ON THE ACTION OF THE U, OPERATOR ON THE
LOCAL (AT p) REPRESENTATION ATTACHED TO
CONGRUENCE LEVEL SIEGEL MODULAR FORMS

JIM BROWN AND KRZYSZTOF KLOSIN

ABSTRACT. In this article we study the action of the U, Hecke operator
on the normalized spherical vector ¢ in the representation of GSp,(Qp)
induced from a character on the Borel subgroup. We compute the Pe-
tersson norm of Up¢ in terms of certain local L-values associated with

0.

1. INTRODUCTION

In the theory of automorphic forms on algebraic groups the U, Hecke
operator arises in many applications. For instance, it plays a prominent role
in the study of theta cycles of modular forms on GLg [2] and in applications
to producing congruences between values of the partition function p(n) [3,
12]. The U, operator is used in the theory of harmonic weak Maass forms
to “shed” the non-holomorphic part [15] and in studying class polynomials
[4]. The study of the properties of this operator plays a crucial role both
in Hida theory [13] (modular forms of slope zero), where it is used to define
the ordinary projector, and in the theory developed in the GLs context by
Coleman and Mazur [11] (modular forms of finite slope) and later generalized
to other algebraic groups by several authors (see e.g., [8, 9, 10, 21]).

In this article we study the U, operator acting on automorphic forms
on the symplectic group GSp,. Some of its properties in this setting were
initially studied by Taylor in his thesis [20, Chapter 3] with the aim of
formulating the theory of A-adic Siegel modular forms.

An important theme in the study of p-adic properties of automorphic
forms on a reductive group G is the construction of congruences among
them. A new method of exhibiting such congruences via computing Peters-
son norms of automorphic forms arising as lifts from proper subgroups of G
was developed by several people including the authors (see e.g., [1, 5, 6, 14]).
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This method can be extended to the context of p-adic families resulting in
the need for computing certain ratios of Petersson norms. Omne such ra-
tio of interest is the focus of this paper, namely we compute % for
a spherical vector ¢ lying in the local at p component of an auto}norphic
representation associated to a general Siegel Hecke eigenform on the group
GSp,(Aq) of congruence level prime to p. In doing so we show that this
ratio is very closely related to a ratio of certain local L-functions attached
to ¢ (cf. Theorem 1.1). This is in line with a similar result for automorphic
forms on the group GLo, where one shows that the ratio of the norm of
Up¢ and the norm of ¢ is related to a special value of the symmetric square
L-function of ¢ (cf. [7]).

Let us now state the main result of the paper. Let p be a prime and N
a positive integer with p f N. Let F be a Siegel modular form of genus
2, congruence level Ko(NN) (see below), and trivial character. We assume
that F' is an eigenform for all Hecke operators. Write 7p for any (of the
finitely many) irreducible cuspidal automorphic representations generated
by the automorphic form associated to F. The isomorphism class of the
local component 7, (at p) of 7 depends only on F' and not on the choice of
7. Pitale and Schmidt (see e.g., [16, Proposition 1.1] or [17, Theorem 3.2])
give a complete description of the representations of GSp,(Q,) which can
occur as T, for some I as above. In particular they divide the possible local
representations into three groups (the tempered case (T), the complimentary
case (C) and the Saito-Kurokawa case (SK)). However, thanks to the result
of Weissauer proving the Ramanujan conjecture for (non-CAP cuspidal)
Siegel modular forms [22], we can dispose of the complimentary case as it
would violate the conjecture, leaving us to consider only the tempered and
the Saito-Kurokawa case.

Since p t N the form F' gives rise to a spherical vector ¢ inside the space
of mpp, which we fix by demanding that ¢(k) = 1 for all k& € Ky(1) :=
GSpy(Z,). Let T, = Ko(1) diag(p, p, 1,1)Ky(1) be the standard Hecke oper-
ator at p. Since it is possible to treat F' (and hence ¢) simultaneously as a
form of level N and as a form of level Np, we can study the action of a dif-
ferent Hecke operator, namely the operator U, = Ko(p) diag(p,p, 1,1)Ko(p)
which we normalize to U, := [Ko(1) : Ko(p)]U,, where Ko(N) denotes the
subgroup of GSp,(Z,) consisting of matrices all of whose entries in the lower-
left 2 x 2 block are divisible by IN. The goal of this article is to compute

7<U’Z£’g>”¢> for the
F(;r the convenience of the reader let us state here the main result of the

paper - cf. also Theorem 9.1 and Corollary 9.3. For the definitions and
notation we refer the reader to the main content of the article.

(unique up to scalar) inner product (-,-) on mg,.

Theorem 1.1. Suppose that Il := 7p;, = x1 X X2 X 0. Then

(qub, Up¢> .2 2 pg(P—l) )
e oot (14 R,
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where

L(0, 11, St)

X = :
C(0)L(0, BC(m(x1, x2)))L(0, BC(m(x1 ' x2 1))

Here L(s,11,St), (resp. L(s,BC(w(x,X')))) denotes the pth Euler factor
of the standard L-function of 11 (resp. of the base change L-function to
the unique unramified quadratic extension of Q, of the GLa-representation
7(x,X') induced from the characters x and x'). Also ((s) := (1 —p~*)~! is
the pth Fuler factor of the Riemann zeta function and while it is undefined
at 0, the ratio L(0,11,St)/C(0) still makes sense.

The proof of Theorem 1.1 is elementary in nature. It consists of a careful
study of the permutation action of an arbitrary element g € Ky(1) on the
left cosets bK(1) of the operator T}, (see section 2 for details).

2. THE U, OPERATOR

Let p be a prime. Set
H :=GSpy = {9 € GLy: gJ'g = pu(g)J, u(g) € G}

02 1o

where J = [_12 0y

integer N set

} and G, is the multiplicative group. For a positive

Ko(N) := { {é g] € H(Z,) | A,B.C,D € Mats(Z,), C =05 (mod N)} .

In particular, Ko(N) = H(Z,) if p { N. The group H(Q,) is endowed
with a unique Haar measure normalized so that vol(Ky(1)) = 1. For a right
Ko(1)-invariant continuous function ¢ and g € H(Qp) define the T, Hecke
operator as

(T,6)(g) = / o(gh)dh.

Ko(1) diag(p,p,1,1) Ko(1)

Lemma 2.1. [20, p. 38] One has

Ko(1) diag(p, p, 1,1)Ko(1) = |_| bKo(1),
beB
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where B = By U By U B3 U By and

B = { [(1)2 Ez] diag(p,p,1,1) : E € Mats(F)), 'E = E} ,

1
([1 0 0 0O
Bo=4 |5 10 "2 qiag(1,pp,1) 0,2 € F
2 — 0 0 1 —zx lag(l,p,p, ‘T,z p (>
_O 0 0 1
([1 0 = O
01 0 0] ,.
B3 = 00 1 0 diag(p,1,1,p) 1z € Fp, » ,
_0 0 0 1
B4 = {dlag(lv 17p7p)} .

Note we have #B1 = p3, #By = p?, #B3 = p, and #B4 = 1. We define the
action of the U, operator on continuous functions which are right-invariant
under Koy(1) as

(U,6)(g) = / o(gh)dh.

BlKo(l)

Remark 2.2. One can check that Lemma 2.1 holds also if one replaces
Ko(1) with Ko(p) and the union over B with the union over B;. This implies
that our definition of U, agrees up to a scalar multiple (with the scalar equal
to p3+p? +p+1 - cf. Lemma 4.2) with the definition (mentioned in section
1) in which one integrates over the double coset Ky(p) diag(p,p, 1, 1)Ko(p).

Lemma 2.3. If g € Ko(1) there is an injection o4 : By — B such that for
every 8 € By there exists an element k(g, ) € Ko(1) with the property that

98 = o4(B)k(g, B)-

Proof. As g € Ko(1)diag(p,p,1,1)Ko(1), the existence of o, and k(g, )
follows directly from Lemma 2.1. If o4(8) = 04(3’) then one gets Bk(g, 3) ! =
B'k(g, )"t and hence B = B’ by the disjointness of the union in Lemma
2.1. Ol

3. THE NORM OF U,¢

From now on we denote by | - | the complex modulus and by | - |, the
p-adic norm normalized so that |pl|, = p~ . We fix an inner product on the
space of continuous functions on Ky(1) as follows. Given two such functions
¢ and ¢, we set

(6. 0) oq1) = / $(9)0(g)dg.

Ko(1)
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Following the conventions of [20] we fix a Borel subgroup B C H defined
by

* *
* b * *
B = wa-l o« | a,b,u € Gy,
ub~t

We caution the reader that the Borel B chosen here differs from the one
used in [16], a source we will sometimes refer to. The relation between B
and Bg (the Borel used in [16]) is the following

B = diag(A, A)Bg " diag(A, A), where A = [(1) (1)]
In particular the representation of H(Q,) which in [16] is denoted by xi x

X2 X o in our setup is the representation induced from the character ¥ given
by:

a * *
x b * * _ _
v wa-l s |7 x1(ub™ M x2(ua o (u).
ub~!

More precisely, x1 X x2 X o is the representation whose space consists of
smooth functions

f+ H(Qp) — Csuch that f(bg) = 5(b)/*W(b) f(g), b € B(Qy), g € H(Q,).
Here § is the modulus character given by (cf. [20, p. 37])

a * *
* b * * _
0: -1 = a3,
ua *
ub~t

The normalized spherical vector ¢ is then defined as

a * %
x b * * _ _ _
10) wa—1 . = ]a2b4u 3\[1,/2X1(ub 1)X2(ua 1)0’(u).

In particular for § € B; we have ¢(f) = vjo(p) where

p 32 j=1
Lol el =
70 x(p) j=3

P 2x1(p)x2(p) =4

We will now express the value (U,¢)(g) for an arbitrary g € Kp(1) in
terms of the volumes of certain subsets K of Ky(1). Given g € Ky(1), let
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n;j(g) be the number of elements of B; that are in the image of o : By — B
for 5 =1,2,3,4. We have

4 4
Ud)0) = Y /ﬁ o PN =3 T )=o) o mlor

BeB1 j=1pBeB;jNImoy

This gives

Uy = [ (U)o T s

Ko(1)
(3.1)

4
— oY /K o riomstonids

ij=1

Remark 3.1. Any H(Q,)-invariant inner product (-, -)’ is a scalar multiple
of (-,-). Hence (3.1) may be rephrased independently of the choice of (-,-)’
as

U, Uplicy N _
- 7 j i dg.
(0 ) ko) lo(P)] Z/ n;(9)n;(9)vi7;dg

Ko(1)
This is so since (¢, ¢>K0(1) =1as ¢(k) =1 for all k£ € Ky(1) by our choice
of ¢ and vol(Ky(1)) = 1.

For s = (s1, 82,53, 84) € Z*, define
K, :={g € Ko(1) | nj(g) =s; forall j =1,2,3,4}.

Then we obtain

4
<Up¢7 Up(b)Ko(l) = ’U(p)|2 Z Z / 555777549
(3.2) ij=1scza ’ Ks
' 4
= |o(p)|? Z vol(K) Z $iS§Yi7Y;-

SEZ4 7”.7:1

Note that, of course, the sum over Z* is in fact a finite sum. Our goal in the
next few sections will be to calculate vol(Kj) for each 4-tuple s. To achieve
this we proceed as follows. After some preliminaries (section 4) we will show
in section 5 that for an arbitrary g € Ko(1), na(g) = 1 if the determinant of
the lower-left 2 x 2-block of g is not zero mod p and n4(g) = 0 otherwise.
Then in section 6 we will compute the values n3(g) for an arbitrary element
g € Ko(1) and in section 7 we will compute the values na(g). From these
three the value n;(g) is determined - see also section 5. Finally, in section 8
given all the possible combinations of s1, s3, s3 and s4 we will compute the
corresponding volumes vol(Kj).
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4. SOME DECOMPOSITIONS

We begin by recalling a couple of elementary lemmas. The first is the
well-known formula giving the order of the symplectic group over a finite
field. From now on we set G = H(F,).

Lemma 4.1. The order of G is given by
#G =p'(p— 1’ (p+1)*(* + 1)

Proof. For the order of Sp,(F)) see e.g. [19]. The lemma follows from this
and the fact the similitude map p : G — F is a surjection. U

Lemma 4.2. ([18, Lemma 5.1.1]) We have
[Ko(1) : Ko(p)] =p° +p* +p+1

In fact, we have the following coset representatives:

1000
o100
=10 010
0 0 0 1]
[1 0 0 0]
0100
522001011)2, ZGFp
_0201_
[1 0 0 0]
0100
53 - O y 1 0 w2w17 y7z e Fp
ly =z 0 1]
(1 0 0 0]
0100
54:a:y10w2w1w2’ x,y,z €Fy
y =z 0 1]
where
0100 1 0 00
" 1000 o _ 00 01
=10 0 0 1 2710 0 1 0
0010 0 -1 0 0

Let P denote the standard Siegel parabolic subgroup of G. Note here
that P is just Ko(p) modulo p and so #P = p*(p — 1)3(p + 1) by Lemmas
4.1 and 4.2.
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Let
a’n a’12 b,11 b/12
[Ai Bi] _ aby  aby 5:21 bi22 cp
0 0 d’21 dy
Note that

(4.1) D =a-t(A) = a G2~ for some o € F

' det A’ _a112 alll P

The group K(1) can be partitioned into the following collections, the first
one equal to Ky(p), the second one containing p cosets of Ky(p) in Ky(1),
the third one containing p? such cosets and the last one containing p3. They
are:

(4.2)
; _ _ B _ | ay axn by by
collection G1, detC =0, g= 0, D] 51 = 0 0 d. d,
0 0 dy dby
: _ _ B _ | aa —byy by byz+an
collection Gy, detC' =0, g= 0, D] 59 = 0 —d, d, i
0 —djyy dy doyz
. B —byy by +a y+by2z+a
collection Gz, det C =0, g¢g= 53 = 72 22 21 721 22 22
’ 70 DT 1oy Y+ dje
—d3s 59Y 51y + doo2
o
collection Gy, det C #0, g= 64 g, 54
L 2 -
by =W byt baz +aly Uzt bioy +ayy
_ | bhe by by bhyz+agy bhyyw+byyy +ay
—dyy  —dy dyy + dpz dy & + dyay

Whenever we use primed variables in the following sections, they will
always denote the variables above.

5. THE B; AND B4 CASES

In this and the following two sections we will compute the numbers n;(g)
(cf. section 3 for definition) for g € Ky(1) and j = 2,3,4. However, let us
record here an easy lemma pertaining to n1(g). This lemma will allow us to
restrict to the case C'# 0 (mod p) in all future considerations.

Lemma 5.1. If g € Ko(p), then Imo, = By, i.e., ni(g) = p> (and thus
na(g) = ns(g) = na(g) = 0).

/
bll
21

11
21
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Proof. This is straightforward. O

We now deal with the case when g = diag(1, 1, p, p), i.e., 8 € By, as this
case is simplest.

Proposition 5.2. Let g = [é IB;

and let o4 : By — B be the induced injection. Then diag(1,1,p,p) is in the
image of o4 (i.e., na(g) = 1) if and only if det C # 0 (mod p).

:| S Ko(l) with A,B,C,D € Matg(Zp)

Proof. Let pt2 .| € Bi. Here E is a symmetric matrix with entries in
2

Z, and to get all the elements of B; we need to run over all £ mod p. We
would like to show that there exists such a symmetric matrix £ and a matrix
g= [g g € Ky(1) such that

R Il A R e

if and only if det C' # 0 (mod p). Reducing the matrices mod p we obtain
the following set of equations

0y =A
(5.2) AE+B—B
CE + D = 09,

where all of the equalities (as well as the equalities below) are mod p. Note
that if such an F exists, it is necessarily unique.

Suppose first that det C # 0. Then E = —C~!D is a solution to (5.2).
Here the only thing to check is that —AC~'D + B is invertible, but this
follows from the fact that

A B| _ JACT! 1] C D
C D| 1o Oo2f |00 B — ACT1D|"
Suppose now that det C' = 0 and that a unique E exists. Write g as am,

where m € P and « is one of the coset representatives of G/P as in (4.2).
Similarly write g = am. Then (5.1) becomes

(5.3) ar [02 i] (7?)—12[12 02] a.

Computing the left hand side we get a [8; )E(

uniquely determined by E) and X € GLo(F,). Now redefine A, B, C, D, A, E, 5’, D

according to:
o= and o= .

} , where F is symmetric (and

C D C D
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Then (5.3) translates to the following system of equations

0y =A
(5.4) AE + BX =B
CE + DX =0.

The last equality implies that if det C' = 0, then det D = 0.
A B

Multiplying the matrices in Lemma 4.2 we see that both [ c D

] and

[4 g] belong to the set

C
1 1 1
1 1 1 1
4, 1 ) y 11> -1 y x
-1 z -1 y =z -1 z Yy

Since det C = 0 and det D = 0, we see that the only possibilities for o are
the second matrix (with z = 0) or the third one (with z = 0 and arbitrary
y). However, in both cases it follows from the third equality in (5.4) that X
cannot be invertible, which leads to a contradiction. O

6. THE B3 CASE

Proposition 6.1. Let

ai1 a2 bir bio

A B a1 az bar  bao
= = c Ko(l) — K| .
g |:C D:| €11 C1o d12 d22 0( ) 0(p)

c1 €2 do1 dao

As above let nj = nj(g) denote the number of elements of Bj in the image of
04. Let Co denote the second row of C. Below the conditions on the entries
of C are to be taken modulo p.

(1) If detC # 0, then nzg =p — 1.
(2) If det C =0 and Cy # [0,0], then ng = p.
(3) Otherwise ng = 0.

Proof. We must calculate for how many values of x € F, there exists a
symmetric £ € Mato(F)) and g € Ky(1) such that

P X
p12 E o 1 ~
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Reducing modulo p and eliminating the primed variables we see that such
a pair g, I/ exists if and only if one has

first row of AE + B =x - (first row of CE + D);

6.1
(6-1) second row of CE + D =10,0],

(where this equality and all subsequent ones are modulo p) which in matrix
form can be re-written as

a1 — xC11 a2 — TC12 0 o1l xdi1 — b1
. 0 ail — TCi1 a2 — TC12 . |xdi2 —bi2
yE = €12 | = D :=
21 €22 0 . —da1
0 21 22 —da2

We now use Gaussian elimination to study the existence of solutions to
the above equation. The matrix ) can be reduced to diag(1,1,),0) with
Vi = (det C)z — det F' where F' = 21 i;; . One can quickly see that no
solution exists unless )y # 0, in which case ) and [V|D] both have rank
3 so there is a unique solution £. If det C' # 0, this inequality is satisfied
for exactly p — 1 values of x. Let det C = 0. Then we see )y # 0 for each
possible value of z if and only if det F' # 0. Clearly we have if Cy = [0, 0]
then det F' = 0. Assume co1 # 0. This forces g to be in collection G3 and so
det F = a(dy,)?/det D' = acd;/det D' for some o # 0, and so det F' # 0.
(Note that when primed variables are used these are as in the collections
given in (4.2).) Thus, if det C' = 0 and ¢21 # 0 we have n3 = p. Now suppose
co1 = 0 and so det F' = aj1c92. If co9 # 0 then g must be in collection Gs.

Using this we see that a;; = —(det A”)caa/a for some nonzero a and so again
we have det F' # 0. Thus, if det C' = 0 and cg2 # 0 we have ng = p.
Finally, if det C' = det F' = 0 then n3 = 0. O

7. THE By CASE
Proposition 7.1. Let

a1 a2 bir b2

A B az1 az bar  bao
= = e Ko(1) — K, .
g [C’ D] i1 ciz dig da o1) o(p)

C21 €2 do1 dao

As above let nj = nj(g) denote the number of elements of Bj in the image
of o4. Let Cy denote the second row of C.

(i) If Cy #[0,0], then ne = p(p — 1).
(i) If C3 = 0 but C # 0, then ng = p°.
(iii) Otherwise ng = 0.

Proof. Let g = [é D

of z,z € F, there exists a symmetric £ € Maty(F)) and g € Ky(1) such

} € Ko(1). We need to calculate for how many values
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that
1
pls E| |z p —z| ~
1

As in the previous section this leads to a matrix equation, which in this case
is of the form:

c11 + xea c12 + zco2 0 .
0 c11 + xeon c12 + xca2 1
Y€ = e12
ag1 — Tail + zC21 a2 — TA12 + 2C2 0 .
0 az1 — xail + zco1  age — TaA12 + 2C20 22
—di1 — xdo
D —di2 — xdao
" | =ba1 + by — zdoy
—boo + xb12 — zd22
Row-reducing the matrix [Y|D] and assuming c¢11 + zco; # 0 we get
1 0 0 O
01 0 O
7.1 :
(7.1) 00 Vi
0O 0 0 O
where
c22Z + ¢ a11T — Ca12 — a
(7.2) Vi =—apx + ez + (22 12) (011 21 21) + az

21T + €11

and we note the bottom right entry is 0 due to g being symplectic. As
before, there is a solution £ if and only if either Yy # 0 or Jj = Vs = 0,
but as before we do not need to consider the latter. On the other hand if
co12 + ¢11 = 0, when we apply Gaussian elimination to [Y|D] we obtain the
same form as in (7.1) but with ) replaced by

(7.3)  V3:=(caz + c11)Vilesyatenn=0 = (€22@ + c12) (@117 — 212 — a91).

In this case again we only need to consider the case )3 # 0. Hence, in
both cases (which we will now treat simultaneously) we can consider the
inequality

(c217 + 11)D1 # 0.
7.1. Suppose first that co; # 0. We have
(7.4) (corx + c11) 01 = a(z) + (det C)z,
where

(7.5) afx) = (det F)2? + (det F' — det F")z — det "
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a a a a a a a a
and F = 11 12 7F/ — 11 12 7 F// — 21 22 7 F/// — 21 22 )
C21 €22 C11 C12 Cco1 €22 11 C12

Ifz = —%, ie., co1x + c11 = 0, then

C11 det C C11
a|l— | = ai1— +az1 | ;
C21 C21 C21

Vs = (cnz + c1)Wil,——en =a (—cll> + (det C)z
€21

(7.6)

C21

7.1.1. Suppose that det C # 0. The inequality co1z + c11 # 0 has exactly
p—1 solutions in z. Fix such a solution. Then for such a fixed z, }; # 0 has
exactly p — 1 solutions in z by (7.4). Also, since det C' # 0, there are p — 1
values of z that make Y3 # 0 for z = — £ by (7.6). Hence we conclude that
if co1 # 0 and det C' # 0, then there are exactly p — 1 values of z and for
each such z there are exactly p — 1 values of z such that both co1x+c¢11 # 0
and Y1 # 0 hold. Also, there is exactly one value of x and p — 1 values
of z such that both co1z + ¢11 = 0 and Y3 # 0 hold. Altogether this gives
(p—1)2+p—1=p(p— 1) matrices, hence ny = p(p — 1) in this case.

7.1.2. Suppose that det C = 0. If a(z) # 0, then for such x the inequality
Y; # 0 (for j =1, 3) has p solutions in z (from (7.4) or (7.6)). If a(x) =0,
then for such x we get that ); = 0 (j = 1, 3) for all values of z and for every
fixed value of z we would get p solutions E, so this is impossible. Let us
now see for what values of x we have a(z) # 0. Note that the conditions
c21 # 0 and det C' = 0 force g to be in collection Gs, and hence ca; = —dbs.
Thus det F' = a);dy, = a(dhy)?/ det D’ for some o # 0 and hence det F' # 0.
We compute the discriminant A of a(z) and get A = (det F’ 4 det F")2.
Again using the fact that g is in collection Gs, a quick calculation shows that
A =0 and thus = —Zll is the unique solution to a(z) =0, i.e., there are
p — 1 values of x for which a(z) # 0. Hence we have shown that whenever
c21 # 0, then ny = p(p — 1).

7.2. Suppose that co; = 0 and ¢11 # 0. Then the inequality co1z+c17 # 0
always holds, i.e., has p solutions in . The analysis is exactly the same as
before. We need to look for solutions in z to the inequality

11Vt = a(x)|eyy =0 + cr1c922 # 0.

If co2 # 0, this has p — 1 solutions in z. This proves (i) except in the case
when co1 = ¢11 = 0 and c99 # 0. We will analyze this case below.

If ¢22 = 0 and a(x) # 0, we get p solutions in z and if co9 = a(x) =0, we
get no solutions in z. Let us see when a(x) # 0 under the assumption that
co2 = 0. From (7.5) we get

a(z) = (det F')x — det F"".
The conditions det C = 0 and c;1 # 0 alone force g to be in collection

Gs, so det F' = djyya)y; = —ca1a); = 0. On the other hand for a matrix in
collection Gs, we have det F"' = dj,a%, = ad}, = —acy; for a non-zero «,
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hence det F"”" # 0. Thus we get that a(z) # 0 has p solutions in x and for
each such =z we get p solutions in z.

7.3. Suppose co1 = c¢11 = 0. First suppose C' # 0. For all x we have
co17 + c11 = 0. Hence we must consider )3 £ 0 and in fact we get

(7.7) V3 = coa117? + (—c22a1 + c12a11)T — agicra.

Note that V3 does not depend on z this time. We examine the solutions in
x to V3 # 0.

Suppose first that cos # 0. Since co1 = ¢11 = 0 and C # 0 force g to be
in collection Go, this implies that a1y # 0 (since a1 = a}y = adyy = —aca
for nonzero ). Then (7.7) is quadratic with discriminant (coga2; + c12a11)?,
which must be zero again by virtue of g being in collection Gs. Since we
want Vs # 0, this gives us p — 1 solutions in z. This finishes the proof of (i).

Suppose now that cog = 0 but still C' # 0. This implies ¢j2 # 0. Then

Vs = ci2(annz — az1).
The conditions co1 = ¢11 = 0, but C' # 0 imply that g is in collection Gs.
Since we also assume that coo = 0, we must have dj, = 0 and thus by (4.1)
we must have a}; = 0. But since in collection Gy one has a}; = a1, we
must have af; # 0 since A’ is invertible and ag; = af;. Hence the inequality

V3 # 0 has p solutions in z (and for each of them p solutions in z).
Finally if C' =0, then ny = 0 by Lemma 5.1. U

8. THE VOLUMES OF K

Recall that for any s = (s1, 52, 53, 54) € Z* we defined K, = {g € Ko(1) |
nj(g) = sjfor allj = 1,2, 3,4}. The following result gives volumes of K for
all possible s.

Proposition 8.1. Recall that #B = p® 4+ p?> + p + 1. The only values of
s € Z* for which one has vol Ky # 0 are listed in Table 1.

TABLE 1. Values of s and volumes of K

Value of s Volume of K
(p3—p27§2;p,p—1,1) pz/#B
(p* — p*,p* — p,p,0) p*/#B
(pS _p2’p2’0’0) p/#B
(*,0,0,0) 1/#8

Proof. Propositions 5.2, 6.1 and 7.1 give conditions (modulo p) that g €
Ky(1) needs to satisfy so that one obtains particular values of n4(g), n3(g)
and na(g) respectively (note that one has n1(g) = p® —na(g9) —n3(g) —na(g)).
So, the proof is just an elementary count how many mod p residue classes
of matrices in K(1) satisfy these conditions. The results of that count are
summarized in Table 2 (recall that Cy denotes the second row of the matrix



THE U, OPERATOR ON SIEGEL MODULAR FORMS 15

C and #P = p*(p—1)3(p+1)). The volumes in Table 1 follow immediately

TABLE 2. Cases, values of s and numbers of matrices

Cases Value of s Matrix count
det C £0 =L —pp—11)  p’#P
det C=0,Co #0  (p® — p,p> — p,,0) p*#P
C2 :O,C#O (pg_p27p27010) p#P
C=0 (»°,0,0,0) #P

from the matrix count in Table 2 and the fact that vol Ko(1) = 1, so it is
enough to show how we obtain the matrix count in Table 2. If we are in
case (i) of Proposition 6.1, i.e., det C' # 0, then we clearly must be in case
(i) of Proposition 7.1, i.e., Co # 0. These two conditions are equivalent
to g being in collection Gs, which has p>#P elements when counted mod
p. Hence (using also Proposition 5.2) we obtain the first line in Table 2.
Next, if we are in case (ii) of Proposition 6.1, i.e., det C' = 0, but Cy # 0,
then we must be in case (ii) of Proposition 7.1. Then g € Gy U Gs and
g must satisfy that db, # 0, so using (4.1) we are counting the number
of pairs (a, D'), where a € Ff and D" € GLz(F;) is a matrix that lies
outside the Borel of GL2(F)) given by the condition db, = 0. There are
(p—1)(p(p —1)%(p+ 1) — p(p — 1)?) = p*(p — 1)? such matrices. For each
such pair (a, D’) the matrix A’ is completely determined, but we get p3
choices of B’. We then multiply the number p°(p — 1)3 by the number of
coset representatives of Ky(p) which lie in collection Gy (this number equals
p) or in Gs (this number equals p?). Thus we get p°(p — 1)3(p + 1) =
p?# P matrices. This gives line 2 in Table 2. Now, if we are in case (iii)
of Proposition 6.1, i.e., Co = 0, then we may be in case (ii) or case (iii)
of Proposition 7.1. In the latter case, g must be in collection G; and we
obtain the last line in the table. So, suppose that Cs = 0, but C' # 0. Then
g € GoUGs and dy, = 0. Thus, the analysis is exactly the same as for line
2 of the Table, but we need to replace the number of matrices in GLy(F,)
that lie outside a given Borel with the cardinality of a Borel in GLa(F,).
This amounts to dividing the count in the case of line 2 by p and thus we
get line 3 in the Table. ([

9. CALCULATION OF THE PETERSSON NORM OF U,¢

We now use the calculations from Table 1 to compute the Petersson norm
of U,¢ using the formula (3.2) which we repeat here

4

(9.1) (Upo, Up¢>K0(1) = |U(p>|2 Z vol(K) Z 5i8§%iVj

sezZ4 ,5=1
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where
p3/2 j=1
b= pl‘/lg/ Delb) =2
P/ x1(p) j=3

P*Pxi(p)xa(p) =4
Using (9.1) and Proposition 8.1 we get
#B (Up¢, Up¢>[{0(1) _
lo(p)[?

(9.2) +(xa(p)

Using the fact that Y; = |Xj|2X}1 and that |x;(p)|?> = p% for some real
number t; we obtain the following result.

Theorem 9.1. Let x1, x2,0 be unramified characters of G.,(Qp). Let ¢ be
the normalized spherical vector in the representation x1 X x2 X o. Then one
has

(9.3)
#B (quba Up¢>Ko(1)
vol(Ko(1))2|o(p)|?

:p2 +pt2+3 +pt1+4 +pt1+t2+5

+0°(p — 1) (L4 x1(p)) (L + 2" x1(p) ) (1 + x2(p)) (1 + p"*x2(p) 7).

Note that in the case when ¢; = t3 = 0 (case (T) below), and the case
when t; = —1 and ¢ = 1 (the SK case below) the constant term just gives
2
D H#B.
Let us quote the following result from [16].

Proposition 9.2. Let N and k be positive integers with k > 2. Let F €
Sk(Ko(N)) be a Siegel Hecke eigenform on GSpy(Aq). For pt N let wpy
be the corresponding local representation of GSpy(Qp). Then wry can only
be one of the following:

(T) x1 X x2 ¥ o drreducible with |x1| = |x2| = |o| = 1 (the tempered
case); or
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(C) x1 X x2 X o irreducible with x; = | - |£X; X2 = |- |5X_1, Ix| = 1,
e(o) = p with 0 < B < 1/2 (the complementary series case); or

(SK) the spherical constituent of | - |11,/2X x| - ];UZX X o, with |x| =1 (the
Saito-Kurokawa case).

The characters x1, X2, X and o above are unramified.
Now recall that for IT = y; X x2 X o we have the standard local L-function

of II is defined by
2

L(s,TL,St) = (1—p ) '@ = xa(p)p ™) 711 = x; H()p~*) "
i=1
Let £/Q, be the unique quadratic unramified extension. Recall the local
L-function of the base change BC(7(x1, x2)) is defined by
L(s, BC(7(x1,x2))) = (1 = xa(p)’p™*) "' (1 = x2(p)?p ™) 1.
Given a character 1, we write L(s, 1) = (1—1(p)p~—*)~!. Using Proposition
9.2 above we obtain the following corollary to Theorem 9.1.

Corollary 9.3. With the notation from Proposition 9.2 and one has:
#B <Up¢7 Up¢>KO(1)

o (p) 2 = p? 4 p T T TS 4 P (p — 1)X,

where

L(0,T1,5t)
x — ) COrOBcE Lo B gy (1) and (SK)
L(0,BC(7(x1,x2)) L(=38/2,BC(7(x1,x2))) (C)
L(val)L(07X2)L(73/8/47X1)L(736/47X2)

and
(0,0) (T)
(t1,t2) = ¢ (=28,-28) (C)
(—-1,1) (SK).
We note here that ((0) is the pth Euler factor of the Riemann zeta function

at s = 0. While this term is undefined on its own, since we only consider
the ratio L(0,11,St)/((0), this makes sense.

Proof. From Theorem 9.1 and Proposition 9.2 we immediately obtain
4B Uy Upd) o 1)

CE P TR R e - DX,

with
(9.4)
(L +x1) (X +xa(p) (A + x2(p) (1 + x2(p) ™) (T)
X =1 0+p " x(p)*(1+p P x(p)")? (©)
(1+p7 ()1 +p72x ()" (1 + p2x(p)) (1 + p*x() ™) (SK)
with the values of ¢; listed in the statement of the corollary. The value of X
is now obtained by elementary calculations. O
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emark 9.4. By a result of Weissauer [22] which proves the Ramanujan

Conjecture for (non-CAP cuspidal) Siegel modular forms we know that the
complimentary case does not occur. Hence using that in the (T) and (SK)
case we have p? + pt2 3 4 phit4 4 ph+t+5 — 2 B we obtain Theorem 1.1

n
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the Introduction.
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