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1 INTRODUCTION

What is complex multiplication?
It’s an umbrella term which can (and does) refer to many things, depending on the con-
text. All these things are related, and the goal of these lectures is to at least establish the basic

definitions and properties:

1. Elliptic curves with complex multiplications (“extra” endomorphisms)
2. Generation of class fields of imaginary quadratic fields

3. Modular forms associated to positive definite binary quadratic forms
4. Hecke L-functions associated to imaginary quadratic fields

5. Construction of special points on the moduli spaces associated to elliptic curves

In this course we'll talk about 1, 2, and 5.

2 PRELIMINARIES

For the purposes of this course, an elliptic curve is a complex torus E = E5 = C/A where
A =2 Z>isalatticein C,sothat A@ R = C. If A = A, = Z + Z, then we write E, for the
corresponding elliptic curve. Without loss of generality, we may assume that 7 is an element

of the upper half plane.



We define the Weierstrass P-function for E (or A) as
1 1

P(z; 1) :i_ >

acA,a#0 (Z - a)z a* .

Then the Weierstrass equation for E; (for 7 fixed) is

(P'(2))* = 4P(2)’ - 8:(1)P(2) - &(7)

where
g=60 > a™*
a+0,eN
and
g, =140 Z a s,
aF0,eA;

Concretely, this means that the point (X,Y) = (P(z;7),P'(z; 7)) lies on the locus of

zeroes of the equation
Y2 =X - (1) X - &(7).

Finally, we introduce the Ramanujan A-function and the j-invariant:

A7) = & -278;

and
3
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j(z) = D)

It is sometimes useful to reformulate the definitions of the g;, j, and A in terms of lattices

A rather than the variable 7. In this case, we see that
a** g (ah) = ge(A)

so that g is homogeneous of weight 2k. Similarly, A has weight 12 and j has weight zero.
We will not develop any of the analytic theory of these functions here. Rather, we simply

collect the properties that we need. For the statements, let us set g = q(7) = exp(27iT).

o j is holomorphic on the upper half plane and has a simple pole at infinity. Further-
more, j is invariant under the composition action of SL,(Z) and we have the expan-

sion j(7) = £ + P(q) where P(q) € Z[[q]] valid for the real part of 7 sufficiently large.



o The functions A and g are invariant under z + z + 1 and have Fourier expansions in

q with integer coefficients.

o if z = at + b with a, b fixed in Q, then as a function of 7, the function P(z, 7) has a

finite-tailed expansion in g'/M for some M whose coefficients are cyclotomic integers.

The proofs of these statements may be found in Lang, Chapter 4, §2. We note also that the
function j is an (analytic) isomorphism invariant of the elliptic curve E,: we have E; = E,,
if and only if 7 = y7’ for y € SL,(Z), which holds if and only if j(7) = j(7’).

3 THE BASIC DEFINITION

Let E = C/A be an elliptic curve over C. We say that E has complex multiplication, or CM
for short, if End(E) # Z.

Example 1 : Suppose A = Z+1Z = Ok is the ring of integers in an imaginary quadratic field
K. Then clearly A c A for any a € Ok, so z +— az defines an endomorphism of E which is
not multiplication by an integer on E unless « € Z. For instance, we can take A = Z + Zi to

be the ring of Gaussian integers. In this case we have a model for E given by
Y2 = X+ X,

This E has j-invariant 1728. In general there are very few CM elliptic curves defined over Q,
as we will see below. Note also that the map (X, Y) ~ (=X, iY) is an endomorphism of E,

which we view as being multiplication by i.

Theorem 2 (exercise) Suppose that E; = C/A; are elliptic curves, for i = 1,2. Suppose that
there is a complex analytic homomorphism f : E; — E,. Then there is a complex number 8
with BA, c A, such that f is induced by the map z — Sz on C.

From now on we fix an imaginary quadratic field K. Then suppose that A c K is a lattice
(this means it’s a subgroup isomorphic as a group to Z* and that A ® Q = K.

The set of & € Cwith aA c A isasubring R c Ok, such that R has finite index in O (such
an R is called an order of K) and the lattice A is called a fractional R-ideal. The theory of the
rings R and their fractional ideals is very similar to that of the ring O of integers in K (the

maximal order of K) and ordinary fractional ideals.



Theorem 3 (exercise) Let R be an order in the imaginary quadratic field K. Then there exists
a unique positive integer c such that R = Z + cOk. The integer c is called the conductor of R

and we write R = O,.

Definition 4 Let A denote a lattice in K and let R = O, denote the largest order in K such
that @A c A for « € R. The integer c is called the conductor of A.

Theorem 5 Suppose E = C/A is an elliptic curve over C with complex multiplication. Then

there exists 3 € C such that A is a lattice in some imaginary quadratic field K.

Thus, by replacing C/A by the isomorphic curve SC/SA = C/SA, we may assume that
the lattice A is a lattice in an imaginary quadratic field.
From now on we will consider elliptic curves of the form C/A where A is a lattice of

conductor ¢, for some positive c.

Remark 6 Let E be an elliptic curve which admits an abstract embedding / : R — End(E).
Then for each a € R, we have an endomorphism [«] induced by the given embedding. On
the other hand, if w is an invariant differential on E, then [a]*w = p(a)w for a complex
number y(«). It is clear that y is a homomorphism from R to C, and we may view R as a

subring of C by this identification.

Our first task is to classify the CM elliptic curves up to isomorphism (at least over C).
The most obvious way to group these elliptic curves is by the conductors. Thus let ¢ denote
a positive integer and let X, denote the set of isomorphism classes of complex elliptic curves
C/A where A is a lattice with associated order R = O..

The basic case is that of the maximal order, namely, curves of conductor 1.

Theorem 7 The CM elliptic curves of conductor 1 are in bijective correspondence with the el-
ements of the ideal class group of Ok. In particular, there are hx nonisomorphic CM elliptic

curves of conductor 1, where hy is the class number of K.

Proof. Let E = C/A denote a CM elliptic curve of conductor 1. By definition, A is a lattice
in K which is stable under multiplication by Ok. Thus A defines a fractional ideal in K.
One checks without difficulty that the class of A modulo principal ideals depends only on
the isomorphism class of E, and that every ideal class of O is obtained in this way from

some E. It remains only to show that if E and E’ give the same ideal class, then they are



isomorphic. But this follows from Theorem 2.

Now we consider the case of curves of conductor ¢ > 1, which is very similar. The relevant
facts are as follows. The proofs of the theorems are elementary but tedious and are mostly
left as exercises. The reader may also consult Lang, Chapter 8.

We set R = O, c Ok. We say that a lattice A in K is an R-lattice if it is stable under
multiplication by R. We say that A is principal if there exists some « € K such that A = aR.
Note that a principal R-lattice has conductor c¢. The product of R lattices is clearly an R-
lattice. We say that an R-lattice A is invertible if there exists another R-lattice A’ such that
A’ is a principal R-lattice. Note that any ideal a in the ring R is automatically an R-lattice.

If a has conductor ¢, we say that a is a proper R-ideal.

Theorem 8 (Exercise) Let A denote a lattice of K of conductor c. Then A is invertible as a
lattice over R = Q.. Conversely, any invertible R-lattice has conductor c. The set of lattices of

conductor ¢ form a multiplicative group.

Definition 9 Let a denote an ideal in R. We say that a is prime to c if a + cR = O, or
a+ cOk = O.. (These two conditions are equivalent.) Let Ix . denote the set of ideals of O

that are prime to the ideal cOg and write Iy . for the ideals of R that are prime to c.

Theorem 10 (Exercise) There is a bijection between Ix . and I . given by a — a n R whose
inverse is given by a — aOg. Any ideal of R that is prime to ¢ has conductor ¢ and is a proper
R-ideal.

Theorem 11 Let A be an R-lattice of conductor ¢ and let m be a positive integer. Then there

exists an ideal a c R such that a = aA and a is prime to m.

Proof. See Lang, Theorem 5, Page 93. The proof is computational - is there a better one?

Definition 12 Let I, denote the set of lattices of conductor c and I, denote the set of principal
R-lattices (which are automatically of conductor ¢). We let G, = I,/P, and call this the group

of ideal classes of R.

In view of the theorem preceding the definition, one sees that every element of G, has
a representative that is prime to the conductor c¢. Thus we may replace I, and P, in the
definition by the corresponding sets of ideals prime to c. Using this, we can recover G, as a

generalized ideal class group of the full ring of integers in K.



Definition 13 Let Pz(c) denote the set of principal ideals of O which have a generator «
such that « is congruent to a rational integer modulo ¢Ok, and such that « is prime to c. Let

I(c) denote the set of ideals of Ok prime to c.
Theorem 14 (Exercise) We have an isomorphism I(c)/Pz(c) = G, given by a —» anR.

Note now that Pz(c) contains the subgroup P,(c) of ideals satisfying the further condi-
tion that there is generator congruent to 1 (mod c¢). Thus we have I(¢) 2 Pz(c) o P,(¢), and

this leads quickly to a formula for the order of G.:

Theorem 15 (Exercise) The order h. of G, is given by

hc (Ox R )H(l XK(p /P)

ple

where yx denotes the quadratic character associated to K.

As far as CM elliptic curves are concerned, we finally have the following predictable

result:

Theorem 16 (Exercise) The CM elliptic curves of conductor c are in bijective correspondence
with elements of the group G, the bijection being induced by sending an R-ideal a of conductor

¢ to the elliptic curve C/a. There are h. nonisomorphic CM elliptic curves of conductor c.

In this course we will prove that the j-invariants of the elliptic curves of conductor ¢

generate the class field of K corresponding to the generalized ideal class group G,.

4 LOCALIZATION AND CLASS FIELD THEORY

It will not surprise the reader that the foregoing results on ideals and lattices may be some-
what more simply attacked by adelic methods. Thuslet A be a lattice of conductor ¢ in K and
for a rational prime p, let L, = A ® Z, denote the completion of A at p. Then L, is a lattice
in the completion K, of K at p, and if p + ¢, we find that L, is a principal lattice over the
discrete valuation ring R, = Ok, where the subcript p indicates completion again. It turns

out that for quadratic fields this property holds even if p|c (Lang attributes this to Thara).

Theorem 1 (Exercise, or see Lang, pg 98) Let p be arbitrary. Then the lattice L, is principal

over the ring R,,.



Given a lattice A, it is clear that A, = O, for almost all p (since elements of the finitely
generated Z-module A have only finitely many denominators). Furthermore, given for each
p alattice M, ¢ K, such that M, = Ok, for all but finitely many p, there exists a unique
lattice M c K such that M, = M ® Z,, for all p. Thus, if A is a lattice of K and s = (s,) is an
idele of K, it makes sense to define the lattice sA as the unique lattice M with M, = s,A,,.
This action of the ideles on lattices will be important later.

As an exercise, the reader might try to define the idele class group corresponding to the
ideal class group G, defined above, and to unwind the action of the appropriate idele class
group on the lattices of conductor c.

To end this lecture, we recall the class fields corresponding to the ideal class group G, =
I(c)/Pz(c) and G, = I(c)/P,.. The former is the ring class field K(c¢)/K of conductor c: it
is characterized by the fact that the primes splitting completely in K(c) are precisely those
which are principal, with a generator congruent to a rational integer modulo c. As for the
latter, it is the ray class field K1, ¢/K: it is characterized by the fact the the primes splitting

completely are those which are principal and have a generator congruent to 1 modulo c.



