
Cohomology of Bianchi groups
Dimension problem
Lefschetz numbers

Cohomology of Bianchi Groups

Seyfi Türkelli

Department of Mathematics
University of Georgia

Seyfi Türkelli Cohomology of Bianchi Groups



Cohomology of Bianchi groups
Dimension problem
Lefschetz numbers

Bianchi groups and Bianchi manifolds

Definition

A Bianchi group Γ is a congruence subgroup of

SL2(OF )

where F = Q(
√

d) with d < 0, and OF is its ring of integers.

Let Ek (C) = Symk (C2) ≡ C[x , y ]k be the Γ-module.

For g ∈ SL2(C) and p(x , y) ∈ Ek (C), the action is defined by

(g.p)(x , y) = p((x , y).gt );

Set Ek,l = Ek (C)⊗ El (C).

We are interested in the cohomology groups

H1(Γ,Ek,l (C)).
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Cohomology groups

Theorem (Franke, 1998)

H1(Γ,Ek,l (C)) = {Automorphic forms attached to ResF/QSL2 of cohomological type }

A Bianchi group Γ, as a discrete subgroup of SL2(C), acts properly discontinuously on
the hyperbolic 3-space

H := C× R+.

If Γ is torsion free, then the action is free.

The quotient YΓ := Γ\H is a non-compact, finite volume hyperbolic 3-manifold. Note
that YΓ has no complex structure.
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Cuspidal Cohomology

Let XΓ be the Borel-Serre compactification of the quotient YΓ := Γ\H with boundary
∂XΓ.

Let Ek,l be the local system on YΓ induced by the representation Ek,l .

Let Ẽk,l be its extension on XΓ.

We have for all i :
H i (Γ,Ek,l (C)) ∼= H i (YΓ, Ek,l ) ∼= H i (XΓ, Ẽk,l )

Definition

H i
cusp(Γ,Ek,l ) := Ker [H i (XΓ, Ẽk,l )→ H i (∂XΓ, Ẽk,l )]

Theorem (Harder)

H i (Γ,Ek,l ) = H i
cusp(Γ,Ek,l )⊕ H i

Eis(Γ,Ek,l )

Seyfi Türkelli Cohomology of Bianchi Groups



Cohomology of Bianchi groups
Dimension problem
Lefschetz numbers

What do we know?

• H i (Γ,Ek,l (C)) = 0 for i > 2;

• H1
cusp(Γ,Ek,l (C)) ∼= H2

cusp(Γ,Ek,l (C));

Theorem (Borel and Wallach, 1970’s)

If k 6= l , we have
H1

cusp(Γ,Ek,l (C)) = 0.

So, we are interested in
H1

cusp(Γ,Ek,k (C))

Trivial Bound:
dimH1(Γ,Ek,k (C))�Γ k2
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Parallel weight: Upper Bounds

Conjecture

dimH1
cusp(Γ,Ek,k (C)) ∼Γ k

Theorem (Finis, Grünewald, Triao, 2008)

dimH1
cusp(Γ,Ek,k (C))�Γ k2/ log k

Theorem (Calegari, Emerton, 2009)

dimH1
cusp(Γ(pn),E)�E

{
p2n, if p is unramified
p5n, if p inerts

Theorem (Marshall, 2010)

There exists a δ > 0 such that

dimH1
cusp(Γ,Ek,k (C))�Γ k2−δ
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Lower bounds

Theorem (Finis, Grünewald, Trio, 2008)

dimH1
cusp(SL2(OF ),Ek,k (C))� k

Theorem (Sengün, T., 2011)

Let p be a rational prime and Γ(pn) be the principal congruence subgroup of SL2(OF ).
Then,

dimH1
cusp(Γ(pn),Ek,k (C))�Γ k as the weight kvaries;

and
dimH1

cusp(Γ(pn),Ek,k (C))�E p3n as the level pnvaries.
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The Lefschetz number

Let F = Q(
√
−d), Γ ⊆ SL2(OF ) be a Bianchi group and E be a Γ-module induced by a

complex representation of SL2(C).

Let τ ∈ Gal(F/Q), τ 6= 1, i.e. the complex conjugation.

Then, τ acts on SL2(OF ). Assume that Γ is τ -stable.

Then, τ acts on Γ and E in a compatible way. Therefore, τ acts on the cohomology
spaces

H i (Γ,E).

The Lefschetz number is defined by

L(τ, Γ,E) =
2∑

i=0

(−1)i Tr(τ | H i (Γ,E)).

Therefore, if we denote τ i = Tr(τ | H i (Γ,E)), then

L(τ, Γ,E) = τ0 − τ1 + τ2
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How to calculate the Lefschetz number

Let Γ ⊆ SL2(OF ) be τ -stable and Y τΓ be the set of fixed points of τ .

Theorem (Rohlfs-Schwermer, 1998)

Assume that Γ is torsion free. Then,

L(τ, Γ,E) = χ(Y τΓ , E)

where
χ(Y τΓ , E) :=

∑
i

(−1)i dimH i (Y τΓ , E)

The point is
Y τΓ =

⋃
γ∈H1(G(F/Q),Γ)

F (γ)

where F (γ) is a either modular curve or a point.
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An example

Let F = Q(
√
−11), Γ = SL2(OF ) and Ek,k = C.

Then, Y τΓ = SL2(Z)\C+ t {Point}.

So, L(τ, Γ,C) = χ(Y τΓ ) = 2.

One can calculate that

τ0 = 1 and τ1
Eis = −1 and τ2

Eis = 0.

Thus, we get

τ1
cusp = 0

and this implies that

dimH1
cusp(Γ,C) ≥ τ1

cusp = 0.

In fact,
H1

cusp(Γ,C) = 0
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First result

Theorem (Sengün, T., 2011)

Let p be an odd, rational, unramified prime such that (p, d)=1. Then, for n > 0 we have

L(τ, Γ(pn),Ek,k ) =


2t ·

p3n+1 − p3n−1 − 12p2n+1 + 12p2n−1

12
· (k + 1) if d ≡ 1(4)

2t+1 ·
p3n+1 − p3n−1 − 12p2n+1 + 12p2n−1

12
· (k + 1) else.

where t is the number of distinct prime divisors of Disc(F/Q).
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Second result

Theorem (Sengün, T., 2011)

Let a be a τ -stable ideal. Assume that N = N(a ∩ Z) > 2. Then, we have

L(τ, Γ(a),Ek,k ) = (A + 2B)
N2(N − 12)

12

∏
p|N

(1− p−2) · (k + 1)

where

d j2 A B
d ≡ 1(4) ≥ 0 2t−s 0
d ≡ 2(4) 0 2t−s 2t−s−1

1 2t−s 2t−s−1

2 8 · 2t−s 0
≥ 3 8 · 2t−s−1 0

d ≡ 3(4) 0 2t−s 2t−s−1

1 2t−s 0
2 8 · 2t−s 0
j2 = 2n + 1 ≥ 3 2t−s−1 0
j2 = 2n ≥ 4 8 · 2t−s−1 0
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