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GSp>, and The Siegel Upper Half Space
Recall
_ (0 1,
= (_1n 0n).
GSp2n = {g € Glap : tgLng = Mn(g)l/m ,un(g) € Gl—l}

and
Spay = ker(jin)
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GSp>, and The Siegel Upper Half Space

Recall
(0, 1,
n = 1, 0,)

GSp2n = {g € GLy, : tgLng = Mn(g)l/m ,un(g) € Gl—l}

and
Spay = ker(jin)

Siegel upper half space of degree n is given by

h" = {Z € Mat,(C) : 'Z = Z,Im(Z) > 0}.
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Action of GSpJ (R) on b”"

GSps (R) = {v € GSp,,(R) : uun(y) > 0} action on h" is given by

vZ = (ayZ + by)(¢yZ + dy) 7 *

for v = (a7 b7> € GSpJ (R) and Z € h".
c, dy
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Congruence subgroup of Sp,,(7Z)
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Congruence subgroup of Sp,,(7Z)

For M > 1,

Definition

rn(m) — {C Z) €Spyn(Z):c=0 (mod I\/I)}.

Note this is the natural generalization of I'g(M) C SL»(Z) to this
setting.
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Action of GSpJ. (R) on functions F : h" — C

For v € GSps,(R) and Z € h",
J(7,Z) = det(¢, Z + d,).
Let x be a positive integer. Given a function F : h” — C, we set

(F1)(Z) = pa(7)™2j(7, Z) " F(12).
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Action of GSp;, (R) on functions F : h" — C

For v € GSps,(R) and Z € h",
J(7,Z) = det(¢, Z + d,).
Let x be a positive integer. Given a function F : h” — C, we set

(FIxv)(Z) = pn(7)™%j(7, 2) " F (7 2).

Definition

We say such an F is a Siegel modular form of degree n, weight &,
and level I if F is a holomorphic function and satisfies

(Flay)(2) = F(2)

forall y eT.
The space of Siegel modular forms of weight x and level [ is
M (T).
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Fourier Series of a Siegel Modular Form

If F is a Siegel modular form of degree n > 1, it has a Fourier
expansion of the form

F(Z)= Y ar(T)e(Tr(T2))

Tesz%(z)

where SZ9(Z) is the semi-group of nxn positive semi-definite
half-integral symmetric matrices.
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Fourier Series of a Siegel Modular Form

If F is a Siegel modular form of degree n > 1, it has a Fourier
expansion of the form

F(Z)= Y ar(T)e(Tr(T2))

Tesz%(z)

where SZ9(Z) is the semi-group of nxn positive semi-definite
half-integral symmetric matrices.

Definition

F is a Siegel cusp form (F € S,(I') ) if and only if ag(T) =0
when det T = 0 and

F(Z) = > ar(Te(Tr(TZ)).

TeS2%(z),T>0
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Paramodular Forms

Consider the Siegel upper half plane h? of degree 2 and the
following form

Definition
Let t > 1 be an integer and let

P: = diag(1,t) = <(1) 2)

and we consider the skew-symmetric bilinear form written in block

form
_ 0 P
5= (5 %)
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The Paramodular Group of level t > 1

The Paramodular Group of level t

Z t7Z 7 Z
7Z 7 7 t17

t7, t7 t7Z 7
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The Paramodular Group of level t > 1

The Paramodular Group of level t

Z t7Z 7 Z
7Z 7 7 t17

t7, t7 t7Z 7

Note that for t = 1 this group is the Siegel Modular group Sp,(Z).

Dania Zantout On Saito-Kurokawa Lifts



The Paramodular Group in a Geometric Context

The quotient space
h?/r[t]

is the moduli space of abelian surfaces S with polarization of type
(1,t) (conductor t).
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The Paramodular Group in a Geometric Context

The quotient space

h?/r[t]
is the moduli space of abelian surfaces S with polarization of type
(1,t) (conductor t).

We may write S as a two dimensional complex torus
C?/L

where
L=277%® P,7?
Z € h? and P; = diag(1, t).

The polarization with respect to this basis is given by the form J;.
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Why not stick with F02 (M)?

Here are a couple of reasons paramodular levels are interesting:
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Why not stick with I

Here are a couple of reasons paramodular levels are interesting:

© Paramodular levels are the “right” levels to work with in terms
of a newform theory. Roberts and Schmidt have a local
newform theory for paramodular levels.
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Why not stick with I

Here are a couple of reasons paramodular levels are interesting:

© Paramodular levels are the “right” levels to work with in terms
of a newform theory. Roberts and Schmidt have a local
newform theory for paramodular levels.

@ The following conjecture of Brumer and Kramer:
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Why not stick with I

Here are a couple of reasons paramodular levels are interesting:

© Paramodular levels are the “right” levels to work with in terms
of a newform theory. Roberts and Schmidt have a local
newform theory for paramodular levels.

@ The following conjecture of Brumer and Kramer:

There is a one-to-one correspondence between isogeny classes of
abelian surfaces A of conductor t with Endg(A) = Z and weight
2 and level T[t] newforms F with rational eigenvalues, not in the
span of Gritsenko lifts, such that L(s, A) = L(s, F,spin).
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The Jacobi group

Let I be a congruence subgroup of SL»(Z).
The Jacobi group I :=T x Z? is

M= {(M,X): (M, X)(M', X"y = (MM', XM’ + X")}

for all M, M’ € T and X = [\, ], X' = [, B] € Z2.
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The Jacobi group

Let I be a congruence subgroup of SL»(Z).
The Jacobi group I :=T x Z? is

M= {(M,X): (M, X)(M', X"y = (MM', XM’ + X")}

for all M, M’ € T and X = [\, ], X' = [, B] € Z2.
If I = SLo(Z), SLa(Z)? is called the the full Jacobi group.
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The Jacobi group

Let I be a congruence subgroup of SL»(Z).
The Jacobi group I :=T x Z? is

M= {(M,X): (M, X)(M', X"y = (MM', XM’ + X")}
for all M, M’ € T and X = [\, ], X' = [, B] € Z2.

If I = SLo(Z), SLa(Z)? is called the the full Jacobi group.

The space of Jacobi cusp forms of weight x, index t and level
FO(M)J (resp SLz(Z)J) is J,it(ro(M)J) (resp. J,it).
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Classical Saito-Kurokawa lifts

Let f € 57", (Io(m)) be a newform. There are essentially two
classical ways to construct a Siegel modular form F associated to
f (referred to as a Saito-Kurokawa lift of f):
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Classical Saito-Kurokawa lifts

Let f € 57", (Io(m)) be a newform. There are essentially two
classical ways to construct a Siegel modular form F associated to
f (referred to as a Saito-Kurokawa lift of f):

@ If k is even, one has a lifting Fr € Sﬁ(rff)(m)) due to
numerous people: Manickham-Ramakrishnan-Vasudevan,
Piatetski-Shapiro, Schmidt, Skinner-Urban.
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Classical Saito-Kurokawa lifts

Let f € 57", (Io(m)) be a newform. There are essentially two
classical ways to construct a Siegel modular form F associated to
f (referred to as a Saito-Kurokawa lift of f):

@ If k is even, one has a lifting Fr € Sﬁ(rff)(m)) due to
numerous people: Manickham-Ramakrishnan-Vasudevan,
Piatetski-Shapiro, Schmidt, Skinner-Urban.

Q If f € 55", (To(m)), then one has a lifting Fr € S,.(T[m])
due to Skoruppa-Zagier and Gritsenko.
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Representation theoretic Saito-Kurokawa lifts

@ Schmidt has given a representation theoretic construction of
each of the classical Saito-Kurokawa lifts assuming m is odd
and square-free.
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Representation theoretic Saito-Kurokawa lifts

@ Schmidt has given a representation theoretic construction of
each of the classical Saito-Kurokawa lifts assuming m is odd
and square-free.

@ His construction is local in nature, so one can form many
Saito-Kurokawa lifts from a single f.
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Representation theoretic Saito-Kurokawa lifts

@ Schmidt has given a representation theoretic construction of
each of the classical Saito-Kurokawa lifts assuming m is odd
and square-free.

@ His construction is local in nature, so one can form many
Saito-Kurokawa lifts from a single f.

© In this talk we will give a precise statement about
“mixed-level” Saito-Kurokawa lifts and outline a classical
construction of such liftings.
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Mixed congruence level paramodular group I y[t]

Let t and M € N.

Z t7. 7 Z
Z Z 7 tz

MtZ MtZ t7 7
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Mixed congruence level paramodular group I y[t]

Let t and M € N.

Z t7. 7 Z
Z Z 7 tz

MtZ MtZ t7 7

© The group Iy [t] has mixed levels in it; it is of paramodular
level t and of congruence level M.
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Mixed congruence level paramodular group I y[t]

Let t and M € N.

Z tZ 7 7
Z Z 7 tz
MZ MtZ Z 7
MtZ MtZ tZ 7

Flt] = Spa(@))

© The group Iy [t] has mixed levels in it; it is of paramodular
level t and of congruence level M.

@ For M =1, T'y[t] = I[t]; hence we can say that the
paramodular group I[t] is of congruence level 1.
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Mixed congruence level paramodular group I y[t]

Let t and M € N.

Z t7. 7 Z
Z Z 7 tz

MtZ MtZ t7 7

© The group Iy [t] has mixed levels in it; it is of paramodular
level t and of congruence level M.

@ For M =1, T'y[t] = I[t]; hence we can say that the
paramodular group I[t] is of congruence level 1.

@ Similarly, for t = 1, the group I'p[t] is the congruence
subgroup I'gz)(l\/l) of Spy(Z).
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The Possible Saito-Kurokawa lifts

Let t, M € N be odd square-free such that gcd(M, t) = 1.
Fix f a newform in SJV,(tM).

Depending on certain choices of a set S of places p with condition
on the Atkin-Lehner eigenvalue at p, the possible Saito-Kurokawa
lifts that f can have are the following:

o If f € 55o" (To(Mt)) then Fr € S.(F[tM]).
o If K is even

(1] Fr € SK(FM[t]).
Q Fre s, (r [M])
Q Fr e S.(rY(em)).
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A couple definitions before the main theorem

Define

S o(To(Mt)) = {f € Spa(To(Mt)) : fIW, = (=1)"f}.
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A couple definitions before the main theorem

Define
S o(To(Mt)) = {f € Spa(To(Mt)) : fIW, = (=1)"f}.

Note that in the case M = 1 this coincides with S, ,(lo(t)).
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A couple definitions before the main theorem

Define
S o(To(Mt)) = {f € Spa(To(Mt)) : fIW, = (=1)"f}.

Note that in the case M = 1 this coincides with S, ,(lo(t)).

Recall that for F € 5,(I) a Siegel eigenform, the Spinor L-function
is defined by

L(s, F,spin) = ((2s — 2k + 4) Z A(n)n™2.
n>1

Dania Zantout On Saito-Kurokawa Lifts



Main Theorem

Theorem

(Brown, Z.) Let M and t be odd square-free integers,

ged(M,t) =1, k > 2 an even integer, and f € S;"%(To(Mt)) a
newform. Let €, be the eigenvalue of f under the Atkin-Lehner
involution at p and let 1, be the Atkin-Lehner involution of degree
2 at p. There exists an eigenform Fr € 5,.(T'pm[t]), unique up to
constant multiples, whose Spinor L-function is given by

L(s, Frospin) = | [ (1= p~=t"Y) | ((s—r+1)¢(s—r+2)L(s, ),
pIM
ep=—1

Moreover, for each p | t we have n,F¢ = €,Ff and for each p | M
we have n,Fr = Fr.
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Comments on the theorem

@ We can produce the lifting completely classically without
using representation theory. This will be important for future
applications.
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Comments on the theorem

@ We can produce the lifting completely classically without

using representation theory. This will be important for future
applications.

@ We can construct the lifting without the requirement M and t
be square-free. We only require square-free in order to get
uniqueness (it won't be unique in general) as well as to get
the correct L-functions.
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Comments on the theorem

@ We can produce the lifting completely classically without
using representation theory. This will be important for future
applications.

@ We can construct the lifting without the requirement M and t
be square-free. We only require square-free in order to get
uniqueness (it won't be unique in general) as well as to get
the correct L-functions.

© We use representation theoretic methods to get uniqueness
and the result on the L-functions, which is why we require odd
and square-free.
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Qutline of the proof

We construct Fr via a series of liftings:
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Qutline of the proof

We construct Fr via a series of liftings:

© First we lift from 558", (Fo(Mt)) to SN /2(To(4Mt)) via the
Shintani lifting.
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Qutline of the proof

We construct Fr via a series of liftings:

© First we lift from 558", (Fo(Mt)) to SN /2(To(4Mt)) via the
Shintani lifting.

@ Next we lift from 5,:(_02/2(r0(/\/lt)) to ngt(ro(l\/l)J).
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Qutline of the proof

We construct Fr via a series of liftings:
© First we lift from 558", (Fo(Mt)) to SN /2(To(4Mt)) via the
Shintani lifting.
@ Next we lift from 5,:(_02/2(r0(/\/lt)) to ngt(ro(l\/l)J).
© Finally, we generalize Gritsenko’s lifting to get a map
J,‘;t(ro(l\/l)J) to S.(Fm[t]). This is the focus of the remainder
of the talk.
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Qutline of the proof

We construct Fr via a series of liftings:
© First we lift from 558", (Fo(Mt)) to SN /2(To(4Mt)) via the
Shintani lifting.
@ Next we lift from 5,:(_02/2(r0(/\/lt)) to ngt(ro(l\/l)J).
© Finally, we generalize Gritsenko’s lifting to get a map
J,‘;t(ro(l\/l)J) to S.(Fm[t]). This is the focus of the remainder
of the talk.
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Fourier Series of a Siegel Modular Form of degree 2

T oz o
@ For Z = <z 7_,) € b2 we write it as a row vector (7,z,7'),

7,7 € hl,z € C, and Im(2)? < Im(7) Im(7").
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Fourier Series of a Siegel Modular Form of degree 2

T oz o
@ For Z = <z 7_,) € b2 we write it as a row vector (7,z,7'),

7,7 € hl,z € C, and Im(2)? < Im(7) Im(7").
e We write F(7,z,7’) instead of F(Z).
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Fourier Series of a Siegel Modular Form of degree 2

T oz o
@ For Z = <z ,> € b2 we write it as a row vector (7,z,7'),

7,7 € hl,z € C, and Im(2)? < Im(7) Im(7").
e We write F(7,z,7’) instead of F(Z).
_(n r/2 >0 :
o Forevery T = <r/2 m > € S5°(Z) , we write ag(n, r, m)
for ap(T) where n,r,m € Z,n,m > 0 and r?> < 4mn.
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Fourier Series of a Siegel Modular Form of degree 2

T oz o
@ For Z = <z ,> € b2 we write it as a row vector (7,z,7'),

7,7 € hl,z € C, and Im(2)? < Im(7) Im(7").
e We write F(7,z,7’) instead of F(Z).

_(n r/2 >0 :
o Forevery T = <r/2 m > € S5°(Z) , we write ag(n, r, m)
for ap(T) where n,r,m € Z,n,m > 0 and r?> < 4mn.
The Fourier expansion of F € S,(I") takes the form
F(r,z,7') = Z ag(n,r,m)e(nt + rz + m7’).

m,n,r€Z
m,n,Amn—r2>0
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Fourier-Jacobi expansion of Mixed Congruence level

Paramodular forms

Let F € M. (T'm[t]). We can rewrite its Fourier expansion as

F(r,2,7) =Y dme(r, 2)e(2mi(mt)r’).

m>0
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Fourier-Jacobi expansion of Mixed Congruence level

Paramodular forms

Let F € M. (T'm[t]). We can rewrite its Fourier expansion as

F(r,2,7) =Y dme(r, 2)e(2mi(mt)r’).

m>0

Let F € M.(T'm[t]). For each m, its Fourier-Jacobi coefficient ¢ m¢
belongs to Ji; mt(To(M)”).
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Fourier-Jacobi expansion of Mixed Congruence level

Paramodular forms

Let F € M. (T'm[t]). We can rewrite its Fourier expansion as

F(r,2,7) =Y dme(r, 2)e(2mi(mt)r’).

m>0

Theorem (Z.)

Let F € M.(T'm[t]). For each m, its Fourier-Jacobi coefficient ¢ m¢
belongs to Ji; mt(To(M)”).

| A\

Corollary

Let F € M,(I'[t]). For each m, F's Fourier-Jacobi coefficient ¢ m¢
belongs to Ji. m.
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Mixed Level Liftings

Theorem (Z.)

Let ¢; be a Jacobi cusp form of weight k > 2, index t, and level
Fo(M)? with Fourier expansion

oe(1,2) = Z c(n, r)e(2mi(nT + rz)).
n,reZ,n>0
4nt>r?

Then
Gm(de) (7,2, 7") == Z Vin(or)e(2mimtr’)

m>1

lies in S (' m[t]) where Vi, is the index-shifting operator.
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© For t =1 the lifting

Gm o1 — Gu(o1)

is the Maass lifting with level M

VUS4 (To(M)?) = ST (m)).
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© For t =1 the lifting

Gm o1 — Gu(o1)

is the Maass lifting with level M

VUS4 (To(M)?) = ST (m)).

@ For M =1 the lifting

Gm bt — Guml(dr)

is Gritsenko's lifting

G:JS, — Su(T[t).
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Families of liftings

Let F € S.(I'm[t]) have Fourier-Jacobi expansion

F(r,z,7") = Z Gme (7, 2)e(2mimtr’).

m>1
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Families of liftings

Let F € S.(I'm[t]) have Fourier-Jacobi expansion

F(r,z,7") = Z Gme (7, 2)e(2mimtr’).

m>1

One obtains an infinite family of liftings given by

Se(Tmlt]) —=Tlms1 S5 me(Fo(M)”) —— I m>1 Su(Tmlmt])

Fr——————(mt)m>1 —————> (G(dmt)) m>1-

One can iterate this process indefinitely.
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Corollary (Z.)

The map Gu : JS ;(To(M)?) — S.(Tmlt]) is injective.
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Corollary (Z.)
The map Gu : JS ;(To(M)?) — S.(Tmlt]) is injective.

The composition

% e(Fo(M)’) = Se(Tmlt]) = [T I me(To(M)”) = Jg (To(M)”)

meN

is the identity.
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Image of the Mixed Level Lifting

The image of the lifting Gy is the subspace of S,.(I'y[t])
consisting of modular forms whose Fourier coefficients satisfy the
following relations

a(n,r,mt) = Z d"le (’;—Z’, 5) )
d|(n,r,m)
r<4nmt
(d,M)=1
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Image of the Mixed Level Lifting

The image of the lifting Gy is the subspace of S,.(I'y[t])
consisting of modular forms whose Fourier coefficients satisfy the
following relations

a(n,r,mt) = Z d"le (’;—Z’, 5) )

d|(n,r,m)
r’<4nmt
(d,M)=1

Note that for t = 1 these relations are exactly the Maass relations
satisfied by the classical Saito-Kurokawa lifting of level r(()z)(l\/l).
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Image of the Mixed Level Lifting

The image of the lifting Gy is the subspace of S,.(I'y[t])
consisting of modular forms whose Fourier coefficients satisfy the
following relations

w1 [(hm r
a(n, r, mt) Z d (?’H)

d|(n,r,m)

r?<4nmt

(d,M)=1
Note that for t = 1 these relations are exactly the Maass relations
satisfied by the classical Saito-Kurokawa lifting of level r(()z)(l\/l).
We denote this subspace by S;(I'p[t]) to make it consistent with
the Maass subspace notation.
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Image of the Mixed Level Lifting

The image of the lifting Gy is the subspace of S,.(I'y[t])
consisting of modular forms whose Fourier coefficients satisfy the
following relations

B w1 [(hm r
a(n,r,mt) = Z d""“c (?, H) )

d|(n,r,m)

r?<4nmt

(d,M)=1
Note that for t = 1 these relations are exactly the Maass relations
satisfied by the classical Saito-Kurokawa lifting of level r(()z)(l\/l).
We denote this subspace by S;(I'p[t]) to make it consistent with
the Maass subspace notation.

Corollary (Z.)

We have the following isomorphism of vector spaces
5+ (Fo(M)?) = Si(Tm[t]).
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Lemma (Z.)

The Mixed level lifting Gy, is Hecke equivariant with respect to the
Hecke algebra homomorphism  : ']I‘z’tM — ’]I‘%’tM given by

UTs(p)) = =Ty(p) +p* 1+ p*2 (pttM),
UTs(p)) = (P 1+ p* ) Tu(p) + 2072 + p***  (pttM).

Equivalently, the lifting Gy satisfies
(GMNIT = Gm(¢l(T))

forany T € ’H‘z’tM.
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Some future directions

@ Study the algebraicity of special values of the L-functions of
the mixed level liftings. In the case M =1 or t =1 this is
known by work of Brown-Pitale.
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Some future directions

@ Study the algebraicity of special values of the L-functions of
the mixed level liftings. In the case M =1 or t =1 this is
known by work of Brown-Pitale.

@ Show that these liftings can be put in a Hida family. The case
of M=1and t =1 is known by Guerzhoy, Kawamura, the
case of t =1 is known by work of Brown-Klosin and the case
M = 1 is known by work of Skinner-Urban.
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Some future directions

@ Study the algebraicity of special values of the L-functions of
the mixed level liftings. In the case M =1 or t =1 this is
known by work of Brown-Pitale.

@ Show that these liftings can be put in a Hida family. The case
of M=1and t =1 is known by Guerzhoy, Kawamura, the
case of t =1 is known by work of Brown-Klosin and the case
M = 1 is known by work of Skinner-Urban.

© Construct congruences between the lifted forms and non-lifted
Siegel forms. This has applications to a further conjecture of
Brumer-Kramer. Namely, if M = 1, they conjecture a
congruence modulo p between a Saito-Kurokawa lift and a
non-lifted form should correspond to a p-torsion point on the
abelian surface given by the non-lifted form. So far their
congruences are all computational.
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