolic subgroup with

unipotent radical
1 =z
Un—{u(x)— (O 1) .xeSn}

Qn = {Q(A) _ <81 tAO_l) L Ace GLn}.

Let N > 1 be an integer. For a prime ¢ define
Koo(N)={g9 € Gn(Qp) : ag,by,dy € Mat,,(Z), c, € Mat,,(NZ;)}

and Levi subgroup

and set

Ko s(N) = [ Kox(N).
lfoo

Note that if £1 N we have Ko ¢(N) = Mato,(Z¢) N G, (Qpg). Set
where i5,, = ils, and put
Ko(N) = KxKo f(N).

Let x = ®u,Xxo be an idele class character. For s € C, consider the induced
representation

Gn(A
I(x,8) = @ L(xers) = Ind (&) (x| %)
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consisting of smooth functions f on G, (A) satisfying

f(pg, s) = x(det(A))| det A[**f(g, s)

for p = u(x)Q(A) € P,(A) and g € G,(A). Given such a section, we define the
associated Eisenstein series by

Ei(g,5) = > (9.9).
YEPA(Q\G(Q)

We now specialize to the case of interest for our results. Let N and k be integers
with V > 1 and k > n + 1. We require x to satisfy

Xoo(2) = (g)

Xo(xz) =1ifvtoo, x € Z), and z = 1(mod N).

We choose the section f = ®,f, so that
(1) At the infinite place we set fo, to be the unique vector in I, (x, s) so that

foo(k;? K) = j(k‘vi)_ﬁ

for all k € K.
(2) For all vt N we set f, to be the unique Ky ,(N)-fixed vector with

fo(1) = 1.
(3) For all v|N we set f, to be the vector given by

fu(k) = xv(det(ar))

. _ [ak bk
for all k € Ko ,(N) with k = <ck dk) and

fv(g) =0

if g ¢ P (Qu) Ko, (N).
The Eisenstein series associated to this section is precisely the Eisenstein series used
in [4] and [16].
As we will be interested in classical applications, we associate an Eisenstein series
on h™ x C to Es(g, s) by setting

Ef(Za 5) = j(gooa i]-n)nEf(goo’ s)

where g € K so that g (i1,) = Z. The Eisenstein series Ef(Z, s) converges locally
uniformly on h™ for Re(s) > (n+1)/2.

Our next step is to study the Fourier coefficients of this Eisenstein series. It turns
out that it is easier to study the Fourier coefficients of a simple translation of Ef(g, s)
given by

Ef(9,5) = Ey(ge, " 9)

n
On _1n

where ¢, = <1n 0,

). We have the corresponding classical form E?(Z, s).
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Let L =S, (Q) NMat,(Z), L' = {s € S,(Q) : Tr(sL) C Z} and A = N~'L'. The
Eisenstein series E?(Z, s) has a Fourier expansion
E{(Z,s) =Y a(h,Y,s)e(Tr(hX))
heN
[n/2]
for Z = X+iY € h™. Set A¥~ (s,x) = L~ (2s, ) H LV (45—24, x?). We normalize
Jj=1
Ef(Z7 s) by setting at
_ n(n+2)
Dyi(Z,s)=n" "% AN (s, ) EH(Z, ).
We then have the following theorem.

Theorem 4.1. ([4], Theorem 4.4) Let n, N, and k be positive integers such that

N >1,n>2 k>n+1. Let x be an idele class character as above. Let p be

an odd prime such that p > n and p { N. Then D :(Z,(n +1)/2 — k/2) is in
f

Mo (D5 (N), Z, [, 7))
We now restrict to the case of n = 4. Recall that one has maps
h? xh* — b
(Z,W) (g V(I)/> = diag[Z, W]
and
Gy x Gy — Gy
aa 0 b, O

o 0 ag 0 bﬂ
(@) = axf= ca 0 dy O
0 ¢ 0 dg

One can use these maps to pull back the Eisenstein series E(g, s) from an automorphic
form on G4(A) to an automorphic form on G3(A) x G2(A). In particular, one can
pull back E;(3, (5 — x)/2) to a modular form of weight x and level 1"(()2) (N) in each
of the variables Z and W separately. There is extensive literature on such pullbacks

(1], 8], [9], [16], [17])
Define o =€ G4(A) by

Ig ifvtNorv=oc0
_ Iy 04
Tv = 02 IQ I 1fU|N
(12 02> 4

Strong approximation provides an element p € Spg(Z) N Ko(IN)o with the property
that N,|a(op™!), — I4 for every v | N. In particular, Ej |, corresponds to Ej(go~1).
Set

(4) EZW) = DEf‘pum;l) (diag[Z, W1, (5 — K)/2).

We then have the following theorem.
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Theorem 4.2. ([4], Theorem 4.5) Let N > 1 and £ > 9 be integers and Xy the set
of primes dividing N. For F € SN(F(()z)(N),R) a Hecke eigenform, p a prime with
p>2and pt N we have

(5) (EZ W), FW)) =13 A LN (5 — &, F, X, St)F(Z)
with £(Z, W) having Fourier coefficients in Z,[x] where
(_1)& 22&—3,UN

AN = S pa(2) s TO()

with vy = %1.

We note that &(Z, W) is a holomorphic cuspform in each of the variables Z and
W. One can see [6] for a proof of this fact in a more general setting.

5. A Congruence

Let k, M, and N be positive integers with £ > 9 even, N > 1, and M|N with M odd
and square-free. Let f € S35Vo(I'o(M)) be a newform. Let p be a prime of Og(s of
residue characteristic p so that p > 25 —2, pt N, p; , is irreducible, and p | Laig (s, f).
We fix once and for all compatible embeddings Q — Q,, Q — C and Q, < C. Let O
be the p-adic completion of Ogy) at p. Write @ for a uniformizer of O. In this section

we demonstrate how to use the Eisenstein series studied in the previous section to
obtain a congruence between the Saito-Kurokawa lift F; € S,E/I’new(ng)(M )) and a
cuspidal Siegel eigenform in SMmnew (F(()2)(M))J-.

Our first step is to replace £(Z, W) by a form of level FéQ)(M ) in each variable.
This is accomplished by taking the trace of £(Z, W):

En(Z,W) = > E(Z,W)|yxs-
yx 8T (M)xT (M) /(0§ (N) x5 (N))

It is easy to check that Ey(Z, W) is a Siegel modular of weight x and level FéZ)(M)
in each variable separately. The g-expansion principle for Siegel modular forms ([7],
Prop. 1.5) gives that the Fourier coefficients of y(Z, W) lie in Z,[x] in light of

Theorem 4.1. Observe that for F' € SH(F(SQ)(M)) one has

€z, W), F(W)) En(Z,W), F(W))

@) = 6 (M)’

Let fo = f,..., fm be an orthogonal basis of newforms for S5%,(Tg(M), Q). Let
Fy = Fy, Fi, ..., Fy be the Saito-Kurokawa lifts of fo,..., fin. Let Foy,..., Fiy,

Fri1,--.y Fyr be a basis of eigenforms of SH(F(()z)(M)) that are orthogonal with
respect to the Petersson product. Enlarge O if necessary so that the f; and the F; are
all defined over O. Using that Ey/(Z, W) is cuspidal in each variable, we can write

En(Z,W) =i ;Fi(Z)F;(W).

Combining this expansion with equation (5) we obtain the following lemma.
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Lemma 5.1. One has

m—+r

Em(ZW) =" ciiFi(Z)F,(W)

where
LEN (5 — K, FiaX? St)
7T3<FZ', Fz>

cii = Ag,N

It is now enough to study the p-divisibility of cg . To see why this is the case,
suppose we can write coo = — with b > 0 for some w-unit u. The following lemma

will show that the congruence we obtain is a nontrivial one.

Lemma 5.2. There is at least one ¢; ; #0 with 1 <i < m +r in the expansion

m+r

En(Z, W) = cooFr(Z)F (W) + Y ciiFi(Z)F,(W)

if we can write co0 = —5 with b >0 and v a w-unit.
Proof. Suppose that ¢; ; =0 for all 1 <¢ < m 4 r. We have
(6) W e (Z, W) = uF(Z)Fp(W).

We know from Corollary 2.7 that Fy has Fourier coefficients in O and there ex-
ists Tp so that w { Ap,(To). However, this gives a contradiction as we know the
Fourier coefficients of Ep(Z, W) are w-integral, and so in terms of Fourier coeffi-
cients @’y (Z, W) reduces to 0 modulo w. However, in terms of Fourier coefficients
we have that uFy(Z)F;(W') does not reduce to 0. O

Applying the same type of argument used in the proof of Lemma 5.2 we have that
m-+r
(7) uAp, (To)Fr(W) = = Y~ ¢ Ap, (To) F; (W) (mod @)
i=1
Thus, again using that v and Ap, (Ty) are w-units we are able to conclude the following
theorem.

Theorem 5.3. Let M be odd and square free, N > 1 an integer so that M|N and
Kk > 9 an even integer. Suppose that there exists b > 1 and a w-unit u so that
L¥~(5 — K, Ff,x, St) u

A = —.
N 73 (Fy, Fy) wb

Then there exists a non-trivial G € S’,{(I‘(()Q)(M)7 O) distinct from Fy so that
F; = G(mod @),

namely,
—wb m—+r
= Ar (To)F;
G(W) UAFf(TO) ;Clﬂ Fz( 0) ’L(W)7

i.e., p is a congruence prime of F.
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Before we study cg o we deal with the issue that the G constructed in Theorem 5.3
could be in Sg/l’“ew(F(()2)(M )). We will require a particular Hecke operator to remove
other Saito-Kurokawa lifts in SM’“QW(FSQ)(M )) that are possibly congruent to F.

Before we state that result, we need the following result on the existence of canonical
periods associated to a newform.

Theorem 5.4. ([15], Theorem 1) Let g € S,.(T'o(M), O) be a newform. There exists
complex periods Qgi such that for each integer 7 with 0 < j < k and every Dirichlet
character x one has

L(j,9,x) { Q, 0y if x(=1)=(-1),

T()@2ri) T | QO0y i x(=1) = (=1)"",
where T(x) is the Gauss sum of x and O, is the extension of O generated by the
values of x. We write

L(j,9,x)

. 7 .
Lalg(]ag X) = (X)(2 Z) Qgi
where the appr opriate Qg:t is chosen.

Theorem 5.5. ([2]) Let f = fo,..., fm € S5V (Do(M), O) be a basis of newforms.
Suppose that py ,, is irreducible. If M > 4 there exists a Hecke operatorty € ']I‘(l)(2m—

2,0) so that
_Joagf difi=0
brfi= { 0 otherwise
where ay = ugﬁ{),{) and uy € O*. We have the exact same result in the case M €
5oy

{1, 3}, we just require the additional assumption that f is ordinary at p.

We use the fact that the Saito-Kurokawa correspondence is Hecke-equivariant to
conclude that there exists t}z) € T®(x,0) so that

@) _ opFy ifi=0
thl_{O if1<i<m.

We now return to the congruence

b m—+r
- _Tw - ) b
Fy(W) = WA, (7o) ; ciiAp, (To)F;(W)  (mod ).

As the Hecke operator t?) is defined over O, we can apply it to the congruence to

obtain

b m+r
W) = w E : (2) b
arF = AR (T F; (W .
f f( ) uA f(To) 2 Cii Fl( o)tf z( ) (modw)

The operator tgcz) kills any Saito-Kurokawa lifts in Sg/[’new(l“gf) (M)) in the sum defin-
ing G. Thus, we have

m—+r
Frw)=a;' Y et PF(W)  (mod w’)
i=m-+1
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where the F; are in S%new(Fg)(M))L. Rename G as
m-+r
_ 2
GW)=a;' 3 exn(tP)EW).
i=m-+1
We would like to have a congruence to an eigenform. We can achieve this, assuming
we can write
L¥~ (5 — i, Fy, X, St) U
AK N = 3
’ 3 <Ff7 Ff> wb
for some b > 1 as follows. Let F € S,‘;(F(()z)(M)7 O) be an eigenform for T(2):= (x5, O)
where T(2):>um (K, O) denotes the Hecke algebra generated over O by the Hecke oper-
ators T'(n) with ged(n, M) = 1. Recall we can associate to F' a maximal ideal mp
of T?)=u (5, O) by setting mp = ker(sp) where ¢p : T?)>M (K, 0) — O — O/w is
defined by sending ¢ to Ap(t)(mod ). We will make use of the following well known
result.

Proposition 5.6. The Hecke algebra T?)>M (r, ©) factors as
T(2),2M(,€’ 0) = HT(2),2M (K, O)m

m

where the product runs over all mazimal ideals of T > (5, 0) and TRV EM (k, O)
denotes the localization of T)*M (5, O) at m.

We have the following immediate corollary.

Corollary 5.7. Let F,G € S,{(F(()z)(M),O) be eigenforms for TZ)>m (k5 O). There
exists a Hecke operatortg € T M (k, O) so that toG = G and tgF = 0 if F Fev.Su
G (mod w). If F =ey»,, G (mod w), then tcF = F.

Lemma 5.8. Let G € S}Q\/I’“W(F(()Q)(M))J- be as above so that we have the congruence
G = Fy(mod w®). Then there exists an eigenform F so that F € S}Q/I’“e""(1"((32)(M))L
so that

Fi =ev,2, F(modw).

Proof. Let tr, be as above. If F; #ey 5, Fy(modw) for every i then applying tx, to
the congruence G = Fy(mod w) would then yield Fy = 0(mod @), a contradiction to
the fact that Ar,(To) € O*. Thus there must be an i so that Fy =y x,, Fij(modw).

]

After acting by the Hecke operators, we have reduced the problem to studying the
conditions under which we can write aycgo = =5 for some b > 1. We wish to give
these conditions in terms of special values of the L-function associated to f as well as
twists of this L-function by Dirichlet characters.

We can apply Theorems 2.9 and 2.10 to write

LEN (3 — R, X)L(K’ B 17 f7 XD)LEN (17 f7 X)LEN (2a fa X)
w2 L(x, /)2 0

afcoo = Cu,M,N

where
VNDn22x+n+13uf
M* (k= 1) D32 lesyy, () (IDDPLGM) : THN) L=, (07 + 1)

Co.M,N =
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where M =p1 - pn.

We begin by investigating C, ar,n. Note that everything in the numerator (respec-
tively the denominator) of Cy ar,nv is integral. Note that as long as we choose D so
that p t+ D, we will not have any w’s in the numerator as we assumed p > 3 so w
cannot divide 2 or 3. Thus, we have that

OI‘dw (CH,M7N) S 0.

We can write
LEV (1, f0L=N (2, £,x) _ 700*(270)* Laig (1, f, ) Laig (2, f X).

Qra; Ly (1, f,xX)Lsy (2, f, %)

We also know that if pt N then L¥~ (3 — k, ) € Z,[x]. If we require that xp(—1) =
—1, then we have

L(H — 17f7 XD) _ T(XD)Lalg(H — 17f7 XD)

Lalg(ﬁv f) B (QWi)Lalg(Hv f)
Since p{ DN we have that 7(x) and 7(xp) are w units. Thus, we have that if

ord,, <L2N (3 — K X)Lalg(‘% -1, .fa XD)Lalg(L f7 X)Lalg(27 fv X)) <0
Lalg(ﬁv f)
then we will have ords(afcoo) < 0 as desired. This certainly is the case if we can
choose D and x so that p { L¥¥ (3 — k,X)Lag(k — 1, f, xD)Laig(1, f, X) Laig(2, f, X)
since by assumption we have p | Lag(%, f).
We summarize with the following theorem.

Theorem 5.9. Let M be a positive odd square-free integer and k > 9 an even integer.
Let f € S55%5(To(M)) be a newform, p C Oq(yy a prime with residue characteristic
p > 2k —2 so that p{ M, p;, is irreducible, and p | Lag(x, f). (If M = 1,3 we also
require f to be ordinary at p.) Let Fy be the Saito-Kurokawa lift of f. If there exists
a fundamental discriminant D so that ged(pM,D) =1, D <0, xp(—1) = —1 and
csr(p)(|D]) # 0, an integer N > 1 with M|N and p { N and a Dirichlet character x
of conductor N such that

poLE (3 = 5, X) Latg (5 = 1, £, x0) Latg (1, £, ) Lag (2, [ X)),
then there exists a nonzero eigenform G € S,I;A’HEW(F%(M))J‘ so that
Fr =ev 5, G(modp),
i.e. p is a congruence prime of Fy with respect to S}:/I’HEW(FE)Z)(M)))J‘.

Note that if we add the condition that Sa,;_2(I'o(M)) has a basis of newforms,
then we have Sg/[’new(F(()Q)(M)) = S};/I(F((f)(M)). Alternatively, if we require that
prp has Serre level M then we have that f cannot be congruent modulo p to a
form of smaller level. In particular, this gives that Fy cannot be congruent to any

F, € SMTP(M)) — sMnew (T2 (M), Thus, we obtain the following corollary.

Corollary 5.10. Let M be a positive odd square-free integer and £ > 9 an even
integer. Let f € S3eVo(To(M)) be a newform, p C Oqy) a prime with residue
characteristic p > 2x — 2 so that p { M, p;,, is irreducible, and p | Lag(k, ). (If
M = 1,3 we also require f to be ordinary at p.) Furthermore, assume that either
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Son—2(To(M)) has a basis of newforms or p; ,, has Serre level M. Let Fy be the Saito-
Kurokawa lift of f. If there exists a fundamental discriminant D so that ged(pM, D) =

L,
an

D <0, xp(=1) = =1 and csp5)(|D|) # 0, an integer N > 1 with M|N and p { N
d a Dirichlet character x of conductor N such that

p Jf LEN (3 - KvX)Lalg(H - 17 f7 XD)Lalg(la faX)Lalg(27 fv X)7

then there exists a nonzero eigenform G € SN(T3(M))*L so that

i.e

Ff =ev. 5, G(modp)
. p is a congruence prime of Fy with respect to S};/I(F(?)(M)))L.
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