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Abstract In this article we construct Saito–Kurokawa lifts of mixed level. These
are constructed via representation theoretic arguments originally used by Schmidt to
construct congruence level and paramodular Saito–Kurokawa lifts.
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1 Introduction

From a classical point of view, the Saito–Kurokawa lifting of full level has been known
for some time due to the work of many mathematicians culminating in the work of
Zagier [17]. This lifting provides a way to associate to a newform f ∈ S2κ−2(SL2(Z))

with κ ≥ 2 even a Siegel eigenform Ff ∈ Sκ(Sp4(Z)) satisfying

L(s, Ff , spin) = ζ(s − κ + 1)ζ(s − κ + 2)L(s, f ).

It is natural to ask if such lifts exist for forms with level � � SL2(Z). There are two
classical constructions that generalize the full-level lifting.

Combining thework ofGritsenko [5] and Skoruppa–Zagier [15], one can generalize
the full level Saito–Kurokawa lifting to paramodular levels, namely, given a newform

J. Brown · D. Zantout (B)
Department of Mathematical Sciences, Clemson University, Clemson, SC 29634, USA
e-mail: daniaz@g.clemson.edu

J. Brown
e-mail: jimlb@g.clemson.edu

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s11139-014-9651-y&domain=pdf


248 J. Brown, D. Zantout

f ∈ Snew2κ−2(�0(m)) with the sign of the functional equation of f being −1, there is
a paramodular Siegel modular form Ff ∈ Sκ(�[m]) satisfying the same L-function
relationship as in the full-level case. The Saito–Kurokawa lifting with square-free
congruence level was claimed in [9]. Although there was an error in the definition of
the Maass lifting with level in [9] and the lifting was never proved to be cuspidal, one
does have a congruence square-free level Saito–Kurokawa lifting [2,6]. This associates
Ff ∈ Sκ(�

(2)
0 (m)) to a newform f ∈ Snew2κ−2(�0(m)) with κ ≥ 2 an even integer and

m square-free satisfying

L(s, Ff , spin) =

⎛
⎜⎜⎝

∏
p|m

εp=−1

(1 − p−s+κ−1)

⎞
⎟⎟⎠ ζ(s − κ + 1)ζ(s − κ + 2)L(s, f ).

In the casem = 1, the paramodular- and congruence-level Saito–Kurokawa liftings
both specialize back to the full-level case. The first proof of the cuspidality of theMaass
lifting with congruence level was given in [6]. The second author provided a proof
of the cuspidality of both the congruence level and the paramodular level liftings in
[18] using the cusp structure of �\Sp4(Q)/C2,1(Q), where C2,1(Q) is a maximal
parabolic subgroup and � is �

(2)
0 (M) or �[m].

Each of these lifts is useful in applications to problems in arithmetic. For example,
one can see [1,7,14] for such applications. As such, a unified approach to these lifts
is desirable. Using the language of representation theory, Schmidt [12,13] was able
to provide this unification. In this paper we modify his construction to obtain more
general Saito–Kurokawa lifts of mixed level. It should be noted that given a newform
f ∈ Snew2κ−2(�0(m)), there are generally many Saito–Kurokawa lifts of f with various
levels, see Theorem 3.4. From a classical point of view, the elliptic-Jacobi map needed
for such mixed-level lifts was claimed in [8]. However, very few proofs are provided
and the known errors from [9] are not addressed. The cuspidal Jacobi–Siegel map of
the mixed-level lifts from a classical point of view can be found in [18]. The entire
mixed-level lifting from a classical point of view is the ongoing work of the second
author. In this paper we provide a representation theoretic construction of such mixed-
level lifts.

This paper is organized as follows: In Sect. 2 we gather notation and definitions
needed for the rest of the paper. We recall Schmidt’s results and modify his arguments
to provide more general Saito–Kurokawa lifts in Sect. 3. In particular, Theorem 3.4 is
the main result of the paper. Finally, in Sect. 4 we specialize Theorem 3.4 to recover
the mixed-level lifts claimed in [8].

2 Notation

In this section we collect notation that will be used in the rest of the paper. Throughout
this paper we let m be a positive square-free integer.
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Mixed-level Saito–Kurokawa liftings 249

2.1 Elliptic modular forms

We letGL2 and SL2 have their standard definitions.WewriteGL+
2 (R) for the subgroup

of GL2(R) consisting of matrices with positive determinant. Given a prime p, we will
make use of the group

K0,p(p) =
{(

a b
c d

)
∈ GL2(Zp) : c ≡ 0mod pZp

}
.

Let m be a positive square-free integer. We define

K0(m) =
∏
p|m

K0,p(p)
∏
p�m

GL2(Zp).

Set �0(m) = GL2(Q) ∩ GL+
2 (R)K0(m).

Given an integer κ ≥ 2, we let Sκ(�0(m)) denote the elliptic cusp forms of weight
κ and level �0(m) and Snewκ (�0(m)) the subspace of new forms.

Let f ∈ Snewκ (�0(m)) be a newform. We denote the cuspidal automorphic rep-
resentation associated to f by π f = ⊗π f,p. Recall that π f,∞ is the discrete series
representation with lowest weight vector of weight κ and, for p � m, we have π f,p

as the unramified principal series representation. The local representations for p | m
are determined by the Atkin–Lehner eigenvalues of f . For p | m, recall that the

Atkin–Lehner operator at p is given by the matrix Wp =
(
pa b
mc pd

)
, where a, b, c, d

are integers such that p2ad − mbc = p. If f ∈ Snewκ (�0(m)), we let εp ∈ {±1}
denote the Atkin–Lehner eigenvalue of f at p, i.e., Wp f = εp f . If εp = −1, then
π f,p = StGL(2) and if εp = 1 then π f,p = ξ StGL(2), where StGL(2) is the Steinberg
representation and ξ is the unique non-trivial unramified quadratic character of Q

×
p .

We will also need L-functions attached to f and π f . For each prime p � m, there
exists a character σp so that π f,p = π(σp, σ

−1
p ) (see [4, Sect. 4.5]). The p-Satake

parameter of f is given by α0(p; f ) = σp(p). We have

L(s, π f,p) = (1 − α0(p; f )p−s)−1(1 − α0(p; f )−1 p−s)−1.

For p | m we have

L(s, π f,p) = (1 + εp p
−s−1/2)−1

and for p = ∞ we set

L(s, π f,∞) = (2π)−(s+(k−1)/2)�(s + (k − 1)/2).

Set

L(s, π f ) =
∏
p

L(s, π f,p).
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The functional equation for L(s, π f ) is given by

L(s, π f ) = ε(s, π f )L(1 − s, π f ),

where ε(s, π f ) = ∏
p ε(s, π f,p) and

εp(s, π f,p) =
⎧⎨
⎩

(−1)−κ/2 if p = ∞,

−p1/2−s if εp = −1, p < ∞,

p1/2−s if εp = 1, p < ∞.

In particular, the sign of the functional equation is given by ε(1/2, π f ) ∈ {±1}. We
will phrase our main results in terms of the L-function associated to f . One has

L(s, f ) =
∏
p<∞

L(s + 1/2 − κ/2, π f,p).

2.2 Siegel modular forms

Let GSp4 be the symplectic group realized via the symplectic form J =
(

02 12
−12 02

)
.

We write GSp+
4 (R) to denote the subgroup of GSp4(R) consisting of matrices with

positive determinant.
For a prime p define

K (2)
0,p(p) =

{(
a b
c d

)
∈ GSp4(Zp) : c ≡ 0modpZp

}

and

K (2)
p [p]

=

⎧⎪⎪⎨
⎪⎪⎩

γ =

⎛
⎜⎜⎝

a1 pa2 b1 b3
a3 a4 b3 p−1b4
c1 pc2 d1 d2
pc3 pc4 pd3 d4

⎞
⎟⎟⎠ ∈ GSp4(Qp) : ai , bi , ci , di ∈ Zp, det(γ ) ∈ Z×

p

⎫⎪⎪⎬
⎪⎪⎭

.

Given a positive square-free integer m, set

K (2)
0 (m) =

∏
p|m

K (2)
0,p(p)

∏
p�m

GSp4(Zp)

and

K (2)[m] =
∏
p|m

K (2)
p [p]

∏
p�m

GSp4(Zp).
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Let � ⊂ Sp4(Q) be a subgroup commensurable with Sp4(Z). We let Sκ(�) denote
the space of Siegel modular forms of weight κ and level �. Given F ∈ Sκ(�), F
generates a space of cuspidal automorphic forms on GSp 4(A) invariant under right
translation. In general, this space may not be irreducible, but does decompose into a
finite number of irreducible, cuspidal, automorphic representations. Let �F be one of
these irreducible pieces; we can decompose it into local components �F = ⊗�F,p

with �F,p, a representation of PGSp4(Qp). We refer the reader to [3, Sect. 3] for
details concerning the construction of cuspidal automorphic representations associated
to Siegel cusp forms.

Given F ∈ Sκ(�) as above, for all but finitely many places p the representation
�F,p will be an Iwahori-spherical representation �(σ, χ1, χ2), which is isomorphic
to the Langlands quotient of an induced representation of the form χ1×χ2�σ with χi

and σ unramified characters of Q
×
p . One can see [3,11] for the definitions and details.

For such p, the p-Satake parameters are defined by b0 = σ(p) and bi = χi (p) for
i = 1, 2. We define

L(s,�F,p, spin) = (
(1 − b0 p

−s)(1 − b0b1 p
−s)(1 − b0b2 p

−s)(1 − b0b1b2 p
−s)

)−1

for �F,p = �(σ, χ1, χ2). We leave the local L-functions for those p where �F,p is
not of the form �(σ, χ1, χ2) and the L-function at the infinite prime undefined for
now as these will be given in the next section. Set

L(s,�F , spin) =
∏
p

L(s,�F,p, spin).

As in the GL2 case, we will phrase our results in terms of L(s, F, spin). The relation
is given by

L(s, F, spin) = L(s − κ + 3/2,�F , spin).

3 Saito–Kurokawa lifts

Working within the framework of Langlands’ functoriality, Schmidt [12] unified both
constructions of the Saito–Kurokawa lifting described in Sect. 1. In this section we
recall his results and show how his methods can be used to give more general Saito–
Kurokawa liftings.

3.1 Schmidt’s Main Lifting Theorem

Let S be a finite set of places ofQ. As in [12], we let πS = ⊗πS,p be the non-cuspidal
automorphic representation of PGL2(A) so that

πS,p =
{

1GL2 if p /∈ S
StGL2 if p ∈ S,
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where 1GL2 is the trivial representation and StGL2 is the Steinberg representation for
PGL2.

We now state Schmidt’s main lifting theorem.

Theorem 3.1 ([12], Theorem 3.1) Let m be a positive square-free integer, f ∈
Snew2κ−2(�0(m)) a newform, and π f = ⊗pπ f,p be the cuspidal automorphic repre-
sentation associated to f . Let S ⊂ {p | m} ∪ {∞} so that (−1)#S = ε(1/2, π f ). Let
πS = ⊗πS,p be the non-cuspidal automorphic representation of PGL2(A) as defined
above. Then

(1) The global lifting �(π f ⊗ πS) := ⊗�(π f,p ⊗ πS,p) is an automorphic rep-
resentation of PGSp4(A) which appears discretely in the space of automorphic
forms.

(2) If L(1/2, π f ) = 0 or if S 
= ∅, then �(π f ⊗ πS) is a cuspidal automorphic
representation.

3.2 Local components of �(π f ⊗ πS)

We now describe the local representations �(π f,p ⊗ πS,p) as is done in [13, Sect. 5].
We note that since we are ultimately interested in holomorphic Siegel modular

forms, we will require our S to always contain ∞. Therefore when it exists, the
global lifting will be a cuspidal automorphic representation of PGSp4(A) whose local
component at∞ is given by�(π f,∞⊗StGL(2)). If we assume f has weight 2κ−2, the
archimedean component π f,∞ is the discrete series representation of PGL2(R) with
a lowest weight vector 2κ − 2 denoted by D(2κ − 3). The archimedean component
πS,∞ = StGL(2) is the lowest discrete series representation D(1) of PGL2(R). It
is shown in [3] that �(D(2κ − 3) ⊗ D(1)) is the archimedean component of an
automorphic representation corresponding to a holomorphic Siegel modular form of
weight κ . In other words, �(D(2κ − 3) ⊗ D(1)) is the holomorphic discrete series
representation of PGSp4(R) with weight κ .

For places p � m, the local representations �(π f,p ⊗ πS,p) are unramified of the
form �(π f,p ⊗ 1GL2), where π f,p is the unramified principal series representation
containing non-zero vectors fixed by GL2(Zp).

It remains to describe the local representations of the global lifting for finite places
p | m. Recall for p | m we described the local representations π f,p in terms of the
Atkin–Lehner eigenvalues εp of f in the previous section. Consequently, there is a
total of four possibilities for �(π f,p ⊗ πS,p):

(1) �(StGL(2) ⊗1GL(2)) if p /∈ S and εp = −1,
(2) �(StGL(2) ⊗StGL(2)) if p ∈ S and εp = −1,
(3) �(ξ StGL(2) ⊗1GL(2)) if p /∈ S and εp = 1,
(4) �(ξ StGL(2) ⊗StGL(2)) if p ∈ S and εp = 1.

The fourth representation is known to be supercuspidal ([12, Summary p. 24]), so it
has no Iwahori-fixed vectors. As such, it will play no role in our work as it cannot
be the component of a, the representation arising from a classical holomorphic Siegel
modular form. Thus, if p ∈ S is a finite prime, we will require εp = −1.
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Recall that the local Atkin–Lehner involution at p is given by

ηp =

⎛
⎜⎜⎝
0 0 0 1
0 0 1 0
0 p 0 0
p 0 0 0

⎞
⎟⎟⎠ .

The Atkin–Lehner eigenvalue of �(StGL(2) ⊗1GL(2)) is −1 and the Atkin–Lehner
eigenvalues of �(StGL(2) ⊗StGL(2)) and �(ξ StGL(2) ⊗1GL(2)) are equal to 1
([13, Table 30]).

Wewill also have the use of the local L-factors of the local representations�(π f,p⊗
πS,p) for those p | m. These are given in [13, Table 33]:

L(s,�(StGL(2) ⊗1GL(2))) = (1 − p−s−1/2)−2(1 − p−s+1/2)−1,

L(s,�(ξ StGL(2) ⊗1GL(2))) = (1 − p−s−1/2)−1(1 − p−s+1/2)−1(1 + p−s−1/2)−1,

L(s,�(StGL(2) ⊗StGL(2))) = (1 − p−s−1/2)−2.

3.3 The relationship to classical Saito–Kurokawa lifts

The main result of [13] is the following theorem that constructs the classical and
paramodular Saito–Kurokawa lifts via Theorem 3.1.

Theorem 3.2 [[13], Theorem 5.2] Let m be a square-free positive integer and f ∈
Snew2κ−2(�0(m)) a newform. Let εp be the eigenvalue of f of the Atkin–Lehner involution
Wp at p. Let ηp be the Atkin–Lehner involution at p as defined above.

(1) If ε(1/2, π f ) = −1, then there exists a cusp form Ff ∈ Sκ(�[m]), unique up to
scalar multiples, satisfying

L(s, Ff , spin) = ζ(s − κ + 1)ζ(s − κ + 2)L(s, f ).

The lifting preserves Atkin–Lehner eigenvalues, i.e., the Atkin–Lehner eigenvalue
of �Ff ,p under ηp is εp.

(2) If κ is even, then there exists a cusp form Ff ∈ Sκ(�0(m)), unique up to scalar
multiples, satisfying

L(s, Ff , spin) =

⎛
⎜⎜⎝

∏
p|m

εp=−1

(1 − p−s+κ−1)

⎞
⎟⎟⎠ ζ(s − κ + 1)ζ(s − κ + 2)L(s, f ).

The Atkin–Lehner eigenvalue of �Ff ,p is 1 for each p | m.

In fact, one can use Theorem 3.1 to construct more general Saito–Kurokawa lifts.
Let f ∈ Snew2κ−2(�0(m)) be a newform. Set T = {p | m : εp = −1} andW = {p | m :
εp = 1}.
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254 J. Brown, D. Zantout

Definition 3.3 Let f ∈ Snew2κ−2(�0(m)) be a newform. LetS ⊂ T ∪{∞} so that∞ ∈ S
and (−1)#S = ε(1/2, π f ). We will call such a set S an admissible set with respect
to f .

Let S be an admissible set for f . Set TS = T − (T ∩S) to ease notation. Consider
the following set of tuples of pairs:

X =
{
(p, Kp)p∈W : Kp = K (2)

0,p(p) or Kp = K (2)
p [p]

}
.

Note #X = 2 · #W. Given x ∈ X , set

WC
x =

{
p ∈ W : (p, Kp) ∈ x, Kp = K (2)

0,p(p)
}

WPm
x =

{
p ∈ W : (p, Kp) ∈ x, Kp = K (2)

p [p]
}

.

Theorem 3.4 Let m be a square-free positive integer, f ∈ Snew2κ−2(�0(m)) a newform

and S an admissible set for f . For each x ∈ X , there is a cusp form FS,x
f ∈ Sκ(�S,x ),

unique up to scalar multiples, satisfying

L(s, FS,x
f , spin) =

⎛
⎝∏

p∈S
(1 − p−s+κ−1)

⎞
⎠ ζ(s − κ + 1)ζ(s − κ + 2)L(s, f ),

where �S,x = GSp4(Q) ∩ GSp+
4 (R)KS,x and

KS,x =
∏

p∈S∪WC
x

p�∞

K (2)
0,p(p)

∏

p∈TS∪WPm
x

K (2)
p [p]

∏
p�m

GSp4(Zp).

We have ηpF
S,x
f = −FS,x

f for each p ∈ TS and ηpF
S,x
f = FS,x

f otherwise.

Proof The proof here follows from the arguments given in the proof of [13, Theorem
5.2]. We include part of it here for the convenience of the reader. Note throughout this
proof when we write unique we mean unique up to scalar multiples.

Theorem 3.1 along with the fact that we are assuming S is admissible gives a
representation � f := �(π f ⊗πS) = ⊗�(π f,p ⊗πS,p) whose local components are
given by

(1) for p = ∞, �(π f,∞ ⊗ πS,∞) = �(D(2κ − 2) ⊗ D(1));
(2) for p � m, �(π f,p ⊗ πS,p) is an Iwahori-spherical representation �(σ, χ1, χ2)

with σ, χ1, and χ2 unramified characters of Q
×
p ;

(3)

�(π f,p ⊗ πS,p) =
⎧⎨
⎩

�(StGL(2) ⊗StGL(2)) for p ∈ S − {∞},
�(StGL(2) ⊗1GL(2)) for p ∈ TS ,

�(ξ StGL(2) ⊗1GL(2)) for p ∈ W.
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It is well known that we can pick a unique lowest weight vector in�(π f,∞⊗πS,∞)

and a unique GSp4(Zp)-fixed vector in�(π f,p ⊗πS,p) for p � m. For p a finite prime

in S, we have a unique vector in �(π f,p ⊗ πS,p) fixed by K (2)
0,p(p) by [13, Table 30].

Similarly, in the case p ∈ TS , we have a unique vector fixed by K (2)
p [p]. The last case

to consider is for p ∈ W . In this case there are two choices for vectors. One has a
choice of a vector fixed by K (2)

0,p(p) or one fixed by K (2)
p [p]. Upon making this choice,

we have a unique fixed vector in �(π f,p ⊗ πS,p) of the correct level for each place

so we can extract a Siegel cusp form FS,x
f ∈ Sκ(�S,x ) as claimed.

The proof of the uniqueness (up to scalar factors) of FS,x
f in Sκ(�S,x ) goes exactly

as in as in the proof of Theorem 5.2 in [13]. We include it for the convenience of
the reader. Assume F ′ is another cusp form with the L-function as in the statement
of the theorem. Let �′ be the corresponding adelic function, generating a multiple
of an automorphic representation �′. From the form of Euler factors at good primes,
we see that the local components of � f and �′ coincide almost everywhere. Using
a theorem of Piatetski-Shapiro ([10, Theorem 2.2]), the representation �′ is also a
lift of the form �(π ′ ⊗ πS′) for some automorphic representation π ′ of GL2(A) and
some set of places S′. The local components of �′, being Iwahori-spherical, must
therefore be among the ones occurring in [13, Table 30]. Looking at the Euler factors
([13, Table 33]), it shows that �(π f,∞ ⊗ πS,∞) = �(π ′∞ ⊗ πS ′,∞) and that, for
p | m, �(π f,p ⊗ πS,p) = �(π ′

p ⊗ πS ′,p). Therefore the global representations are
isomorphic. Using the multiplicity one result ([10, Theorem 6.2]), the representations
� f and�′ coincide as spaces of automorphic forms. Hence� f and�′ are elements of
the same irreducible space of automorphic forms. The uniqueness now follows from
the local uniqueness of vectors expressed by the one dimensionality of the spaces
of fixed vectors [13, Table 30]. The statement about the Atkin–Lehner eigenvalues
follows immediately from [13, Table 30].

The result on the L-functions now follows from the local L-functions defined above,
switching from the automorphic normalizations of the L-functions to the modular
normalizations. �

To see Theorem 3.1 recovers the congruence-level Saito–Kurokawa lift Ff ∈
Sκ(�

(2)
0 (m)), we set S = T ∪ {∞} and x =

(
(p, K (2)

0,p(p))p∈W
)
. To recover the

paramodular Saito–Kurokawa lift, set S = {∞} and x =
(
(p, K (2)

p [p])p∈W
)
.

4 Mixed level representation theoretic Saito–Kurokawa lifts

In this section we consider a special case of Theorem 3.4. In particular, we recover a
classical case claimed in [8]. Keeping in mind the issues with [8] noted in the intro-
duction, this section provides the first complete construction of such Saito–Kurokawa
lifts.

Write m = Mt with gcd(M, t) = 1. Define
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256 J. Brown, D. Zantout

K (2)
M [t] =

∏
p|M

K (2)
0,p(p)

∏
p|t

K (2)
p [p]

∏
p�Mt

GSp4(Zp).

Observe that we have KS,x = K (2)
M [t] for S = {p | M : εp = −1} ∪ {∞} and x is

chosen so that WC
x = {p ∈ W : p | M} and WPm

x = {p ∈ W : p | t}. Define

�M [t] = GSp4(Q) ∩ GSp+
4 (R)K (2)

M [t].

One can check that

�M [t] = Sp4(Q)
⋂

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

Z tZ Z Z

Z Z Z t−1
Z

MZ MtZ Z Z

MtZ MtZ tZ Z

⎞
⎟⎟⎠

⎫⎪⎪⎬
⎪⎪⎭

.

As in [8] we consider the following subspace of cusp forms. (One should note that
there is an error in the definition of the space St2κ−2(�0(Mt)) given in [8] where the
Atkin–Lehner eigenvalue is given to be (−1)κ−1 instead of (−1)κ . With the definition
given there, one does not recover the correct spaces upon setting M = 1.)

Definition 4.1 Let t, M ∈ N be square-free such that gcd (M, t) = 1. We define the
following subspace of elliptic cusp forms:

St2κ−2(�0(Mt)) = {
f ∈ S2κ−2(�0(Mt)) : εt = (−1)κ

}
.

Note that in case M = 1, St2κ−2(�0(Mt)) = S−
2κ−2(�0(t)), and in case t = 1,

St2κ−2(�0(Mt)) = S2κ−2(�0(M)). In order to recover the lifting claimed in [8], we
just need to show that the set S = {p | M : εp = −1} ∪ {∞} is admissible for any
f ∈ St,new2κ−2(�0(Mt)).

Corollary 4.2 Let M and t be square-free integers, gcd(M, t) = 1, and f ∈
St,new2κ−2(�0(Mt)) a newform. There exists an eigenform Ff ∈ Sκ(�M [t]), unique up to
scalar multiples, satisfying

L(s, Ff , spin) =

⎛
⎜⎜⎝

∏
p|M

εp=−1

(1 − p−s+κ−1)

⎞
⎟⎟⎠ ζ(s − κ + 1)ζ(s − κ + 2)L(s, f ). (1)

Moreover, for each p | t we have ηpF f = εpF f and for each p | M we have
ηpF f = Ff .
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Proof It only remains to show that ε(1/2, π f ) = (−1)#S . We have

ε(1/2, π f ) = i2κ−2εtM

= (−1)κ−1εtεM

= (−1)κ−1(−1)κεM

= (−1)(−1)#S−1

= (−1)#S .

�
Using SAGE [16] it is elementary to calculate examples of newforms in the space

St,new2κ−2(�0(Mt)) for various κ , M , and t . For example, we have f (z) = q − 256q2 −
6561q3+65536q4+645150q5+O(q6) and g(z) = q−256q2+6561q3+65536q4−
72186q5 + O(q6) both lying in the space S2,new18 (�0(6)). The above theorem then
guarantees that we have forms Ff and Fg in Sκ(�M [t]) satisfying Eq. (1).
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