CONGRUENCE PRIMES FOR AUTOMORPHIC FORMS
ON UNITARY GROUPS AND APPLICATIONS TO THE
ARITHMETIC OF IKEDA LIFTS

JIM BROWN! AND KRZYSZTOF KLOSIN?

ABSTRACT. In this paper we provide a sufficient condition for a prime to
be a congruence prime for an automorphic form f on the unitary group
U(n,n)(Ar) for a large class of totally real fields F via a divisibility of a
special value of the standard L-function associated to f. We also study
¢-adic properties of the Fourier coefficients of an Ikeda lift Iy (of an
elliptic modular form ¢) on U(n,n)(Aq) proving that they are (-adic
integers which do not all vanish modulo ¢. Finally we combine these
results to show that the condition of ¢ being a congruence prime for I,
is controlled by the ¢-divisibility of a product of special values of the
symmetric square L-function of ¢. We close the paper by computing an
example when our main theorem applies.

1. INTRODUCTION

The problem of classifying congruences between automorphic forms has
attracted a considerable amount of attention due not only to its inherent
interest, but also because of the arithmetic applications of many of these
congruences. For instance, a congruence between an elliptic cusp form and
an Eisenstein series implies that the residual Galois representation associated
to the cusp form is reducible and non-split. This in turn implies one can
construct certain field extensions with prescribed ramification properties.
One can see Ribet’s seminal paper on the converse to Herbrand’s theorem
for such a construction [30]. The classification of congruence primes for
elliptic modular forms was given by Hida in a series of papers [14, 15, 16]
where he showed special values of the symmetric square L-function control
such congruences.

As in the case of elliptic modular forms, congruences between automor-
phic forms on other reductive algebraic groups have numerous arithmetic

OThe work of the second author was supported by a grant from the Simons Foundation
(#354890, Krzysztof Klosin) and Young Investigator Grant #H98230-16-1-0129 from the
National Security Agency. In addition the second author was partially supported by
a PSC-CUNY Award, jointly funded by The Professional Staff Congress and The City
University of New York.

2010 Mathematics Subject Classification. Primary 11F33; Secondary 11F30, 11F32,
11F55.

Key words and phrases. Hermitian modular forms, congruence primes for automorphic
forms, Tkeda lifts.

1



2 JIM BROWN AND KRZYSZTOF KLOSIN

applications. One can see [1, 2, 3, 4, 5, 7, 8, 13, 24, 25, 27, 28, 36, 37|
for examples of such applications. As such, there is considerable interest in
classifying congruence primes for automorphic forms on these groups. One
would expect that the congruence primes should be controlled by certain
special values of L-functions attached to the automorphic form. While this
remains an open problem, partial progress has been made for automorphic
forms of full level defined on symplectic groups in the form of a sufficient
condition for a prime to be a congruence prime [24]. In this paper we provide
a sufficient condition for an automorphic form f (which is an eigenform for
the Hecke algebra) defined on the unitary group U(n,n)(Ar) to be congru-
ent to an automorphic form on the same group that is orthogonal to f. This
condition is expressed in terms of the divisibility of a special value of the
standard L-function associated to f. Here n > 1 and F' is any totally real
finite extension of Q which has the property that every ideal capitulates in
the imaginary quadratic extension over which U(n, n)r splits (this is true for
example if F' has class number one). On the other hand most of the results
referenced above [1, 2, 4, 5, 7, 8, 13, 24, 25, 27, 28, 36, 37] on congruence
primes for automorphic forms on reductive groups require the automorphic
forms to be defined over Q. The results of [24] on congruence primes for au-
tomorphic forms defined on GSp(2n)(Aq) also require the forms to have full
level while our result holds for congruence subgroups of the form Ky, (N)
for 9 an ideal in OF.

More precisely, we prove the following result. Let ¢ be a rational prime
and fix embeddings Q — Q, — C. Let K/F be an imaginary quadratic
extension. Let 9 C Op be an ideal and f a cuspidal Hecke eigenform of
level M and parallel weight k& defined on U(n,n)(Ar) (for precise definitions
of level and weight see section 2). Let £ be a Hecke character of K of infinity

—t
type &a(z) = (ﬁ) for t = (¢,...,t) € Z2. We denote the standard L-
function associated to f twisted by & by L(s, f,&;st). We consider the value

L(2n+1t/2, f,&;st)
qnd(k+2n+t+1) <f’ f>

LM5(2n + /2, f, & st) =

where d = [F' : Q], which was shown to be algebraic by Shimura [34]. The
main result of the first part of this paper is that for a prime £ up to some
technical conditions one has f is congruent modulo ¢° to an automorphic

7’L2
form f’, orthogonal to f, if —b = val, <MLalg(2n +1/2, f,§; St)) <
o,n

0 where Fi, .(am) s a fundamental domain for the congruence subgroup of
level M (please, see Remark 3.6 where its volume is made explicit). One
can see Theorem 4.3 for a self-contained precise statement of the result.

In the second part of the paper we study arithmetic properties of hermit-
ian Ikeda lifts and then apply the results of the first part to construct a con-
gruence between this lift and an orthogonal automorphic form on U(n, n)(A)



CONGRUENCE PRIMES FOR AUTOMORPHIC FORMS 3

of full level. More specifically, let K = Q(v/—Dy) be an imaginary qua-
dratic field of discriminant —Dy. Let n > 1 be an integer and ¢ be either
a modular form of level D and Nebentypus being the quadratic character
associated with K (if n is even) or a modular form of level one (if n is odd).
The Ikeda lift is an automorphic form I, on U(n,n)(Aq) of full level. It
was proven in [22] that I, is non-zero unless n = 2 (mod 4) and ¢ arises
from a Hecke character of an imaginary quadratic field. In this paper we
are interested in the non-vanishing of Iy modulo a prime ¢ which is impor-
tant for constructing congruences. We show that I has Fourier coefficients
which are algebraic integers (Proposition 5.4) and then prove these coeffi-
cients do not all vanish modulo ¢ unless n = 2 (mod 4) and the residual
(mod ¢) Galois representation attached to ¢ restricted to G has abelian
image (Theorem 5.8). The condition on the image of the Galois represen-
tation is not surprising in light of a result of Ribet [31] which says that
modular forms whose ¢-adic (i.e., characteristic zero) Galois representations
restricted to the absolute Galois group of an imaginary quadratic field have
abelian image arise from Hecke characters. See section 5 for more details.

Given these arithmetic results and an inner product formula due to Kat-
surada [26] we construct the aforementioned congruence in section 6. More
precisely, we show that up to some technical hypotheses I is congruent to
an orthogonal automorphic form f’ on U(n,n)(Aq) modulo £* where

(1.1)

e Li+2k—Lsym? oyl o
i=2 2k+2i—10T () — -
b=valy(Vng) with V:= Z L(i+72rk S+ym2 d?@)?"d))

I ’ K n=:2m

=2 7r2k+2iQ$Q;

and 74 is a generator of the congruence module of ¢. Here we require the
choice of an auxiliary character £ so that ¢ does not divide a product of
certain special values of an L-function twisted by £. (See Theorem 6.1 for
a precise statement.) While this result is in the spirit of the results of
Katsurada on congruence primes for Ikeda lifts on GSp(2n)(Aq) [25], our
result provides more freedom in “missing” the L-values as we can twist a
large family of Hecke characters of K while Katsurada’s result allows one
only to vary the evaluation point of the L-functions. We then prove that
replacing valy(Vn4) by valg()) we can ensure that f’ is not an Ikeda lift itself.
This result however requires some expected (but so far to the best of our
knowledge absent from the literature) properties of the Hecke algebra and
the Galois representations attached to automorphic forms on U(n,n)(Ar) to
hold. For details see section 7. One can see section 9 for explicit examples
of the main congruence result on Ikeda lifts. Our methods should apply
directly to GSp(2n)(A ) as well where F' is a totally real extension of Q;
this will be the subject of future work.

We include a discussion on how the constructed congruence can be applied
to provide evidence for a new case of the Bloch-Kato conjecture, which con-
cerns the motive ad” p,(3), where p, is the Galois representation attached
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to ¢. Such evidence for the motive ad’ p,(2) was provided in [27, 28]. We
refrain ourselves however from formulating a precise theorem because we can
only prove it under an assumption that certain cohomology classes lie in the
correct eigenspace of the complex conjugation and such a result appears to
us less than satisfying on the one hand and clumsy to state on the other (cf.
Section 8).

We would like to thank Thanasis Bouganis for sending us a copy of his
paper [6] before it was published and David Loeffler for a helpful discussion of
the example found in [29, Section 6]. We are also indebted to the anonymous
referee for a very careful reading of the paper and numerous suggestions
which greatly improved the exposition in the article and prompted us to
include section 9.

2. NOTATION AND TERMINOLOGY

2.1. Number fields and Hecke characters. We fix once and for all an
algebraic closure Q and an embedding ts : Q — C. For z € C we write
e(z) = e?™2. Given a number field L, we write O, for the ring of integers
of L. Given a prime w of L, we write L,, for the completion of L at w,
Or for the valuation ring of Ly, and w,, for a uniformizer. If L/E is an
extension of number fields and v a prime of E, we write L, = E, ®g L and
Ory = Opy ®o, Or. We also set Of, = waoo Or.w. Given a finite prime
w of L, we let val,, denote the w-adic valuation on L,,. For a € L,,, we set
la|n, = ¢~ (%) where ¢ is the cardinality of the residue class field at w.
We will write |a,, for ||z, if it is clear from context what is meant.

Let A denote the adeles of L, f;, the set of finite places of L, and ay, the
set of embeddings of L into Q. We regard aj, as the set of infinite places
of L via the fixed embedding too : Q < C. We write Ay ,, and Arg,
for the infinite and finite part of Ay respectively. For @ = () € Ap,
set |alp = ], low|r,. For @ € AY or a € C? and ¢ € R?L, we set
af = HwEaL O[fvw'

We say 1 is a Hecke character of L if ¢ is a continuous homomorphism
from A} to {z € C: |z| = 1} so that ¢)(L*) = 1. We write 1, ¥y, and ¥a,
for its restrictions to L}, Az,fy and Az,aL respectively. Given 1, there is a
unique ideal §f C Oy, satisfying ¢, (o) =1 ifv € f1, a € (’)z’v and o — 1 € §,
and if f is another ideal of O with this property then f C f. The ideal f
is referred to as the conductor of . Given an integral ideal Ot of O, and a
Hecke character v, we write

w‘ﬂ = H T;Z)v-

v[N

Let F' be a totally real extension of Q and K an imaginary quadratic
extension of F'. Throughout the paper we let a (resp. b) denote ap (resp.
ag) and f (resp. k) denote fr (resp. fx). Let Dg denote the discriminant of
K. Set xi to denote the quadratic character associated with the extension
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K/F. We identify F, := R ®q I’ with R?* := [[,c, R via the map a
(0(a))oca-

2.2. Unitary group. Let G, denote the additive group scheme and G,,, the

multiplicative group scheme. Let Mat,, denote the Z-group scheme of n x n
matrices (& GZQ). Given a matrix A € Resp, /0, Mat, 0, , we set A* = A
and A = (A*)~! where bar denotes the action of the nontrivial element of
Gal(K/F). Associated to the imaginary quadratic extension K/F we have

the unitary similitude group scheme over Op:

GU(n,n) = {A € Resp, /0, GLanj0, : AJn A" = pn(A)Jn}

where J, = _1"} ; 1, is the nxn identity matrix, and p,, : Resop,. /0, GLlo,/0, —

I
G0 isa morphism of Op-group schemes. Set G,, = ker p,,. For a 2n x 2n
matrix g we will write ag, by, cy,dy to be the n x n matrices defined by

ag by
g =
[Cg dg]
Write P, for the standard Siegel parabolic of G, i.e.,
_ _|ag by
e 8

We have the Levi decomposition of P, = Mp, Np, where

A
Mpn = { |: A:| A€ ReSOK/(’)F GLn/@K}
and
I, S|. "
an: 1, .SERGSOK/OFMatn/OK,S =5;.
Let 91 € Op be an ideal. For v € f we set
Konu(MN) ={g € Gn(Fy) : ag,by,dg € Mat,,(Ok ), cqg € Mat,,(NOk ) }
and
]Cl,nyv(‘n) = {g S K07n7y(m) tag — 1, € Matn(‘JIOK,U)}.
We put Ko, e(N) = [[,cr Kono(N) and similarly for Iy 5, ¢(I1). Set

+
ICO,n,a

and Ko ,.a to be the subgroup of G, (R?) generated by KT and J,. Set

0,n,a
K07n(gt) = ICain’alC07n7f(m) and ICLn(‘It) = Icatn,aICLn,f(m).
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2.3. Automorphic forms. Define
H, = {Z € Mat,(C) : —il,,(Z — Z*) > 0}.

For ga = (gu)vea € Gn(R?) and Z = (Z,)vea € HY, set j(ga,Z) =
(3(9vs Zv))vea Where j(gy, Z,) = det(cgqu +dy).

Let K be an open compact subgroup of Gy (Apg). For k,v € Z2 let
M, 1 (K) denote the C-space of functions f : G, (Ar) — C satisfying the
following:

(i) f(vg) = f(g) for all v € Gy (F), g € Gn(AF),

(i) f(gr) = F(g) for all k € K, g € Gu(Ar),
(iii) f(gu) = (detw)j(u,il,) % f(g) for all g € Gn(AF),u € Kona,
(iv) fo(Z) = (det ga)”j(ga, iln)* f(gac) is a holomorphic function of Z =

gail, € H3 for every c € G,,(Ap¢) where go € G,(R?).

If n = 1, one also needs to require that the f. in (iv) be holomorphic at
cusps (cf. [34, p. 31] for what this means). We let S, 1, (K) denote the
space of cusp forms in M,, 1. ,(K) (cf. [34, p. 33]). If v = 0 we drop it from
the notation.

Let 1 be a Hecke character of K of conductor dividing 9. For k,v € Z*
we set

Mn,k,u(mad}) = {f € Mn,k,u(lcl,n,f(m)) | f(g"{) = w‘ﬁ(det(an))_lf(g)7
g € Gn(AF), K € IC()m,f(m)}.

If 4 is trivial we drop it from the notation.

Every automorphic form f € M, ,(K) has a Fourier expansion which
we now discuss. We first define ea, as follows. Let o = (ay,) € Ap,
where v runs over places of F. We set e,(a,) = e(a,) for v € a and
write ea(a) = € (3 ca ). If v is finite, we set e,(an,) = e(—y) where
y € Q is chosen such that Trp,/q,(aw) —y € Zy if v | p. We then set
eap (@) =], ev(ay). For every g € GL,(Akx) and h € S,(F') there exist
complex numbers cf(h, q) such that one has (a Fourier expansion of f)

/ ([1n 1(1] [q q]) = ZF ct(h,q)ean(tr ho)

for every o € S, (Ar) where
S, = {h € ReSOK/OF Matn/oK h* = h}

One can see [33, Chapter III, Section 18] for further discussion of such
Fourier expansions.

Our next step is to define what we mean by a congruence between two
automorphic forms. One knows (see e.g., [10, Theorem 3.3.1]) that for any
finite subset B of GL,(Ak k) of cardinality hx with the property that the
canonical projection cx : Aj — Clg restricted to det B is a bijection, the
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following decomposition holds

GLn(Ak) = | | GLa(K) GL; (Kb)b GLn (O).
beB
Here + refers to a totally positive determinant. Such a set B will be called
a base.

Let Clj denote the subgroup of Clx on which the non-trivial element of
Gal(K/F) acts by inversion.

Lemma 2.1. If (hg,2n) =1 and Cly = Clg then a base B can be chosen
so that all b € B (and hence also py := [b ZAJ) are scalar matrices and
bb* = b*b =1, (and hence also pyp; = pipy = lan).

Proof. This is just a modification of the proof of [28, Corollary 3.9]. Iden-
tifying Clg with a quotient of Ay /K> and using the fact that raising to
the power n acts as automorphism on Clg since (hg,n) = 1, it is enough
to show that every element of Clg can be written in the form aa~! for
some o € Ajg. Let ay,..., o, be representatives of Clg. Since 2 { hg,
a2, .., a,%K also form a complete set of representatives. By our assumption
that Clg = Cl we get that for each 1 < ¢ < hg we have 6;1 = w;k; for
some k; € K*. O

Remark 2.2. The assumption Clg = Cly is satisfied if the image of the
canonical map Clg — Clp given by a — aa is trivial, so in particular
when hp = 1. Indeed, then @ = a~'k for some k € F. The assumption
Cl = Clg is therefore weaker for allowing & € K and in fact since hy is
odd it is equivalent to the assumption that every ideal of Op capitulates in
Ok.

Definition 2.3. Let B be a base. We say B is admissible if all b € B are
scalar matrices with bb* = 1,, (and hence also p, are scalar matrices with
popp = lan). Furthermore given a prime ¢ we say that B is £-admissible, if
it is admissible and for every b € B there exists a rational prime p { 2D g/
such that by = 1,, for all q { p and by, = 1,,. The set of primes p for which
by # 1, with q | p will be called the support of 5.

Note that if (hx,2n) = 1 and Cl = Clg, then the Tchebotarev density
theorem combined with Lemma 2.1 implies that for every ¢ { Dk an /-
admissible base always exists.

From now on for the rest of the article for every rational prime ¢ we fix
compatible embeddings Q — Q, — C.

Definition 2.4. Let ¢ be a rational prime and O the ring of integers in
some algebraic extension E of Q.
(1) Let f € My k(M 9). We say f has O-integral Fourier coefficients
(with respect to B) if there exists a base B so that for all b € B and
all h € S, (F) we have ea(—itr ha)cg(h,b) € O.
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(2) Let f,9 € My (N, 9) and suppose that f and g both have O-
integral Fourier coefficients with respect to a base B. Let E’ be
a finite extension of Q, with E/ C E and write O’ for its ring of
integers and w for a uniformizer. We say f is congruent to g modulo
w™ if for all b € B and all h € S,,(F) we have ea(—itr ha)cs(h,b) —
ea(—itr ha)cg(h,b) € @w"O’. We denote this by f =g (mod =").

Remark 2.5. Our definition of a congruence between automorphic forms on
G (AF) allows for the situation when one knows that each individual Fourier
coefficient of f is an algebraic integer, but one does not know if collectively
they generate a number field. This is certainly known for modular forms
on GLg due to a straightforward connection between Hecke eigenvalues and
Fourier coefficients. The connection in the case of higher rank groups is
much more delicate.

Remark 2.6. If f and g are congruent (mod w") with respect to one
admissible base, say B, and B’ is another admissible base such that f and
g both have O-integral Fourier coefficients with respect to B’, then we have
ea(—itr ha)cp(h,b) = ea(—itr ha)cy(h,b) (mod w™) for all b € B’ and all
h € S,(F). This is easily proved using admissibility and a generalization
(to the setting of totally real F' and rank n) of formula (5.4) in [28] using
the references indicated in the proof of Lemma 5.5 in [28]. Formula (5.4) in
[loc.cit.] can also be used to show that if f and g have O-integral Fourier
coefficients with respect to one admissible base, then they have O-integral
Fourier coefficients with respect to all admissible bases. Hence we see that
the congruence relation between automorphic forms is transitive, and thus
an equivalence relation.

2.4. L-functions. We collect here the definitions of the L-functions needed
for this paper. Let F' be a number field and, as before, let fr denote the set
of all finite places of F'.

Given an integral ideal 91 of OF and an Euler product

L(S) = H LU(S)7

vefp
we write
L(s) =[] Lu(s)
’UEfF
vt
and

Ly(s) = H L,(s).

u|N
Let x be a Hecke character of F. We set
Lis, )= [[ (0 —x(@)l@li)™

vefp
vicond(x)
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where we identify a uniformizer w, with its image in AJ.

Now, let F' be a totally real field, K an imaginary quadratic extension of
F and 9 and x Hecke characters of K. Let f € S, 1., (9, ) be an eigenform
with parameters A, 1,..., Ay, determined by the Satake isomorphism [34,
Section 20.6]. The standard L-function of f is defined as in [34, p. 171] by

L(s, f,x;st) = H Ly(s, fyx;8t)

vef
vtOpNcond(x)

where for v € f and v t 9 we set

Ly(s, f; x;st)

[T (= (@l ™ (1 = A lwuli ™| K @ Fyis a fild
I [0 - A @)@l )0 - Ax(@o)l@li™)] KerR 2R xF,

and when v | 91 we set

Ly (s, f,x;st)
D A § N D O G [ e e | KopFyis a field
H:‘L:l [(1 - )‘v,iX(wwl)|ww1 fu_ln+1)(1 - >‘v,n+iX(ww2)|ww2|fu_2n+l)]_ K ®@p Fy = Fy, X Fy.

Here w, denotes a uniformizer of F,, w,, denotes a uniformizer of K ® F,
if the latter is a field and w,,, w,, € K ®p F, correspond to (w,, 1) and
(1,20,) respectively under the isomorphism K ®p F, = F, x F, if such an
isomorphism holds. Here again we identify K ®p F, with its image in Aj.

3. AN INNER PRODUCT RELATION

Fix a totally real extension F//Q and an imaginary quadratic extension
K/F. Let d = [F : Q]. In this section we generalize a certain Rankin-Selberg
type formula which for the case of F' = Q was derived in [28, Section 7].
Since all the calculations carried out in [loc.cit.] carry over without difficulty
to the general case, we include here only the necessary setup as well as
indicate where changes need to be made and refer the reader to [loc.cit.] for
a less condensed version (see also [6]).

3.1. Eisenstein series. In this section we define the hermitian Siegel Eisen-
stein series and recall its properties needed to prove our congruence result.

Let 91 C OF be an ideal. Let X, ;m be the set of Hecke characters ¢’ of
K of conductor dividing 1 satisfying

(3.1) Yalr) = (2/]2])"

for m € Z2. Here and later we regard Hecke characters of K as characters
of (Reso,, /0, G0y )(AF). Let ¢ € Xy m. Recall we set ¢ = [ [, to-
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For a place v of I and an element p = [aop Zp } € P,(F,), set
P

0P, v(p) = | det(dpdy)o

and dp, = [[,0pP,0- Set pup, = [[, P, : Gun(Ar) = C to be a func-
tion vanishing outside of P,(Ar)Ko () where for p, € P,(F,) and k, €
Kon,o(9) we set

wv(det dqv)_l v E f,'UTm

wp, v(Poky) = ¥y (det dqv)_lwv(det dp,) vef,uo|N
a(det dqa)_lj(ka, i)™ wvEa.

The hermitian Siegel Eisenstein series of weight m € Z2, level 91, and
character v is defined by

E(g,s,m, ;M) = Y pup,(19)0p,(v9) "
"/GPn(F)\Gn(F)

for Re(s) >> 0. The meromorphic continuation of E(g,s,m,1,N) to all
s € C is given by Shimura [33, Proposition 19.1]. We will make use of the
following normalized Eisenstein series

D(g,s,m, v, M) = [ L™(2s — j + 1,¥rxY ) E(g, 5,m, ¢, 9)
j=1

where 1) denotes the restriction of ¢ to Aj.
Let ns € Gp(AF) be the matrix with the infinity components equal to

1o, and finite components equal to J, = [1 _1”]. Given a function
f i Ga(AF) = C, st f*(g) = flgn;"). If f € Myux(K), we have f* €
Mn,k(nfjllcnf)'
Write
« (19 094 _
D <[ A] ,n—m/2,m,¢1,‘ﬁ> = Z cp+(h,q)ea,(ho).
1 heSn(F)

We have the following result giving the integrality of the Fourier coefficients
of D*.

Proposition 3.1. Let £ be a prime and assume £ { Dk Np/q(M)(n — 2)!,
(hi,2n) = 1, and that Cl = Clg. Let B be an {-admissible base whose
support is relatively prime to cond(v)). There exists a finite extension E of
Qy so that

726 (itr hy)ep- (b, b) € Of
for all h € S, (F) and all b € B.

Proof. This is proved as in [28, Theorem 7.8] and [28, Corollary 7.11]. There
are only two significant changes to the proof given in [28]. The first is the
power of 7 has an additional d = [F' : Q], which follows immediately from
[33, Equation 18.11.5]. The second is the reference that L(n, ') lies in the
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ring of integers of a finite extension of Qy for all n € Z.y must be changed
from [41, Corollary 5.13] to [18, Theorem 1, p. 104] as our characters are
now defined over F’ instead of Q. O

3.2. Theta series. Let k € Z? be such that k, > 0 for all v € a and let
¢ be a Hecke character of K with conductor f¢ and infinity type |z|'z™" for
t € Z2 with t,, > —k, for each v € a. In [34, Section A5] and [33, Section
A7] Shimura defines a theta series on G, (A) associated to a quadruple
consisting of k (as above), the Hecke character £, a matrix r € GL,(Ax k)
and a matrix 7 € S} (F) = {h € S,(F) C S,(Ap) : hy, > Ofor allv € a}
which satisfies the following condition

* n -1
(3.2) {9°79 19 €Ok} =00

where for an extension L'/L of number fields we will denote by 07, /1, the
relative different of L' over L (see Remark 3.2). Let ¢ be a Hecke character
of K with infinity type [[,ca % such that the restriction of ¢ to A% equals
Xk- Such a character always exists [34, Lemma A5.1]. Set ¢/ = ¢~ tp™™.
Then the theta series, which we (following Shimura) will denote by ¢ (so
in particular we will suppress k and 7 from notation) belongs to the space
S t+k+n (M, ') (cf. [33, Proposition A7.16]; cuspidality follows from our

assumption that k, > 0 [33, p. 277]). Here

(3.3) M = (tDg/r Ng/p(fe) N DE}QDK/F N D;}Qfﬁ)aF/Q

is an ideal of O, where Dy /p is the relative discriminant of K over F' and

tl:={g"r 9| g€ Ok}
is a fractional ideal of F' (cf. [34, Section A5.5] and [33, Prop. A7.16]).

Remark 3.2. The theta series considered in [33, 34] are of a more gen-
eral type and are not required to satisfy (3.2). However, in this article we
treat only the case of congruence subgroups of the form &y ,,(91) as opposed
to the more general kind of K1, (b™1, b90) considered in [loc.cit.]. The as-
sumption (3.2) implies that for the level of the theta series we have b = 1.
Furthermore, we will later choose r and 7 (and hence a theta series associ-
ated to them) in such a way the (7, r)-Fourier coefficient c¢(7,7) of a form
f e My (9) (to which we will construct congruences - cf. Theorem 4.3)
will be an f-adic unit. However, it follows from [33, Proposition 18.3(2)]
that ¢(7,7) = 0 if (r*rr), & (OE}Q)USH(OF,U) for all v € f. From this it is
easy to show that for a pair (7,7) where ¢f(7,r) # 0 (and these are the only
pairs we are interested in) one has {g*rg | g € rO%L} C D;}Q,
sumption (3.2) is often satisfied. Let us also remark that the purpose of this
restriction is to merely simplify the exposition which would require a great
deal of additional notation should we consider the general case. However,
the method is entirely general and the main result (Theorem 4.3) remains

hence the as-
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true in the case of b # 1 provided one makes the necessary modifications of
level of the forms involved.

Proposition 3.3 ([28], Corollary 7.13). Let k,&, 7,7 be a quadruple as above
determining a theta series O¢. Assume that r, = 1, for all w | feDg/.
For an (-admissible base B there exists a finite extension E of Qg so that
ea(—itr ha)cg, (h,b) € Op for all b € B and all h € S,,(F).

Remark 3.4. One should note that [28, Corollary 7.13] is given for the case
F = Q, but the results of Shimura it depends on are valid in our case. The
proof given in [28] then goes through.

3.3. Inner product. Let k,&,r,7 and hence ¢ be fixed as above. We fix
M an ideal of Op with Ny | N so that O € Sy 14+k4,(9, 7). We now give the
inner product relation that forms the key to constructing the congruences
in this paper.

Set

—nd 23+2k+l

I'((s)) = (4m) Lo (s + (k+1)/2)"

where

n—1
Tp(s) = 7= D2 T (s - j).

j=0
Let Yie = {h € Matn(Ca) : h = h*}/{h € Mat,(Ox) : h = h*} and
Yim = {h € Mat,,(Ca) : h = h*,h > 0}/ ~ where h ~ k' if there exists
g € GL,(Ok) such that ' = ghg*. Then one has Y X Yiy, is commensurable
with ICo ,,(M)N P, (F)\H2, i.e., the ratio of their volumes is a rational number
34, p.179].

Set

(o) 20 DIV x| b T((8 — n))(det 7) 5= (E+0/2| det |57 2 eq(—itr a)cs (7, 7)
S) =

[Kon(9) « K1, (] e 90 (€ (@) @)

where c is a finite subset of f as given in [33, Proposition 19.2] and K}n(m) =
{k € K1n(M) :detk =1} and a = 1+ n(n — 1)[F : Q]/2. Note this differs
from [28, (7.29)] as the term hg is omitted there while the term Ay there
is replaced by 1/ (2“D%("_1)/ 2) here. We explain this last replacement below
(see proof of Theorem 3.5).

For fi, fo € My 1, (K) (with at least one of them a cusp form) we define
the inner product (fi, f2) as in [33, (10.9.6)] and set

(3.4) (f1, fa)c = vol(Fic){f1, f2),

where Fic := (Gn(F) N ppKp, ') \ H2 for b € B (we refer the reader to
[33, p. 81] for the definition of the volume and the explanation that the
volume is independent of the choice of b, but see Remark 3.6 where we give
a formula for it in the case when K = g, (M), the group which appears
in Theorem 3.5). We note here that (f, f2) is independent of the choice of
level K and satisfies (p(g) f1, p(g) f2) = {f1, f2) for all g € G,,(AF) where p is
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the right regular representation [33, (10.9.3)]. One can see [33, (10.9.2a)] for
the definition of the inner product for two Hermitian modular forms defined
on Hermitian upper half-space. The key input into our congruence result is
the following inner product relation.

Theorem 3.5 ([28], Theorem 7.7). Assume (hg,2n) =1 and Cl; = Clg.
Let f € S, x(MN) be a Hecke eigenform and let & and ' be as above. Then

<D(7 s, m, (ﬂ")c, m)0£7 f>lCoyn(9'l) = C(S) ' L(E + n/27 fa 5; St)

where C(s) is as given above.

Proof. Let us explain here only the reason for the slight difference between
our current definition of C'(s) and the definition of C(s) given in [28, (7.29)]

where Ay got replaced by 1/(21+”("*1)[F:QVQDER_U/Q). The constant Ay
is defined on [28, p. 842], but let us denote it here by A as it is denoted
on [34, p. 179], where it is defined as a normalization constant between two
integrals over “commensurable” domains, denoted in [34] by I'Y' \ H and
X x Y. Using the fact that under our assumptions that (hx,2n) = 1 and
Cl = Clg we can choose a base B consisting of scalar matrices (Lemma 2.1)
and use elements of this base as the matrices ¢ in [34, (22.2a)] in our case
the above domains can be taken to be the following: Ko, (91) N P, (F)\H2
and Yie X Yim, where Y. = {h € Mat,(C,) : h = h*}/{h € Mat,(Ok) :
h = h*} and Yy, = {h € Mat,(Ca) : h = h*,;h > 0}/ ~ where h ~
B’ if there exists ¢ € GL,(Ok) such that b’ = ghg*. It is not difficult
to show that the direct product of the fundamental domain for Y; and
the fundamental domain for Yj, (which is clearly a fundamental domain
for Yie % Yim) is also a fundamental domain for Ko, (M) N P, (F)\H2 after
noting that Ko, (M) N P,(F) = GL,(Ok) x {h € Mat,,(Ok) : h = h*} with
GL,(Ok) acting on H2 by z — gzg*. Thus the normalization constant
can be computed by comparing the formula in [34, p. 179, line 6] with
[34, (22.9)] taking into account differences in measures. More precisely,
in our case one has (note that since F' is totally real v in [34] equals 2)

A=20"000 gince Ve & (RIFHQI/ZIFQN)R (K ®qR)/L(Ok))"(n=D/2)

2 vol(Yre)
with ¢ : K - K ®q R and vol((K ®q R)/(Ok)) = D}(/Z/Q[F:Q]7 we get
that A = 1/(21+”(n—1)[F:Q}/2D?((”*1)/2)‘ .

Remark 3.6. The definition of the inner product in Theorem 3.5 involves
the volume of the fundamental domain Fx, , (91). This volume can be com-
puted combining [33, Theorem 24.4] and [33, (24.6.5)]. We provide the value
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here.
o\ P
vol(Fiy . my) = [Tn () N H - 12N /)™ [ 227" [ ] ((i - 3,
j=1 |
2n—1 ) ) n
. n2—n n i 1/2 i .
T GH2pz* = Ny T] N@w,r) /2Dy (21) 9 L (G %),
j=1 j=1

where I'),(N) = Ko,(N) NG (F) and H = {z € K* : 27T = 1}.

4. CONGRUENCE

For the moment fix a quadruple k, &, r, 7 satisfying the conditions of sec-
tion 3.2 and an ideal O of Op such that M | N and let O € Sy, 44510 (M, Y')
denote the associated theta series as in that section. We ease the no-
tation in this section by writing D(g) = D(g,n — m/2,m, (¢')¢,M) and
D*(g) = D(gn;',n — m/2,m, (¥'),M). Set | =t + k + n as above and
put m = k — I. Since 0 € S, (M, ¢') and D € My, 1, (N, (¥')71), we have
Dby € S, (M) and (DOe)* € Sy r (0 Kon e (D))

Given K1 C Ko, we define a trace operator

tr ’,gf My k(K1) = My 1 (K2)
fr Y pR)f

HE/Cl\KQ

where we recall that p is the right regular representation. If f has O-integral
Fourier coefficients the g-expansion principle implies that tr f also has O-
integral Fourier coefficients [20, Section 8.4].

Now we fix one more ideal 9 of Op with 9 | N. For g € G,,(A k), write
K9 := g 'Kg. Set
(41) =.—tr Eg;g%);ff (w_nd(n+1)/2(D0€)*).
Lemma 4.1. Let ¢ be a prime. Assume (hg,2n) =1, Clp = Clg. Further
assume that £ { Dg Np/q(M)(n — 2)! and that v satisfies ry, = 1, for all
w | Drlecond(§). If B is an £-admissible base with support relatively prime to
cond(v)) there exists a finite extension E of Qqp so that ea(—itr ha)cz(h,b) €
Opg for all h € S, (F) and b € B.

Proof. The result follows immediately upon combining Proposition 3.1, Propo-
sition 3.3, and the g-expansion principle as explained above. ([l

Lemma 4.2. For any eigenform f € Sy j,(9M) with M | N we have

(B, f*) = 7~ OHD2[K00 (R Ko ()] (D6, f).
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Proof. We have
Jndn /25 gy S (p(R)(DB)*. )

KEK,n (M) \ Ko, ()€

= > ((DOe)™, p(k~1)f")
K€K, (M) \ Ko, ()78
= [Kon (M) = Kon(M((DIe)", f7)
= [Kon(9M) = Kon(M(DOg, f).
]

We now apply Lemma 4.2 together with Theorem 3.5 to obtain the fol-
lowing result. For the convenience of the reader we make the statement of
Theorem 4.3 self-contained, repeating all the assumptions and making some
of the choices in a slightly different order than in the above narrative.

Theorem 4.3. Let F/Q be a totally real extension of degree d, K/F an
imaginary quadratic extension, and assume Cly = Clg. Let n be a positive
integer with (hg,2n) = 1. Let k = (k,...,k) € Z® be a parallel weight
so that k > 0 and let £ be a rational prime so that £ > k and { { Dxhg.
Let f € S, k(OMN) be a Hecke eigenform with O-integral Fourier coefficients
for O the ring of integers in some algebraic extension E/Qyg. Let & be a

—t
Hecke character of K so that £4(2) = (‘i—l) for some t = (t,...,t) € Z*

with —k < t < min{—6,—4n}. Assume there exists T € S;"(Op) and r €
GL,(Akxk) such that vy, = 1, for all w | Dglcond(&), the condition (3.2)
holds and valg (ea(—itr ha)cy(7,7)) = valn(detr) = 0. Let N be an ideal of
Op such that Mg | N and M | N with N defined as in (3.3). Then there
exists a field subextension Q, C E' C E, finite over Q, with uniformizer w,
containing the algebraic value

L(2n+1t/2, f,&;st)

L8204 t/2, f, & st) = k2t )d( | f)

such that if
valg, (#(Ok /MOK)#(Ok /NOK)* [Kon (M) 1 Kon(M)]) =0

and

2
71,dn

b=valy | ——— Tals(2n £ t/2, f,&8t) | <0,
(Vol(%m)) (2n+ /2, ,€ >>

then there exists f' € S, (M), orthogonal to f, with O-integral Fourier
coefficients so that f = f' (mod w).

Proof. We begin by noting that [34, Theorem 28.8] gives that L*2(2n +
t/2, f,&;st) € Q and [33, Theorem 24.7] gives that dez/vol(]:;co o) € Q.
Note here that [33, Theorem 24.7] is stated for anisotropic forms, but one
can easily show G,,(Fy) is isomorphic as a Lie group to the unitary group of
an anisotropic form so it applies in our case as well.




16 JIM BROWN AND KRZYSZTOF KLOSIN

For the quadruple k, &, r, 7 we define the theta series ¢ as in section 3.2.
The assumption that D | N guarantees that O € Sy, 14 k4,(91, 7). We also
attach the Eisenstein series D = D(g,n — (k —1)/2, (¢"),M) to the ideal
M and the character ¢’. We then define = as in (4.1). By Lemma 4.1 our
assumptions guarantee that = has O’-integral Fourier coefficients for O’ the
ring of integers in some finite extension E’ of Q,. We will write @ for a
uniformizer of E’. By extending E’ (and thus (') if necessary we may also
assume that L38(2n +t/2, f,&;st) and deQ/VOI(f,COm(m)) both lie in E’.
Indeed, note that here we are forcing ¢ > n, hence the assumption that
valg ((n — 2)!) = 0 in Lemma 4.1 is unnecessary. Write
(4.2) E=Cf 44"
for some g € S;, (M) where (f,g) =0 and Cf = %

We will be interested in the /-adic valuation of C'y so we do not require
the exact value. Lemma 4.2 and Theorem 3.5 give

(B, ) = m DR 1 () = Ko (MDY, )
[ICO n(O) : Ko n(m)]
= : : Dé
qnd(n+1)/2 VOI(]:/CO,"(SR)) ( & f>/C0,n(Em)
[Kon(M) : Ko ()]
= ’ ’ C((3 t)/2) - L(2 t/2 ;st).
qnd(n+1)/2 VOI(‘F’CO,n(Dﬁ)) (( n+ )/ ) ( n+ / 7f7£7 S )
It now remains to simplify C'((3n +t)/2). We have
uBX o T((252)) (det 7) = HH8) | det 17 e (—itr 7a)ep (7, 7)
[Ko,n (M) : K1, (O] e 90 (E(@0) o)

for u a w-adic unit. Note here the fact that [ =t + k + n has been used in
simplifying this expression. We have

n—1
Tr ((_t;TL)) _ (47T)—nd(t+k+n)ﬂ_nd(nfl)/2 H F(t—i— k+n _j)d.

C((3n+t)/2) =

§=0
Note the largest value of the argument of I in the above product is t + k+ 1.
By our assumption on the allowable range of the values of ¢ we see that this
value is never greater than k, which is less than £. Hence the product of
the I-factors is a ww-adic unit. Observe also that [], .. gu(&(@0)|@s[5" )
is a finite product and the g, are polynomials with coefficients in Z and a
constant term of 1 [34, Lemma 20.5]. Thus as long as —t > 4n we have
this lies in a finite extension of Z,. Thus, (extending F’ if necessary) we get
valo (1/ T ee Go(&(woy) |y [571)) < 0. Moreover, [Ko, (M) : IC%n(‘ﬁ)] € Z,
so valg (1/[Kon(N) - IC%n(‘ﬁ)]) < 0. We also have dett € DI_(}F How-
ever, since £ { Dig and —(n +t + k) < 0 we have (assuming K C FE’)
that valy ((det 7)~(++k)) < 0. Since M # (1) the proof of [33, Lemmas
11.14, 11.15] (and the remarks that follow these lemmas) give that #X_;_, n
equals the index of the group {z € Aj : z,, € (’)ngw and z,, — 1 € NOk,, for every w € k}
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in Aj. Thus, valg(#X_¢—,m) = 0. Finally, note that |detr|x as well as
hx are also w-adic units by our assumptions. We can now conclude that

— s

E/M _ (+) <anLalg(2n +1/2, f,&; St)>

(f*, f*) vol(Frey . (am))
where (x) € E’ with valg(x) < 0 and we have used that (f, f) = (f*, f*).
dn?
. ' __a® Tl o)
As the w-valuation of Vol(fKO’n(m))Lag(Zn+t/2,fa£,st) is assumed to be
—b < 0 we see there exists some positive integer a > b so that C'((3n+t)/2) =
uwo~® with u € (O')*. Thus, we have

(4.3) uf* = w2 — wg".

Since the Fourier coefficients of f are O-integral by assumption, so are the
Fourier coefficients of f* by the g-expansion principle. As the Fourier co-
efficients of Z are (O'-integral and thus also O-integral by Lemma 4.1, we
get that the Fourier coefficients of w®g* are O-integral. Rearranging (4.3)
and using the O’-integrality of the Fourier coefficients of Z we get that the
Fourier coefficients of uf* 4+ w®g* are (’-integral and (since u € (O0')*) we
get

ff=-u'w%* (mod @?).
Thus, we obtain
(4.4) f=—-ulw’ (modw?)

and —u~'w?g can be taken as the form f’ in the statement of the theorem.
O

Remark 4.4. The form f’ in the statement Theorem 4.3 can a priori be
zero. However, it is non-zero whenever f # 0 (mod w”). This follows
immediately from (4.4).

5. ARITHMETIC PROPERTIES OF IKEDA LIFTS

For the rest of the paper we restrict our attention to the case when F =
Q and K = Q(v/—Dk) is an imaginary quadratic extension of Q with
discriminant —Dp. We write A for Aq. In this section we will show that
the Fourier coefficients of Tkeda lifts (with respect to some base) are integral,
generate a number field and we formulate a condition on a certain (mod /)
Galois representation which will ensure they are also non-vanishing mod #.
This will provide a complementary result to Ikeda’s non-vanishing result (cf.
Theorem 5.7).

5.1. Generalities on Ikeda lifts. In this context we will need the base
change and symmetric square L-functions as well; we recall the definitions
here. For positive integers k, N and a Dirichlet character x : (Z/NZ)* —
C* we will denote by Sk(N,x) the space of (classical) elliptic cusp forms
of weight k, level N and nebentypus x. If x is trivial we will omit it.
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For p{ N and ¢ € Si(N,x) a primitive eigenform, let oy, B4, be the p-
Satake parameters of ¢ normalized arithmetically, i.e., so that oy 84, =
p*~1x(p). For a Dirichlet character ¢ : (Z/NZ)* — C* and s € C with
Re(s) sufficiently large the (partial) symmetric square L-function is defined
by

LN (s, Sym® p@v) = [ [(1 = a3 0 (0)p ) (1 — agpBapb(@)p*) (1 — B2 0 0)p*)] .

ptN

If N or ¢ are 1 we drop them from notation.

We define the (twisted) base change L-function from Q to K as follows.
Let ¥ be a Hecke character of K of conductor dividing N. For a place w
of K of residue characteristic p { NV, set ag .y = ag’p and B4, = Bg,p where
d =[Ok w/@wOk,w : Fp| and w,, denotes a uniformizer of K. For s € C
with Re(s) sufficiently large the (partial) base change L-function is defined
by

LN(s,BC(¢) @ ¢) = [T1(1 = aguwtr(@w)lmwli,) (1 = Bouwtd(@w)|@wli)]

wiN

Here again we identify w,, with its image in A%.

Let n = 2m (resp. n = 2m + 1). Let ¢ be a newform in Sox+1(Dxk, XK)
(resp. in S9r(1)). Ikeda has shown ([22, Section 5], see also [26, Theorems
2.1, 2.2] and note that the product of the L-functions in [loc.cit.] agrees
with the base change L-function below) that there exists a Hecke eigenform
Iy € 8n72k+2m7_k_m(Gn(Z)) such that for any Hecke character ¢ of K we
have

(5.1)  LP¥(s, Iy, ¢sst) = [[LP% (s + k+m—n—i+1,BC(¢) ®1)).
i=1

Remark 5.1. The reader will note that we use the classical and adelic lan-
guage somewhat inconsistenly reserving the first one for the elliptic modular
form ¢ while using the second one for its Ikeda lift I;. This is however the
convention used by both Ikeda [22] and Katsurada [26] and we chose not
to alter it here in order to make the references which we use more readily
applicable to our situation.

Remark 5.2. In [26] an automorphic normalization of the standard L-
function is used, which we temporarily denote by Lo(s). However, here and
in the rest of the paper we use Shimura’s normalization. The translation is
given by L(s) = Lo(s —n+1/2). In particular in the normalization given in
[26] in (5.1) one has factors of the form LE® (s+k+m —i+1/2, BC(f) @)
which in our normalization equals LP% (s + k+m —n —i + 1, BC(f) ® ).
We also note that our use of letters n and m is reversed from that in [26].

1
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For ¢ as above let

Dy ifn=2m
Ny = d Ty :=Ty(N,
¢ {1 itn—ome1 04 To=To(No)

If ¢ is another form of level I'1 (Ny) of the same weight w as ¢ and the same
nebentypus we set

(¢, ¢")r, = /F¢\H ¢(2)¢/ (2)y* 2 dax dy,

and
AN 1 /
<¢7 ¢ > T Z(¢) <¢7 qb >F¢7

where H is the complex upper half-plane, z = Re(z), y = Im(z), i(¢) =

[SLa(Z) : Ty], SLo(Z) := SLo(Z)/(—12) and 'y is the image of I'y, in SLo(Z).

Remark 5.3. Shimura [32] and Sturm [39] (whose results we will later use)
define the inner product differently by dividing the integral by the volume
of the fundamental domain. If we denote the inner product used in [32, 39]
by (-,-)s, then one has (-,-) = §(-,-)s.

It has been proven by Katsurada [26, Theorem 2.2] that one has

(5.2) Uy Is)g,z) = (%) (¢, d)p, X
T2y L(i + 2k — 1,8ym? ¢ @ X ) L(i, X% )Te(i + 2k — )T (8%, n=2m+1
[Ty L(i + 2k, Sym? ¢ @ X ) L(i, X ) T (i + 2k)Tc(i)?, n=2m

where (x) is an integer divisible only by powers of 2 and D, and I'c(s) :=
2(2m)~°T(s).

5.2. Integrality of the Fourier coefficients of Ikeda lift. Let ¢ be as
above and write Iy4 for its Ikeda lift to G,(A).

Proposition 5.4. Let B be an admissible base. Then for every b € B
and h € S, (Q) the normalized Fourier coefficient e(—itr h)cy, (h,py) is an
algebraic integer.

Proof. Let B be an admissible base. For b € B the formulas of [26, p. 7]
give that

(5.3) e(—itr h)er, (h,py) = Y(W)[* ] Fo(h, o).

plv(h)
Here z = kif n = 2m (resp. = = k—1/2if n = 2m+ 1), y(h) =
(—DK)L"/% deth € Z, Fp(h,X) is a Laurent polynomial with coefficients
in Z whose top degree term is X¥2»(7(") and the bottom degree term is a
root of unity times X ~V2r(7() (¢f. [22, p.1112]). Finally, we set

—k
P oy n=2m
5.4 aly =
( ) é.p {p—k+1/2a¢7p n=2m+1,
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where oy, is any Satake parameter of ¢ at p if n = 2m + 1 or if n = 2m
and p t Dk and equals the pth Fourier coefficient of ¢ if n = 2m and
p | Dk. As noted by Ikeda [22, p. 1118] the independence of Fp(h,a:b’p)
from the choice of a Satake parameter at p follows from the functional equa-
tion satisfied by F,(h, X) [22, Lemma 2.2]. The above formula shows that
e(—itr h)cr, (h,pp) lies in some number field K’, hence it remains to show
that its p-adic valuation is non-negative for each prime p of K’. Let us
only show the claim in the case when p lies over p { Dg and n = 2m (the
other cases are handled analogously). Suppose p 1 Dk, n = 2m and set
y = valy(y(h)) > 0. Then |y(h)[¥ = pY*u for some u € Z with p | u.
We will prove that Valp(ﬁ’l(h,aib7l)) > 0 for all I | y(h) with | # p and
that valy(|y(h)[*Fy(h, ay,,)) > 0. First consider the case of [ # p with
€| y(h). Since ay1Bs1 = XK (1)I**, where By, stands for the other [-Satake
parameter of ¢, we must have that valy(aj,;) = 0. The claim now fol-

lows from the fact that Fj(h, X) has coefficients in Z. Hence it remains to
consider that case of the prime p. For simplicity write o for ag, and
for the other p-Satake parameter. Write e for the ramification index of p
over p. It suffices to show that both V4 := val,(|y(h)|*(p~*a) (1)) > 0
and Vo := valy(Jy(h)[F(p~*a)=vale((P)) > 0. A direct calculation yields
Vi = eyk +y(—ke+valy () = yvaly(a) and Vo = eyk —y(—ke +valy(a)) =
y(2ek — valy(«v)). Note that since o and 3 are algebraic integers, we have
valp(a) > 0 and valy(8) > 0. This alone shows that Vi > 0. We also
have a8 = xx(p)p?*, which yields valy(a) + val,(8) = 2ke and hence
valy () < 2ke, which implies that V5 > 0. O

Corollary 5.5. Let B be an admissible base. Let L be a number field
containing all the Fourier coefficients of the newform ¢. Write Op for
the ring of integers of L. Then for all b € B and h € S,(Q) one has
e(—itr h)er, (h,py) € OL.

Proof. First note that it is a well-known fact that the Fourier coefficients of
any newform are all contained in finite extension of Q. By Lemma 5.4 it is
enough to show that e(—itrh)cy,(h,py) € L for all b € B and h € 5,(Q).
Fix such a pair h,b. Then it suffices to show that Fp(h, 0‘;5 p) € L for all
p | y(h). Since o, , € L', where L' = L or L'/L is a quadratic extension,
we get that F,(h, ay,) € L' If L' = L we are done. Otherwise let o be
the non-trivial element of Gal(L’/L) and write 3}, , for the other p-Satake
parameter Of; 1 (normalizeq as o). T}ien one clearly has o(aj ) = 55,
and thus o (F}(h, oy ) = Fp(h,ﬁ(’ﬁ’p) = Fy(h, ), where the last equality
follows from the independence of Fj(h, a;b p) of the choice of a particular
p-Satake parameter (see proof of Lemma 5.4). Hence the claim follows. O

Corollary 5.6. Let ¢, ¢ be two newforms in Soky1(Dx, xx) (if n = 2m) or
in Sor(1) (if n=2m +1). Let p be a prime of a number field L containing
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the Fourier coefficients of both ¢ and ¢'. Suppose that ¢ = ¢' (mod p").
Then Iy = 1y (mod p").

Proof. Since ¢, ¢’ are newforms, their Hecke eigenvalues are congruent mod
p”. From this it is easy to see that for every prime p not dividing the
level, the corresponding p-Satake parameters (which are integral over L)
are also congruent mod p”. Then it follows from the proof of Lemma 5.4
that £, (h, oy, ,) (which live in O, by Lemma 5.5) are congruent if p { p and

Iv(R)|*E,(h, oy ,) are congruent if p | p. The case of p dividing the level is
immediate. g

5.3. Non-vanishing of the Fourier coefficients of Ikeda lift mod /.
The following result is due to Ikeda.

Theorem 5.7. The Ikeda lift 1 is non-zero unless n = 2 (mod 4) and ¢
arises from a Hecke character of some imaginary quadratic field.

Proof. This follows from Corollary 14.2 and Corollary 15.21 of [22]. O

In this section we prove a mod /-version of this result. Write p, : Gq —
GL2(Fy) for the semi-simple residual Galois representation attached to ¢.

Theorem 5.8. Let ¢ 1 2Dk be a prime. Let B be an admissible base. If
n # 2 (mod 4), then with respect to B at least one of the Fourier coefficients
of Iy has £-adic valuation equal to zero. If n =2 (mod 4) and py(Gk) is a
non-abelian subgroup of GLa(F,), then with respect to B at least one of the
Fourier coefficients of 1 has {-adic valuation equal to zero.

Remark 5.9. A connection between a modular eigenform ¢ arising from
a Hecke character of an imaginary quadratic field K’ and the condition
that its f-adic (so, in particular characteristic zero) Galois representation
pe has abelian image when restricted to Gk was proved by Ribet [31].
This combined with Theorem 5.7 above yields a connection between non-
vanishing of the Ikeda lift /4 and the condition that ps(G k) be non-abelian.
Our result in essence provides an analogous connection on a mod ¢ level.

Proof of Theorem 5.8. We pick an admissible base B. If n # 2 (mod 4), then
the assertion follows from [22, Lemmas 11.1 and 11.2] because they ensure
that there exists h for which (h) = 1 and thus we get e(—itr h)cy, (h, py) = 1
for all b € B. Hence for the rest of the proof we assume n = 2 (mod 4). We
will prove Theorem 5.8 by a sequence of lemmas.

Lemma 5.10. Suppose p is an odd prime such that p = —1 (mod D).
Then p is inert in K.

Proof. Note that K C Q((p,) and that the composite of the canonical
homomorphisms (Z/DgZ)* = Gal(Q(({p,)/Q) - Gal(K/Q) — {£1} C
C* equals xx. The Lemma follows immediately from this fact. O
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Lemma 5.11. For every odd prime p with p = —1 (mod Dg) there exists
a matriz hy such that e(—itr hy)cr, (hp, pp) = ag(p) for every b € B. Here
ap(p) = agp + Bep denotes the pth Fourier coefficient of ¢.

Proof. By [22, Lemma 11.4] and its proof for every such p there exists a
matrix hy, such that v(hy,) = —p, where v is as in (5.3). Hence by that same
formula, we get that

e(—itr hp)CI¢ (hpspp) = "Y(hp)‘kﬁp(hpv O‘i;ﬁ,p)-
By [22, p. 1112] we know that Fj(h,, X) is a Laurent polynomial whose
highest degree term is X and whose lowest degree term is X, (W(hp))”_lX -
ie., Fp(hp,X)=X+a +Kp(’y(hp))1/X for some integer a. Here Xp(a) =
<%’;“> (cf. [22, p. 1110]), where the latter denotes the Hilbert symbol.
Using the assumptions on p, we get Xp(fy(hp)) = —1. By [22, Lemma 2.2]
we have that the functional equation for Fj, reads
Fp(hp; 1/X) = Xp(’Y(hp))Fp(hm X).
So, we have
1/X 4+a—X = Fy(hp;1/X) = —Ey(hp, X) = (—1)(X +a —1/X).

From this it follows that E,(h,, X) = X —1/X.
Thus

) ~ _ _ 1
e(—itr hp)er, (hy, o) = [y(hp)[*Ep(hp, p~Fag,) = p* <a¢,pp - k) :
®¢,pP
Since agpBsp = p*FxK (p) = —p**, we get
e(—itr hp)cl¢ (hp,pp) = Qppt+ Bop = ap(@)-
O
As already noted one has K C Q((p, ). Write L for the splitting field of
Py
Lemma 5.12. One has LN Q(¢p,) = K.
Proof. For simplicity set D = D. For any p | D and any prime p of L lying
over p, write I, for the inertia subgroup of p. One has that
(5.5) Pylr, =18 Xk,

where x% : Gal(Q((p)/Q) — Z, is the Galois character obtained from Y :
(Z/DZ)* — C* via the canonical identification Gal(Q((p)/Q) = (Z/DZ)*
([11, Theorem 3.1(e)] or [19, Theorem 3.26(3)]).

Set K/ = LNQ({p). One has the following tower of fields Q ¢ K C K’ C
L and (5.5) implies that the extension L/K’/K is unramified outside the
primes above £. On the other hand, since K’ C Q({p), the group Gal(K'/K)
is generated by images of the inertia subgroups I, for p lying over p with
p | D. We conclude that K/ = K. O
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Let @w be a uniformizer of a finite extension E of Qg in which all the
Fourier coefficients of ¢ lie. Suppose that e(—itr h)cr,(h,py) =0 (mod w)
for all matrices h (this makes sense by Corollary 5.5). By Lemma 5.11 this
implies that ay(p) = 0 (mod w) for all odd primes p = —1 (mod D).
Since for every prime p { £Dg we have tr pg(Frob,) = a,(¢), we see that
we must have tr p;(Frob,) = 0 (mod @) for all odd primes p { £Dy with
p=—1 (mod Dg).

Lemma 5.13. One has Gal(L/Q) = G U c¢G, where
G := {conjugates of Frob, |[p=1 (mod Dk)} = Gal(L/K)

and ¢G = {conjugates of Frob, | p # 2,p = —1 (mod Dg)}. Here c is
complex conjugation.

Proof. Consider the following diagram of fields
LQ(CDK

7

)
Q((DK) >L
\ .

By the Tchebotarev Density Theorem we know that the conjugates of Frob,
(as p runs over all primes not dividing ¢Dg) generate Gal(LQ(Cp,)/Q)-
Furthermore for any 7 € Gal(LQ((p,)/Q) the image of 7Frob, 7! in
Gal(Q(¢p,)/Q) = (Z/DKZ)* equals n if and only if p = n (mod D).
Write ¢ : Gal(LQ(¢p,)/Q) — Gal(L/Q) for the canonical quotient map.
Since LNQ(¢p, ) = K by Lemma 5.12, the image ¢(Gal(LQ({p, )/Q(C(px)))
is an index two subgroup G of Gal(L/Q) and in fact this subgroup must be
Gal(L/K). Since Gal(LQ((p, )/Q(Cpy)) is generated by the set

{conjugates of Frob, |[p=1 (mod Dg)},

we get the same for its image in Gal(L/Q).

Now note that c itself is a conjugate of Frob, with p = —1 (mod Dg).
Consider ¢cGal(LQ(¢p,)/Q(Cpy)) C Gal(LQ({p,)/Q). On the one hand
we have that ¢(c Gal(LQ((p,)/Q({py))) = ¢G and on the other hand we
must have that the image of cGal(LQ(¢p,)/Q(Cpy)) in Gal(Q((p,)/Q)
is {—1}. Thus every element of ¢ Gal(LQ((p,)/Q({p,)) (and hence also
of ¢G) is a conjugate of Frob, with p = —1 (mod Dg). Finally, by the
Tchebotarev Density Theorem we can omit Frobs from this set. O

We will now finish the proof of Theorem 5.8. Let 0 € G = Gal(L/K).
Then co = 7 Frob, 77! for some 7 € Gal(L/Q) and some p = —1 mod D.
Hence

trpg(co) = trp, (1 Frob, ) =tr py(Froby) = 0.
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] and thus if we write p,(0) = [a b} ,

In some basis we have ﬁ¢(c) = [ o

—1

then we have py(co) = _b } . Since trp,(co) = 0 we get a = d. So, we

d

have now proved that with respect to some fixed basis all elements o € G
have the property that ﬁ¢(0) has its upper-left and its lower-right entries
equal. This ensures that py(G) is abelian (see the last few lines of the
proof of [27, Proposition 8.13| for details). This finishes the proof of the
theorem. O

Corollary 5.14. Fiz an admissible base B. If n # 2 (mod 4), then for
every b € B there exists h € S;7(Q) with v(h) = 1 such that valg(deth) =
valg (e(—itr h)er, (h,pp)) = 0. If n =2 (mod 4) then for every b € B there
exists a prime p t 20Dy, inert in K and h € S, (Q) with v(h) = —p such
that valg(det h) = valg (e(—itr h)er, (h, pp)) = 0.

Proof. If n # 2 (mod 4), then [22, Lemmas 11.1 and 11.2] allow us to find
h with v(h) = 1 hence the claim follows from the definition of 7, formula
(5.3) and the assumption that £t Dg. If n =2 (mod 4), then the existence
of h follows from the proof of Theorem 5.8. O

6. CONGRUENCE TO IKEDA LIFT

We keep the notation and assumptions from section 5. Set J(K) =
3#05%. Note that J(K) = 1 when Dx > 12. It was shown in [28,
Proposition 3.13] that M,, x(KC) = M,, 1., (K) provided that J(K) | v and
(2n, hgx) = 1. The isomorphism between the two spaces is Hecke-equivariant
and is given by a function ¥g : f — B ® f, where § is an everywhere un-

—2v
ramified Hecke character of K of infinity type (ﬁ) . For details we refer
the reader to [28, p. 811-812].

From now on we assume that (hg,2n) = 1 and J(K) | v so that
\1151([(;5) € Spoktam(Gn(Z)), and fix B as above with —2v = 2k + 2m.
We also fix a rational prime ¢ > 2k + 2m such that ¢ t 2hg Dg and define
Qf; € C* to be the integral periods associated with ¢ cf. e.g [40]. Let us
note that

(6.1) Ny =

In fact the ratio is in Z, when ¢ is ordinary at £ cf. e.g. [21, Theorem 6.28]).
Here N4 denotes the level of ¢.
The aim of this section is to prove the following result. Set

n L(i+2k—1,Sym? $@x ") .
v IL’:Q ﬂ.2k+2i—19+9; n=2m+1
- L(i+2k,Sym? ¢’
[T (i42k Sy $@x) n = 2m.

=2 7r2k+2iQ;Q;
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By a result of Sturm [39, p. 220-221] for n = 2m + 1 (i.e., the weight of
¢ equals 2k) we have

L(i + 2k — 1,Sym? ¢®X’+l)

2k 2T ()

and for n = 2m (i.e., the weight of ¢ equals 2k + 1) we have
L(i + 2k, Sym? ¢ ® %)
T2h+2 (g )
for 2 <i <2k —1 (cf. Remark 5.3 for the discrepancy in the exponent of 7
between here and in [39]). Indeed, let us note that regardless of the parity
of n our points of evaluation are always in the second subset of what is
called S; on page 220 of [39]. The inequalities there translate to exactly the
above range for the values of 7. Hence to apply this result to the L-factors

appearing in V we need to (and will fg)m now on) make the assumption that
n < 2k — 1. Thus in particular ¥V € Q.

Theorem 6.1. Assume n < 2k — 1. Let £ t 2hi Dgi(¢) (for definition of
i(¢) see section 5) be a rational prime with £ > 2k 4+ 2m and write w for a
choice of a uniformizer in some sufficiently large finite extension of Qp. Let

—t
€ be a Hecke character of K such that valg(cond§) = 0, €x(2) = (ﬁ)
for some t € Z with —2k —2m < t < min{—6, —4n}. Then

(6.4)

(6.2) €Q

(6.3) €Q

H?:l 7T—2n—2k—2m—t+2i—2LDK (n + t/2 +k4+m—i+ 1’ Bc(¢) ® g—lﬁ)
Q3"

U =

X H ( XK X Lpy (2n + /2,951 (1), €71 st)

belongs to Q.

Let T € Sy (Q) be as in Corollary 5.14 and set N = T'Dyhx Ny q(cond §),
where T € Z is a generator of the inverse of the fractional ideal {g*T 1g |
g € Ok} of Q. Assume that valg (T#(Orx/NOk)*) = 0. If valo(U) =0
and b := valy (V) > 0, then there exists a non-zero f' € Sp.akrom(Gn(Z)),
orthogonal to \IIEI(I¢), such that = \IIEI(I¢) (mod w?).

Remark 6.2. The assumptions in Theorem 6.1 ensure that the assumptions
of Theorem 4.3 are satisfied. Note that in the current setup F' = Q and
since we will apply Theorem 4.3 for the eigenform \I',gl(lqg), the weight k
in Theorem 4.3 is replaced by 2k + 2m here. Also note that Lemma 5.4
guarantees that the Fourier coefficients of I are O-integral. Furthermore,
we pick r in Theorem 4.3 to be I,, and we choose 7 to be as in Corollary
5.14. The conditions that (7) = 1 or p easily imply that condition (3.2) is
satisfied, i.e., that {g*7g | g € O%} = Z. Hence Corollary 5.14 guarantees
that for this ch01ce of r and T we get valy (e(—itr 7)cy, (,7)) = 0. Also note
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that 7 and T enter the statement of Theorem 6.1 only via the assumption
on the valuations of #(Ox/NOg)*.

Remark 6.3. Since Theorem 6.1 holds for any character £ with the specified
properties, it is likely that the assumption val (i) = 0 always holds for some
choice of £. For a more detailed explanation cf. e.g. [9, Section 5]. See also
Section 9 for examples.

Proof. In this proof set K = G,(Z). As noted in Theorem 4.3 (and using
(3.4)) we have

L(2n +1/2,95" (1), & st) vol(Fi)
7r71(271-4-(2k+2m)-|—t+1)<\I/EI(I¢), ‘1151(1¢>)>’C ©

L8 (2n+t/2, 5 (1), & st) =

One easily checks (cf. e.g. [28, Lemma 8.6]) that (‘1151(I¢),\1151(I¢)>,C =
(I, 1)k Using (5.1) and (5.2) we see that

Lpg (2n+1/2, W51 (1), & st) L8 (2n + /2, W1 (1), &; st)

equals (cf. also [28, p. 849])

(6.5)

m R [T LPR (n 4 8/2 + k4 m =i +1,BC(9) @ €715)
(6, ) TTiey L(i + 2k — 1, Sym? ¢ @ X3 ") L3, X% )T (i + 2k — )T (4)?

for n =2m +1 and

(6.6)

—n(2n+(2k+2m)+t+1) H?:l Pk (TL + t/2 +k+m—i+]1, BC(@) ® 5_1,8)
(¢, ) TTiy L(i + 2k, Sym? ¢ @ x% ) L(i, X% )T (i + 2k)['c(4)?

for n = 2m.

Using the definition of I'c expressions (6.5) and (6.6) become (here w is
some w-adic unit)

vol(Fx)

vol(Fx)

(6.7)

gt @R D T IPK (n +-¢/2 4+ k +m — i+ 1,BC(¢) ® £ B)u vol (Fi)
(6, ¢) TTimy L(i, X% )m ' L(i + 2k — 1,Sym? ¢ @ xj 1) —2k—2i+1 mn

forn =2m +1 and

(6.8)

gt @RE2m) A D T LPK (n +t/2 4+ k +m — i+ 1,BC(¢) ® £ B)u vol (Fk)

(¢, ) [Timy L(i, X' )m ' L(i 4 2k, Sym® ¢ @ X )= 2k=2 m
for n = 2m.

For a Hecke character ¢ of K of infinity type (z/|z])* (u < 0) we will
write

gy =Y ag, ()@ with ag,(j)= Y j"*(a)
j=1 aC Ok ideal
N(a)=j
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for the associated modular form of weight —u + 1 (which is a cusp form if
u < 0). Observe that we have L(s, gy) = L(s — u/2,v). It is easy to check
one has

LPx (5,BC(¢) @ ¥) = LPX (s — u/2,0 @ gy),

where LPX (s,¢ ® gy) is the convolution L-function which for s € C with
sufficiently large real part is defined by

H {(1 - a¢ag¢p_s)(1 - a(ﬁﬂgwp_s)(l - 6¢ag¢p_s>(1 - 5¢5gwp_s)}_1
Dk

with ag, By and ag,, By, the Satake parameters of ¢ and g, respectively
where, as above, the Satake parameters are normalized arithmetically.

We note that the character €714 has infinity type (z/]z])2**2m*+ hence
the character £37! has infinity type (z/|z])~2*~2™~* and the number —2k —
2m — t is by our assumption on ¢ a negative number. Thus the cusp form
corresponding to 871 is g = gep—1 which is of weight 2k +2m +¢+1 > 0.
Hence the L-function in the numerator of (6.5) equals

LPs(n+t/24+k+m—i+1,BC(¢) @ &L
(6.9) =LPk(n+t4+2k+2m—i+1,6®g)
:LDK(n+t+2k+2m—i+1,¢c®gc)a

where ¢ denotes conjugating the Fourier coefficients.
Since t < min{—6,—4n} we see that for every i € {1,2,...,n} the point
of evaluation n + 2k + 2m + t — ¢ + 1 satisfies

2k +2m+t <2k +2m4+t+n—1+1 < 2k,

i.e., the points of evaluation lie strictly between the weights of ¢ and g,
hence they are critical points in the sense of Deligne. We have the following
result due to Shimura.

Theorem 6.4. If ¢ and ¢’ are two cuspidal eigenforms of weights 1,1 re-
spectively, and | > 1" then for all integers M such that ' < M < | one
has

Wl,_l_QML(M, ¢ ® ¢/) L
©.9) <@

The values of M in the above ranges are critical.

Proof. This is stated on [32, p. 218]. For the discrepancy in the exponent of
7 between our statement and the formula in [loc.cit.], see Remark 5.3. O

Applied to our case (I =2k ifn=2m+ 1,1 =2k+1if n = 2m, and
! =2k + 2m +t + 1) this implies that

7T—2n—2k—2m—t+2i—2L(n +2k+2m+t—i+1,0® g)
(¢, 9)

€Q forie{l,2,...,n}.
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Note that the power of 7 in U (not involved in normalizing the Dirichlet
L-function) equals
n n
D (=20 —2k—2m—t+2—2)=-n@n+2k+2m+t+2)+2) i
i=1 i=1
=-nn+2k+2m+t+1)

and that L(i, % )7 € Q. Thus we have proved that U € Q,.
Hence both (6.7) and (6.8) equal (taking into account (6.1))

" @ g vol(Fx)
N y gqn
where u is a w-adic unit. To summarize we have shown
2
al -1 —1. " _
valg (L g(2n+t/27\1’6 (1g), € ’St)vol(f;c)) = val (U/(nsV))

= —valg(nsV)

= —b.
The result now follows directly from Theorem 4.3 and the fact that f' # 0
follows from Remark 4.4 and Theorem 5.8. O

Remark 6.5. Theorem 5.8 ensures that there is a genuine congruence to
depth b between I, and some orthogonal form f’, i.e., that no part of that
congruence comes from the fact that I itself is congruent to zero to some
depth. We also note that Theorem 5.8 is indeed necessary for the con-
struction of such a congruence, because our method does not allow for any
rescaling of the lift as such a rescaling would change the inner products used
in the derivation of the congruence.

7. CONGRUENCE WITH RESPECT TO INTEGRAL PERIODS

It is possible that the congruence constructed in Theorem 6.1 is “inher-
ited” directly from a congruence between ¢ and another newform ¢’ € So(1)
(or Sopt1(Drcs XK))-

It is well-known [17] that for ¢ as in the last section (i.e., in particular
0> 2k+1, £1i(¢)) the mod ¢" congruences between ¢ and another ¢’ are
controlled by the ratio

<¢7 ¢>F¢ =
(7.1) Mg = ra- € Lt

29
at least when ¢ is ordinary (see e.g., [7, Section 5] for definitions of ij as
well as the discussion of the ratio).

In this section we will derive (under certain assumptions) a stronger
version of Theorem 6.1 where the condition val,(n4V) > 0 is replaced by
valg(V) > 0, and in return the resulting congruence is between I4 and an
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automorphic form f’ € Mn72k+2m(Gn(Z)), which does not arise as an Tkeda
lift. However, in doing so, we will make use of the following conjecture.

Conjecture 7.1. Fiz a rational prime £. Let f € Sy, (K) be a Hecke
eigenform of central character w for I C G,(Aqzf) an open compact sub-
group. Then there exists a continuous semi-simple representation py : G —
GL2,(Qy) such that

(i) py is unramified at all finite places not dividing Dy ;
(ii) One has LP%(s,py) = LP% (s, BC(f) ® w®;st),
(iii) If €1 Dy, then for any p | £, the representation py|p, is crystalline.

Remark 7.2. The above conjecture is widely regarded as a known result,
however the only reference we know of in which the existence of Galois
representations attached to automorphic forms on G, (Aq) is proven is the
article of Skinner [35, Theorem B]. However, the proof excludes the parallel
weight case, and while the author states that this hypothesis may be relaxed,
he goes on to say that this case would not be addressed in [loc.cit.]. Let
us also mention that a similar remark to Remark 5.2 regarding different
normalization of L-functions concerns [37].

From now on as in the last section, let £ + 2Dg, ¢ > n+ 2k — 1 be a
prime and ¢ be a newform in Sox(1) (if n = 2m + 1) or in Sox+1(Dk, XK)
(if n = 2m). Let py : Gq — GL2(Q,) be the f-adic Galois representation
associated to ¢ by Deligne et al. and write py(j) for its jth Tate twist.
We will also assume that the residual Galois representation p, : Gq —
GLy(Fy) is irreducible when restricted to G. This combined with (5.1)
and Conjecture 7.1 implies that py, is isomorphic to

n—1

(7.2) eF i @ 6B po ()l
=0

where € is the f-adic cyclotomic character.

Let S) = {¢1 = ¢, b2,...,¢} be the subset of a basis of newforms of
Sar(1) (if n = 2m + 1) or of Sop4+1(Dk, xx) (if n = 2m) consisting of forms
congruent to ¢ (mod w). Write S} := {f1 = Iy,..., frr = Iy} for the
corresponding set of Tkeda lifts. Since py|q, is irreducible, it must have
a non-abelian image, hence it follows from Theorem 5.8 that all f; € S}
are non-zero. We choose a subset Sy of S so that the elements of Sy :=
{fi = 1, € S1 | ¢; € So} are linearly independent and span the same
subspace of Sopiom(Gn(Z)) as S;. Renumbering the elements of S} and
hence of S7 if necessary we may assume that Sy = {¢1 = &, ¢2,...,0,}
and S1 = {f1 = Iy, fa,... fr} for some r < /. By Corollary 5.6 we know
that f; = f1 (mod w) for all 1 < ¢ < r. We complete this set to a basis
fiseoos frs frat, -+, fs of the subspace W of 82k+2m(Gn(Z)) containing all
eigenforms which are congruent to f; (mod @) (in the sense of Definition
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2.4) and note that by Theorem 5.8 we must have f; Z 0 (mod w) for all
1< <s.

For 0 € G let Z?Zo ¢j(i,0) X7 € O[X] be the characteristic polynomial
of py,(0), where py, is the Galois representation attached to f; (Conjecture
7.1). Here O is the valuation ring of some sufficiently large finite extension

¢j(1,0)
of Q. Put ¢j(o) = : € Of for 5 = 0,1,...,2n. Let T be the
cj(s, o)
O-subalgebra of O° generated by the set {c;j(c) |0 < j <2n,0 € Gk}. The
algebra T acts on W by

t1

Tf=|:| Y auifi:=) aitifs.
i—1 i—1

ls

We will say that T preserves the integrality of Fourier coefficients if when-
ever f € W has O-integral Fourier coefficients, so does T'f for all T' € T (cf.
Definition 2.4).

Remark 7.3. It follows from the Tchebotarev Density Theorem that T is
generated by the set {c;(Froby) | 0 < j < 2n,p t Dgl}. By Conjecture
7.1 (ii), each ¢j(Froby) is a polynomial in Hecke operators. The action of
each such Hecke operator on Fourier coefficients (albeit tedious) should be
straightforward to compute (we refer the reader for example to [27, (5.6)]
where this is done for n = 2) and from this one should be able to see that
these polynomials preserve the integrality of Fourier coefficients. Hence in
fact we expect that T always preserves the integrality of Fourier coefficients,
but we do not pursue the full proof here since the theorem below (for which
the integrality is used) is already conditional on Conjecture 7.1 and a full
proof may be computationally involved.

Theorem 7.4. Assume that Conjecture 7.1 holds. Keep the assumptions of
Theorem 6.1, but replace the definition of b = valg(n4V) with b = valg (V).
Suppose furthermore that ¢ is ordinary at £ with py|a, absolutely irreducible
and that the algebra T preserves the integrality of Fourier coefficients. Then
the claims of Theorem 6.1 hold true, but the form f' € My oprom(Gn(Z))

congruent to ‘Ilgl(f(b) (mod w®) is not an Ikeda lift of any newform ¢’ €
Sor(1) if n=2m+1 (resp. ¢ € Soky1(Dk,xxK) if n =2m).

Proof. As in [7] to achieve our goal we will show the existence of a certain
‘idempotent-like’ Hecke operator in the Hecke algebra on G,,(A). However,
instead of deducing its existence from explicit relations between Hecke oper-
ators on G, and GLa (as in [loc.cit.]) we will construct it from the knowledge
of the Galois representation of I, (a variant of this method was used in [27,
Section 5.5]). As the arguments for n = 2m are entirely analogous, we limit
ourselves to the case n = 2m + 1.
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Denote by T ¢ the quotient of T defined in the same way as T but with r in
place of 5. After choosing some G q-invariant lattice we may assume that pg,
is valued in GL2(O). Write p : O[Gg] — Mata(O") for the O-algebra map

Ps,(91)
sending g = >, a1g1 € O[Gk] to >, : . By a standard argument

P, (1)
(using the irreducibility of py |G ) one can show that the image of p is

contained in Matg(Ty), where T is the O-Hecke algebra acting on Soi(1)
(cf. e.g. [11, Lemma 3.27]). In particular tr p(g) can be interpreted as
a Hecke operator. It thus follows from [27, Proposition 8.14] that there

exists go € O[Gk| such that tr p(go)p1 = Q@ig?_ ¢1 and tr p(go)¢; = 0 for all
6%

i > 1. The proposition in [loc.cit.] as stated applies only to K = Q(i), but
the deformation-theoretic arguments in the proof are not sensitive to these
restrictions and the result of Hida they reduce the proof to is also valid in
full generality.
Now let p : O[Gkg] — Matg,(O") be the O-algebra map sending g =
p1.(91)
Yag € OGg| to )y, a : . By (7.2) we see that p decomposes as

pr, (1)
a direct product of Tate twists of p, hence one concludes that the image of p

is contained in Mato, (Tf). Using (7.2) again and the fact that ¢ is ordinary
at ¢ and working as in the proof of [27, Proposition 5.14] we see that there
exists a projector e € O[Gk| such that

p(e) p(e)
p(1)(e) 0

p(n — 1)(e) 0
Set Ty := tr p(ego) with go as above and let T" be any lift of Ty to T. It is
clear that this 7" has the desired properties. Now applying T" to both sides
of (4.2) and amending the periods in the L-functions appearing in Cf, we
get the desired result. We refer the reader to [7] or [27] for details. O

8. SPECULATIONS ABOUT CONSEQUENCES FOR THE BLOCH-KATO
CONJECTURE

Let us now specialize to the case n = 3. The relevant L-values in this
case are

2 2
I L(2k +1,Sym* ¢ ® xk) cQ. In— L(2k + 2,Sym? ¢)

2k+30)T O~ 2k+50+ 0O~
e Q¢ Qd> T Q¢ Q¢
For ¢ = 1,2 set v; := valy(#0O/L;). The (w-part of the) Bloch-Kato con-

jecture for a Gp-module V with divisible coefficients(with F' a number
field) predicts that Valg(#H}(F, VV(1))) and val,(#0O/L¥8(V,0)) (where

€ Q.
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L¥&(V,0) is the appropriately normalized L-value of V at zero) should be
related (in fact equal up to certain canonically defined factors - see e.g. [28,
Section 9] for a precise statement). We have (to ease notation here and
below we assume that the modules have divisible coefficients)

Vii=ad’ ps(2) @ xi, V7 = ad’ py(—2) @ xk,

(8.1)
Vy = ado ,0¢(3), VQ\/ = ado P¢(_3)-

So, the Bloch-Kato conjecture for V; relates valg(#H}(Q, ad® pg(—1)®@xk))
to valy(#0/L¥2(ad ps(2)@x 1, 0)) = v1, and for Vz it relates Valg(#H}(Q, ad py(—2)))
to valy(#0/L¥2(ad” py(3),0)) = ve.

By Theorem 7.4 there exists f/' € 82k+2(G3(Z)) orthogonal to the space
spanned by all the Ikeda lifts such that f’ = Iy (mod w"**2). Assume for
simplicity that v1 = 0 and v9 = 1. Assuming the validity of Conjecture 7.1
we get an f-adic Galois representation attached to f’ which is unramified
away from ¢ and crystalline at £. Let us assume it is also irreducible. Then
by a standard argument of Ribet [30] we can find a Galois-invariant lattice
inside this representation such that with respect to that lattice its mod
(-reduction p : G — GLg(Fy) has the form

pelg)  alg) b(g)
plg) =e(g)* " Ps(9)Eg)  clg)
Ps(9)€(9)

First note that both a and ¢ give rise to elements in H} (K, ad” ps(—1)| Gy )-
One has a natural splitting

Hi(K,ad’ py(—1)|ay) = Hi (K, ad” py(—1)|a, ) TOH (K, ad” pg(—1)|a )~

where the superscripts indicate the sign of the action of the complex conju-
gation.

Suppose now one can show that a,c € H}(K, ad” ps(—1)|gx )~ Let us
explain how one can use our result to conclude that the validity of the
Bloch-Kato conjecture for Vi gives evidence for its validity for Vo. The
inflation-restriction sequence gives an identification

H' (K, ad” py(~ 1)l ) ™ = HY(Quad® po( 1)l © X)

and using this one can show that the classes a, ¢ lie in the Selmer group of
ad® py(—1)|Gx ® xx which by the Bloch-Kato conjecture for V4 and our as-
sumption that v; = 0 is trivial. So, a,c must be trivial classes. Hence
for p to be non-semi-simple, b has to give rise to a non-trivial class in
HY(K,ad" ps(—2)|G, ) Splitting a and ¢ and rearranging the diagonal ele-
Pglax b
ﬁ¢(2)|GK
hence also crystalline. Thus, b in fact gives rise to a non-zero element in
the Selmer group of ad” ps(—2)|g,. This provides evidence for the Bloch-
Kato conjecture for V5. In fact this argument can be applied with V; and

ments in p, we see that is a subrepresentation of p and
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V5 switched. Furthermore, with some more work it could be extended to
arbitrary values of v1 and vy to obtain the full equivalence of the validity of
the Bloch-Kato conjectures for V; and Vo. However, we do not proceed with
the general argument here, because we are unable to show that the classes
a and ¢ indeed lie in the minus part of the Selmer group, which at this stage
reduces our argument to a mere speculation.

Remark 8.1. In [9], Keaton and the first-named author construct congru-
ences for the (symplectic) Ikeda lift on the group Sps,, of an elliptic modular
form ¢ € Sk(1) when k and n are even. These are controlled by the L-value

Lag((k 4+ n)/2,9) H;lfl_l Laig(2§ + k, Sym? ¢), where the subscript alg in-
dicates the algebraic part. The paper also discusses the application of the
result to the Bloch-Kato conjecture for ¢. Our current result can be viewed
as partly complementary to that of [9] in the sense that it constructs con-
gruences for the Ikeda lift of ¢ € Si(1) to U(n,n) for odd values of n, while

[9] construct congruences for the ITkeda lift of ¢ to Sps,, for even values of n.

9. EXAMPLES

In this final section we provide examples of our main theorem. We fix
K = Q(v/—3) throughout the calculations so that yx = (_—3) Note that
here that hx = 1 which simplifies many of the assumptions. We consider the
case where m = 2 and n = 5. Furthermore, observe that we have #0% = 6,
so J(K) = 3 in this case.

Fix ¢ € S96(SLa(Z)) to be the unique normalized eigenform, i.e.,

¢ = q — 48¢% — 195804¢> — 335521284 — 741989850¢° + 9398592¢° + - - - .

Observe that this gives v = —k —m = —15, so J(K) | v as required.
Set

L(j + 25,Sym? ¢ © i)
25420 (p, B)

Lag(j +25,Sym? ¢ @ x4 ) =

To calculate the values of Ly, listed below, we made use of SAGE [38] and
Dokchitser’s Computel. program based on the work in [12]. Using Compu-
teL, we computed the values L, and looked at continued fraction expan-
sions of these with increasing levels of precision. From this, it becomes clear
where a “cut-off” in the continued fraction should occur to give the rational
value of L,js. The same methods are used to compute the algebraic values
of the convolution L-functions below as well. Thus, we have not proven
the values below are correct, but have strong evidence they are the correct
values.
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Using this method we have

237. 523
Latg(27,8ym% 0 © XK) = o555 111393

238.5.72.11-13-23-31-137
338.56.74.112.132.232

238.67-139 - 1609
Lalg(29’ Sym2 ¢ ® XK) = 340 .55.72.112.132.932

231.5.112-19 - 3463 - 6761
Lang (30, Sy 0 € Xie) = 53 555 112 132 .19 237 - 29
Observe since ¢ the only newform of weight 26 and full level, vacuously there
are no non-trivial congruences between ¢ and other newforms of weight 26
and full level and thus 74 is a unit. This gives val,(V) = 1 for £ € L :=
{31,67,137,139,523,1609, 3463,6761}. Moreover, f is ordinary at all £ € L.
We can ignore the condition that the residual Galois representations p, be
irreducible as that was only required to produce the Hecke operator that
guaranteed we produce a congruence to a form that is not an Ikeda lift;
as explained above ¢ is not congruent to any other newforms of the same
weight and level so one does not have to worry about such congruences to
other Ikeda lifts.

Clearly we have ¢ > 2k + 2m = 30 for all £ € L. Observe that L is
relatively prime to 2hx Dg as required where we say A is relatively prime
to L if valy(A) = 0 for all £ € £. We also have that £ is relatively prime to
T#(Ok /30Kk)* = #(Ok/30Kk)*. Finally, note that L is relatively prime
to Az. Thus, it only remains to show we can choose £ so that U is relatively
prime to L.

Recall that € is a Hecke character of K so that {(2) = <é)

t € Z satisfying —30 < t < —20. For our purposes we choose ¢ to be

an everywhere unramified character with ¢ = —24. Recalling that § is an
30
everywhere unramified Hecke character of K of infinity type <ﬁ) , we have

g := gep—1 € S7(3, XK ) 23, Theorem 12.5]. In fact, one can check via SAGE
that ¢ is the unique newform in S7(3, x), i.e.,

g = q—27¢°+64¢*—286¢" +729¢° —1728¢'2+506¢"3+4096¢'6—10582¢"7+- - - .

Laig(28,Sym? ¢ ® x%) =

t
for some

Observe that ¢¢ = g.
To deal with U/, we first consider

1=, 7% L(9 - j,BC($) © xk)
(¢, 0)° '

One thing to note here is that while the main theorem has the Euler factors
at Dg removed, so the Euler factor at 3 for us, this is not necessary in the
case that ¢ has full level. One can see this by running through the proof
of [22, Theorem 18.1]. Using the relation between L(s,BC(¢) ® xk) and
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L(s,¢ ® g), we see we want to consider

> L3, 0 ®g)
]Hl m6=21(p, )’
Set
L(j,¢®g)

Lag(j, ¢ © g) = 621G (x3)i%5 2 ($, §)

We need to calculate Lyg(j, ¢ ® g) for j = 7,8,9,10,11 and see these are
relatively prime to the elements in £. We have

72.13-17-19-107

Lalg(7’ ¢ & g) =

25.34.518
Lag(8,0 ®g) = T 22;275178607
Lag(9,0®g) = 2371.0?1%1.472 -8227
L1069 = §5 i o
Lag(11,9 ® g) = m
Finally we consider the values of Lag(j, X)) = L(JT);%{) or g = 2345

The values of Lag(j, X][{) for 7 odd can be obtained directly from SAGE;
the others are easily obtained from well-known values of the Riemann zeta
function.

_ 22
Lag(2,x%) = (1 -37%)¢(2) = 33
223
Lalg(3= X?{) = 35
4 4 2
Lag(4,xk) = (1= 379¢(4) = 5
22./3

Thus, we have U is relatively prime to L.

Combining all of these computations we see Theorem 6.1 gives a congru-
ence modulo ¢ for each ¢ € £ between the Ikeda lift of ¢ and a Hermitian
modular form of weight 30 and full level that is orthogonal to I and is not
an Ikeda lift.
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