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Chapter 1

Statement of the conjecture

We begin with an example to motivate the rank one abelian Stark conjecture.

1.1 A cyclotomic example

Let f be a positive integer, and let a be an integer relatively prime to f. Define the partial
zeta function

Crla,s) = Z i, s € C,Re(s) > 1.

Here the sum ranges over positive integers n congruent to a modulo f. If a is chosen in the
range 0 < a < f, then (s(a, s) is related to the Hurwitz zeta function

= 1
Cul(x,s) = Z m, z,s,€ C,Re(x) > 0,Re(s) > 1,

n=0
by the relation

¢lars) = FCu (; ) |

The function (f(a, s) has a meromorphic continuation to C, with a simple pole at s = 1 and
no other poles. Since (y(x, s) has a simple pole with residue 1 at s = 1, the Taylor expansion
of (s(a,s) at s = 1 begins

1 1

Cf(a75) - ? s_1

Stark’s conjecture in this setting concerns the constants b(a, f). However, the statement

and generalization of the conjecture is cleaner if we change the point of interest from s = 1

to s = 0. These two points are related by the functional equation for the (¢(a, s), and hence

contain the same “information.” The constants b(a, f) appear (after a simple transformation)

as the leading terms of the Taylor expansions of (s(a,s) at s = 0, and it is these leading
terms that we will study.

+ba, f)+ -
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We assume that f # 1, and we consider the symmetrized zeta functions

(f(a,s) = (p(a,s) + (p(—a, s).

As we discuss in greater generality below, this symmetrization ensures that ij(a, 0) = 0;

indeed, for 0 < a < f we have (f(a,s) = % — % Using the classical formula

d 1
ECH(x, $)|s=0 = logT'(x) — 5 log(27)

for the derivative of the Hurwitz zeta function at s = 0, one finds that the Taylor expansion
of (§(a, ) at s = 0 begins:

C}“(a,s) =cla, f)s+...,

where

We may write

cla, f)=—3loglu(a, f))  where  u(a,f)=(1-¢HA-GY). (1)
Here ¢; := >/ and u(a, f) is an f-unit in the totally real cyclotomic field
Q)T = Q¢+ ¢ € Q&)

Furthermore, if f is divisible by at least two distinct primes, then wu(a, f) is actually a unit,
not just an f-unit.

In summary, we have shown that the partial zeta function C;“(a, s) has a zero at s = 0, and
that its derivative at s = 0 is the constant —1/2 times the logarithm of an f-unit. Stark’s
rank one abelian conjecture is a generalization of this statement to abelian extensions of
number fields K/ F in place of Q({;)*/Q in this example. The reason that we considered the
symmetrized zeta function C;[(a, s) rather than (s(a,s) (and correspondingly the extension
Q(¢s)™ rather than Q((y)) is that the real place of Q splits completely in Q(()™, but not
in Q((y). Stark’s conjecture, as formulated by Tate, considers more generally any place of
F' that splits completely in K—real, complex, or finite.

1.2 The conjecture

Let K/F denote an abelian extension of number fields with associated rings of integers
Ok, Op. Let S denote a finite set of places of F' containing the archimedean places and
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those which ramify in K. Assume that S contains at least one place v that splits completely
in K and that |S| > 2. For each ideal n C O not divisible by a prime that ramifies in K, we
denote by o, the associated Frobenius element in G := Gal(K/F). For each element o € G,
we define the partial zeta function

1
(kyrs(o,s) = CEO N0 S€C Re(s)>1. (1.2)
neCrp
(n,8)=1, on=0o

Here Nn denotes the norm of the ideal n. In the example of Section 1.1, we have F' = Q,
K = Q(¢p)*, S = {oo,p | f}, and (s(a,s) = Cx/rs(0q,s). Each function (x,p(0,s) has
a meromorphic continuation to C, with a simple pole at s = 1 and no other poles. As
explained in the Section 1.3, the fact that S contains a place v that splits completely in K
ensures that (x/ps(0,0) = 0 for all 0 € G. Denote by e the number of roots of unity in K.
Let U, s = U, s(K) denote the set of elements u € K* such that:

e if |S| > 3, then |u|, =1 for all w' { v;
o if S ={v,v'}, then |u|,s is constant over all w’ above v’, and |u|,, =1 for all w’ ¢ S.
The following is the rank one abelian Stark conjecture.

Conjecture 1.1 (Stark). Fiz a place w of K lying above v. There exists a v € U, g such
that

1
Cr/ps(0,0) = —=log [u?l, forallo € G (1.3)
’ e
and such that K(u'/¢)/F is an abelian extension.

In the example of Section 1.1, we had

u=u(l,f)=(1—-¢)(1—¢h) =2~ 2cos (QTW) ’
u’e :u(a, f)

We checked equation (1.3) and the condition v € U, g in the case when f is divisible by at
least 2 primes (i.e. when |S| > 3). Exercise: in this example, check that v € U, ¢ in the case
|S| = 2, and that the condition that K (u'/¢)/F is abelian holds.

Returning to the general case, note that the conditions u € U, s and equation (1.3)
together specify the absolute value of u at every place of K. Therefore, if the unit u exists,
it is unique up to multiplication by a root of unity in K*. In order to state an alternate
equivalent version of Conjecture 1.1 in which the relevant unit is actually unique (not just
up to a root of unity), we introduce a finite set 7" of primes of F' such that SNT = ¢. We
define “smoothed” zeta functions (x,pgr(c,s) by the group ring equation

> Cxpsrlos)o = [ =o' IN™) Y Cryrslo,s)[o] (1.4)

oeG ceT oeG
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in C[G]. For example, if 7" is a one-element set {c}, then

Cr/rsr(0,8) = Cryps(o,s) — Ncl_SCK/F,S(UUc_la s).

Let U, st denote the finite index group of U, ¢ consisting of the v € U, g such that u =1
(mod ¢Of) for every prime ¢ € T. We assume that there are no non-trivial roots of unity
in U, gr. This condition is automatically satisfied if either 7" contains two distinct primes
with different residue characteristics, or one prime with residue characteristic at least 2 plus
its absolute ramification index.

Stark’s rank one abelian conjecture has the following equivalent formulation. It was
stated by Tate in this form in [33].

Conjecture 1.2 (Stark-Tate). Fiz a place w of K lying above v. There exists an element
ur € Uy g1 such that

C}(/ES’T(O', 0) = —log |uf | for all o € G. (1.5)

Note that wup, if it exists, is uniquely determined by the conditions of Conjecture 1.2
since we have assumed that U, ¢ contains no non-trivial roots of unity. Exercise: check the
equivalence of Conjectures 1.1 and 1.2 (see [33]); the elements u and up of the two conjectures
are related by the equation ur = (u'/¢)97, where gr = [[ o1 (1 — [0:] N¢) € Z[G]. Note that
gr annihilates roots of unity.

1.3 Further motivation—/L-functions

Conjecture 1.1 can be motivated by viewing it as a generalization of the Dirichlet class
number formula. For a finite set of places S of F' containing the infinite places, the S-
imprimitive Dedekind zeta function of F' is the special case of the function (x/r g defined in
(1.2) for K = F, namely,

1 —s\—1
Crs(s) =Y e JT@=Np=)7', Re(s) > 1. (1.6)

nCOp pegS

(n,S)=1
Here p ranges over the set of primes of F' not contained in S. The function (pg can be
extended to a meromorphic function on the complex plane that satisfies a functional equation
relating the values at s and 1 —s. The function (r g has a simple pole at s = 1; the Dirichlet
class number formula gives the residue at this pole. Using the functional equation, the
Dirichlet class number formula has the following elegant formulation at s = 0:

Theorem 1.3. The Taylor series of (ps(s) at s =0 begins:
hsR
Cris(s) = == =51+ O(s) (17)
F

where hg and Rg are the S-class number and S-regqulator of F' defined below, and ep is the
number of roots of unity in F.
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Note that the order of vanishing of (rg(s) at s = 0 is the rank
re =S| —1 (1.8)

of the group of S-units Of g, as given by the Dirichlet unit theorem,. The S-class number
of F' is defined as hg = |C1(OF,S)| the class number of the ring of S-integers of F. The
group Cl(Opg) may be identified with the quotient of the usual class group Cl(Or) by the
subgroup generated by the images of the finite primes in S. The S-regulator of F' is defined
as follows. Let uy, ..., u,4 be a basis for the quotient of (9;, ¢ by its torsion subgroup. Denote
the elements of S by vy, v1,...,v,4. Then the S-regulator of F' is the absolute value of the
determinant of a certain (rg x rg)-matrix:

Rs = |det(log([us|u;))1<ijers] -

Notice that the place vy has been ignored in the definition of Rg. One checks that the
definition of Rg is independent of the various choices made.

Now let us turn to our setting of interest, namely a finite abelian extension K/F' of
number fields. For each character x: G — C* we define an associated L-function by the
formula

x(9)

ZX 0)Ck/rs(0,8) = Nne’ (1.9)

oceG nCOp
(n,S)=1

where the second formula holds for Re(s) > 1. In certain respects, the L-functions of
characters are better behaved than the partial zeta functions (x/r,s(c, s). For instance, they
posses Euler products:

Ls(x,s) =[] (1 = x(p)Np=) . (1.10)

pes

Furthermore, there is a functional equation relating Lg(x,s) and Lg(y,1 — s). Also, there
is an explicit formula for the order of vanishing of Lg(x,s) at s = 0:

rs(y) = dimg(0}_® C)¥'

{ves:x(G) =1} ifx#1 L11)
S| -1 if x =1, '

where S denotes the set of places of K above the places in S, G, C G denotes the decom-
position group at v, and the superscript y~! denotes the “xy~!-component”:

(05 ®@CPY " :i={r €0} ®@C:0o(x)=x"(0)x for all 0 € G}.

The zeta function (x g, (s) can be factored in terms of the L-functions associated to the
abelian extension K/F:

Cre, 55 (8 H Ls(x, s). (1.12)

xGG
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Note that the factor on the right corresponding to x = 1 is Lg(1,s) = (ps(s). This fac-
torization formula can proven directly from the Euler products (1.6) and (1.10). (Exercise
1: Prove (1.12). Exercise 2: prove that (1.12) is consistent with the orders of vanishing at
s = 0 of both sides given by (1.8) and (1.11), i.e. prove that

Skl =1=1S| =1+ 3" {v: x(G) = 1}1.)
x#1

Stark’s motivation for his conjectures was the idea that in harmony with equation (1.12), the
leading term —hg, Rs, /ex of (k.s,(s) at s = 0 should factor in a nice way over the various
characters x. More precisely, the leading term of Lg(x,s) at s = 0 should be expressible as
a rational number times the determinant of an rg(x) X rs(x)-matrix whose entries are linear
forms of logarithms of elements of (Og,_ ® C)x .

We do not deal with the general formulation of Stark’s conjecture in this article. Instead,
we concentrate on the “rank one” setting, which concerns only the first derivative of Lg(x, s)
at s = 0 in the case rg(x) > 1 for all x. The reason that in the statement of the rank one
abelian Stark conjecture (Conjecture 1.1) we assume that |S| > 2 and that S contains a
place that splits completely in K (i.e. such that G, = 1) is that this implies that rg(x) > 1
for all x, by (1.11). Using equation (1.9), one easily checks that the following is an equivalent
formulation of the conjecture.

Conjecture 1.4 (Stark). Suppose that v € S splits completely in K, and fiz a place w € Sk
above v. There exists a u € U, g such that

1 A
Lis(x,0) = - Zx(a) log [u?l,, for all x € G (1.13)

oeG
and such that K (u'/®)/F is an abelian extension.

Note that the element

W= Zu" ®x(0) € Ogg®C

oeG

lies in (O ¢ ® C)X"', and that the sum in (1.13) is simply the value of the linear extension

of log| - |, to Ok ¢ ® C, evaluated at wX

If |S| > 3 and S contains at least two places that split completely in S, then r(x) > 2
for all x and Conjecture 1.4 holds trivially with v = 1. Exercise: prove that Conjecture 1.4
holds if |S| = 2 and both places of S split completely in K.

We conclude this section by noting that Stark’s conjecture is known to be true in the
cases where one has an explicit class theory. Namely, when F' = Q and v is the infinite place,
we essentially proved Conjecture 1.1 in Section 1.1 using the cyclotomic units u(a, f) defined
n (1.1). When F = Q and v is a finite prime p, Conjecture 1.1 follows from Stickelberger’s
Theorem (see the discussion in Section 1.6). When F' is a quadratic imaginary field, Stark
proved the conjecture himself using the theory of elliptic units and Kronecker’s second limit
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formula [32]. There are certain other special cases known. For example, if K/ F is a quadratic
extension, then one can prove Conjecture 1.4 since the leading term of Lg(x,s) for the
nontrivial character x € G is determined by the factorization formula (1.12)

(k.55 (5)

~ Crs(s)

together with the Dirichlet class number formula (1.7). Sands generalized this method to
prove Conjecture 1.4 when the abelian group G has exponent 2 and the place v is finite (with
some small exceptions) [21]. We do not attempt to give a complete list of the known cases of
the conjecture here, but we remark that the only ground fields F' for which the conjecture is
known for all abelian extensions K /F are the ones mentioned already, namely F' = Q and F’
a quadratic imaginary field. In this article, we consider Conjecture 1.4 in all cases for which
it applies and is nontrivial.

LS(X? 8)

1.4 Trichotomy of the conjecture

In view of the fact that the rank one abelian Stark conjecture holds trivially when S contains
two primes that split completely in K, we need only consider the setting where S contains
exactly one prime v that splits completely in K. Since complex places split completely in
every extension, we are left with the following possibilities:

e Case TR..: F is totally real, and the place v is real. The places of K above v are real,
and all other archimedean places are complex.

e Case ATR: F is “almost totally real,” i.e. it has one complex place v and all other
places are real. The field K is totally complex.

e Case TR,: F is totally real and the place v is finite. The field K is totally complex.

In case TR, equation (1.3) gives an exact formula for u and its conjugates up to sign:
u” = £ exp(—2(k/r5(0,0)) in the real embedding w. (1.14)

Exercise: As mentioned before, the Stark unit u is only unique up to sign. Prove, however,
that the condition that K (u'/2)/F is abelian implies that the sign of u“ in the real embedding
w is the same for all 0. Therefore, we may make the convention that the sign in (1.14) is +
for all o.

Equation (1.14) has striking implications for explicit class field theory for the extension
K/F. In computational terms, it is possible to write down the characteristic polynomial
of ur over F' in the real embedding v by taking as coefficients the appropriate elementary
symmetric functions of the values in (1.14). Then, assuming that a basis for Op is known,
it is possible to “recognize” these real numbers as elements of F' using standard lattice
algorithms (such as LLL) and thereby write down the characteristic polynomial of u as an
element of F'[x]. In this way, Stark’s conjecture in case TR, can be viewed as giving progress
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towards an explicit class field theory for F' and has significance in the study of Hilbert’s 12th
problem. Many computations of this form were carried out in [13].
Exponentiating (1.5) provides the following formula analogous to (1.14) for uz and its
conjugates:
ug =+ exp(—Ci/ps7(0,0)) in the real embedding w. (1.15)

The units uz are unique (not just up to sign). In [16], Gross stated a general conjecture that
in particular addresses the question of the + signs in (1.15). Gross’s conjectures will be the
topic of the next chapter.

Let us now consider case ATR. Since the place w is complex, inverting equation (1.5)
only yields a formula for the absolute value of ur and its conjugates:

[ug|w = eXP(—C}(/F,S,T(@ 0)).

This equation does not provide a formula for the image of uy € C under the embedding
w itself. The distinction with case TR, is that the group of elements of C* with absolute
value 1 is an entire circle, not merely the finite set {+1}. Unless we can somehow specify
the argument of the complex number up, it is not possible to directly write down the char-
acteristic polynomial of ur as an element of F|[z] as simply as we suggested in case TR,.!
Therefore, in case ATR, Stark’s conjecture does not directly make contact with explicit class
field theory and Hilbert’s 12th problem. This leads us to the central motivating question
addressed by this article.

Question 1.5. Can we give, in all three cases of the rank one abelian Stark conjecture, an
exact formula for the image of ur at the place w rather than just a formula for its absolute
value?

As we will see, the answer to this question is “yes,” though the formulas that arise are
not stated as succinctly as Stark’s conjecture. Since equation (1.14) together with Gross’s
Conjecture 2.1 essentially answers this question in case TR, we concentrate on the two
other cases in this article. (There are, however, several interesting papers featuring alternate
conjectural constructions of Stark’s units in case TR, including [27], [1], and [35].)

In the ATR case, there are two techniques for deriving formulas for uy € C. Ren
and Sczech [20] construct candidates for Stark units using Shintani’s method, especially his
decomposition of the quantity (j IF 5(0,0) in the case where K/F is complex cubic. Another
approach, based on periods of Eisenstein series, was developed by Charollois and Darmon [4].
This theory is applicable in the case where the ATR field F' admits a totally real subfield
F* with [F: F'] = 2. Extending these constructions to arbitrary ATR fields and unifying
them is an interesting open problem.

1.5 The Brumer—Stark—Tate conjecture

Let us unwind Conjecture 1.2 in case TR,, where F'is a totally real field and v is a finite
prime p C Op. In this case, we may define R = S — {p} and consider the partial zeta

1See, however, the computations of Stark units carried out for cubic ATR fields in [14].
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function (x/prr(0,s). Since p splits completely in K, we have

Cr/rsr(o,s) = (1= Np™*)Ck/prr(0, ).

Differentiating and evaluating at s = 0, we obtain the following expression for the left side
of (1.5):
Cre/rsr(0,0) = (log Np) - Cx/rrr(0,0).
Meanwhile, for the right side of (1.5), we fix a place w = 8 above p and note that

—log [uzly = (log Np) ordg(u7),

where ordy € Z is the usual P-adic valuation. Equation (1.5) can hence be written

ordm(u%) = CK/F,R7T<O-7 0) (116)

This equation makes sense, because it is known that the right side of (1.16) is an integer.
This integrality result is due independently to Deligne-Ribet [12], Cassou-Nogues [3], and
Barsky [2]. We will give a proof in the case that F is a real quadratic field (and describe the
proof of a partial result in the general totally real field case) in Chapter 4.

The left side of (1.16) can alternatively be written ordy,-1(ur). Therefore if we let

Orpr = Z Cr/rrr(o,0)o™] € Z[G],

oeG

then the element uy € K* (which is a unit outside the places above p) is a generator of the

ideal
(/BHR,T — H(spa_l)CK/F,R,T(‘TvO).

ceG

These steps are reversible—if SBP%7 is a principal ideal admitting a generator u; satisfy-
ing |ur| = 1 at all archimedean places of K and ur = 1 (mod ¢Ok) for all ¢ € T, then
Conjecture 1.2 holds for the data (K/F,S,T,p).

Let us consider Conjecture 1.2 as the ideal p varies. Let I denote the group of fractional
ideals of K relatively prime to T'. For any a € I p, consider the condition

a’’T = (u) (1.17)

for some u € K* such that |u| = 1 at every archimedean place of K and u =1 (mod ¢) for
all ¢ € T2 The set of a satisfying this condition is clearly a subgroup of I . It is easy to
check that this subgroup contains the subgroup Pxr C Ik generated by principal ideals
(a) where @ =1 (mod ¢) for all ¢ € T. In particular, condition (1.17) depends only on the
image of a in the generalized class group Ax 1 := Ik r/Pk . It is an easy exercise using the
Cebotarev Density Theorem that the images of the primes 8 lying above primes p ¢ RUT
that split completely in K generate the group Ak . Therefore, Conjecture 1.2 for the data
(K/F,RU{p},T,p) as p ranges over all primes not in R U T that split completely in K is
equivalent to the following statement.

*For u € K*, u=1 (mod ¢) means ordg(u — 1) > ordg(c) for all primes q of K dividing c¢O,.
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Conjecture 1.6 (Brumer-Stark-Tate). For all a € Ixr, we have a®®T = (u) for some
u € K* such that |u| = 1 at every archimedean place of K and u =1 (mod ¢) for allc¢ € T.

This conjecture was actually formulated by Tate. However, the fact that 0z 7 annihilates
the class group of K had been conjectured earlier by Brumer as a generalization of Stick-
elberger’s Theorem (which is a proof of this fact in the case F' = Q). Tate supplemented
Brumer’s conjecture by adding the condition that not only should a?27 be principal for every
ideal a C O relatively prime to R and T, but it should be generated by an element con-
gruent to 1 (mod ¢Ok) for all ¢ € T" and with absolute value 1 at every archimedean place.
This condition was inspired by (Tate’s formulation of) Stark’s Conjecture (Conjecture 1.2).
For this reason, Tate called Conjecture 1.6 the Brumer—Stark conjecture; we have taken the
liberty of adding Tate’s name above.

The formulation of Conjecture 1.6 shows that Stark’s conjecture in case TR, is finite in
the sense that it is true if we allow ourselves to multiply both sides of (1.5) by a sufficiently
large positive integer. More precisely, the “rational” (as opposed to “integral”) version of
Stark’s conjecture in case TR, is true rather trivially:

Proposition 1.7. Let F' be a totally real field, and let p be a finite prime that splits completely
in the totally complex finite abelian extension K. Let S andT be as above, withp € S. There
exists a unique ur € Uy 57 ® Q such that

Cx/rrr(0,0) = ordy(ug)
forall o € G.

Here the B-adic valuation U, g7 — Z has been linearly extended to U, s7 ® Q — Q.

Proof. Let h denote the size of Ag r, and write " = (). Then
ur = a7 ® %
is the desired element of U, g7 ® Q. O

Stark’s conjecture in case TR, gives rather little information about the p-unit ur; namely,
it describes the valuations of uz at all the primes above p. In Chapter 2, we discuss two
conjectures of Gross that refine Stark’s conjecture in case TR,, by providing more information
about up. Gross’s “weak” conjecture describes the p-adic logarithm of the local norm of up
from Ky to Q, in terms of the derivative at zero of the p-adic partial zeta functions of F'.
Gross’s “strong” conjecture, which applies in case TR, as well, is a strengthening that gives
the image of u under the Artin reciprocity map of local class field theory.

We will provide an even stronger refinement of Stark’s conjecture in case TR,, in Chapter 4
by presenting an exact analytic formula for uz in the completion Kg. This conjecture will
answer our motivating question in case TR,,.
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1.6 Units, Shintani’s method, and group cohomology

The fields for which explicit theory class field theory is best understood are the rational field
Q and quadratic imaginary fields. Not coincidentally, these fields are distinguished by the
fact that their unit groups are finite. In general, the special values of partial zeta functions
of a number field F' can often be expressed as periods parameterized by the unit group of
F. We leave the term “period” in this context vague, but we have in mind an integral of
a differential r-form along an r-cycle, where r is the rank of the unit group of F. As an
example of such a formula, see Theorem 4.1 below. When r = 0, this “integral” degenerates
to the value of a function—for example the function e(z) := e*™* for F' = Q and to elliptic
functions for the case of ' an imaginary quadratic field. Using CM theory, the values of
these functions can be interpreted as invariants of algebraic objects and hence shown to be
algebraic (and in fact, units living in the desired abelian extensions).

Units in the ground field F', therefore, play an important obstruction in our understanding
of class field theory in general® and Stark’s conjectures in particular. In fact, the units in
F' will provide an obstacle to answering our motivating question, i.e. to providing exact
formulas for Stark units. See (2.4) below for an explicit manifestation of this phenomenon
in the case TR,.

There are two broad principles that have appeared in the literature towards circumvent-
ing the obstruction provided by units in attempts to give exact formulas for Stark units.
One method, inspired by Shintani’s work, is to embed F' into R™ and to choose a funda-
mental domain for the action of the units of F' that consists of a union of simplicial cones.
One removes the ambiguity caused by units by considering only the elements of F' lying in
this fundamental domain; at the conclusion of any construction, one must prove that the
construction is independent of the domain chosen. Shintani’s method is the motivation for
the works [27], [20], and [11], and is the topic of Chapter 3.

Another approach to deal with units in F' is define a universal object—namely a certain
“Eisenstein” cohomology class—that contains more information than the special values of
the partial zeta functions of the number field F'. To be (slightly) more precise, these classes
will be in H"(T") for a group I' equipped with homomorphism ¢p : Of — G. The class
will have the property that special values of the partial zeta functions of F' will appear as
specializations of the class on the image of a basis of units under . Our conjectural formula
for Stark units will occur as certain other specializations. One interesting feature is that our
cohomology class will be universal in the sense that it does not depend on F', only its degree.
The main point in this construction is that instead of considering an r-dimensional period of
one function, we have lifted to an entire r-dimensional cohomology class. The cohomological
method, with particular attention paid to the construction of Sczech [24] and its refinement
in [5], is the topic of Chapter 4.

Solomon [30], [31], Hu [18], and Hill [17] have begin to unify these two approaches by
defining certain cohomology classes using Shintani’s method. The goal of the group project at

3Note, however, that there is a general CM theory that applies to CM number fields. This theory involves
the study of abelian varieties and their endomorphisms. While much has been done in this direction, it is
interesting to note that the (higher rank) Stark conjectures remain open for CM fields of degree greater than
2.
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the Arizona Winter School will be to further develop this connection by finding relationships
between the various different constructions of Eisenstein cohomology classes.



Chapter 2

Gross’s conjectures

In 1988, Gross stated a conjectural refinement of Stark’s Conjecture 1.2 [16]. In this chapter
we state Gross’s conjecture and study its implications in cases TRo, and TR,,.

2.1 Gross’s tower of fields conjecture

Let the abelian extension K/F and finite sets of primes S and T of F' be fixed as before, with
the place v € S splitting completely in K. Assume that Conjecture 1.2 holds. Let L be a
finite abelian extension of F' containing K and unramified outside S. Since v splits completely
in K and w is a place of K above v, there is a canonical isomorphism of completions:
F, =2 K,. Let

rec, : Ky — Ay — Gal(L/K) (2.1)
denote the Artin reciprocity map of local class field theory. From the canonical inclusion

K* C K, we may evaluate rec,, on any element of K*. The following is [16, Conjecture
7.6].

Conjecture 2.1 (Gross, strong form). Let ur € U, s7 C K* denote Stark’s unit satisfying
Congecture 1.2. Then

rec, (uf) = H +CL/p,5.7(T,0) (2.2)

T€Gal(L/F)
T|g=0

in Gal(L/K) for each o € G.
Note that the right side of (2.2) lies in Gal(L/K) since

Z Cryrsr(7,0) = Ckypsr(0,0) = 0.

TEGal(L/F)
Tl =0

2.2 Signs in case TR

Let us consider Gross’s Conjecture 2.1 in case TR,,. Here v and w are real places. Suppose
that the places above v in the auxiliary extension L/F are complex; choose such a place

19
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w' above w. Let ¢ € Gal(L/K) denote the restriction to L of the complex conjugation on
L,y = C. Then for z € K; = R*, we have

1 ifz>0
IeCy T =
c ifx<DO.

Therefore, Gross’s Conjecture 2.1 applied to this setting determines the signs of the unit w7
in the real embedding w that were left ambiguous in (1.14). For example, if L is a quadratic
extension of K, then the two elements 7, 7" € Gal(L/F') restricting to a given o € G satisfy
Tt = Cyrsr(T,0) = —Cyrsr(r,0).
Therefore the right side of (2.2) simplifies to ¢¢2/#s7(9 and we find that Conjecture 2.1
states:
up > 0 <= (r/ps7r(7,0) is even.

More generally, if L/K is not necessarily quadratic, we choose representatives {7;} for
{reGal(L/F) : 7|k =0c}/{1,c}

and find that Conjecture 2.1 states:

[L:K]/2

ug >0 <<= Z Cr/rsr(7,0) is even.
i=1

Exercise: Using class field theory, give necessary and sufficient conditions for the existence
of an abelian L/F unramified outside S and with the places of L above v complex. In
these cases Gross’s Conjecture 2.1 can be used with the extension L (or more precisely its
compositum with K') to determine the sign of uJ.

2.3 Gross’s conjecture in case TR,

We now consider the implications of Gross’s conjecture 2.1 in case TR,,. Let F' be a totally
real field, let v be a finite place p, and let K be totally complex finite abelian extension of
F'in which p splits completely. For concreteness, we assume that K is the maximal such
extension with its given conductor f, that is, we assume that K is the maximal subfield of
the narrow ray class field of F' of conductor § in which p splits completely.

Next, we take the field L = L,, in the statement of Gross’s conjecture to be the narrow
ray class field of conductor fp™ for some positive integer n. The Artin reciprocity map (2.1)
induces an isomorphism

recy: F*/Ey(F)Upn = Gal(L,/K), (2.3)

where E,(f) denotes the group of totally positive p-units of F' that are congruent to 1 modulo
f, and Uy, := 1 + p"Op, is the group of p-adic units congruent to 1 modulo p”. Applying
the inverse of the map rec, to equation (2.2), Conjecture 2.1 can be viewed as a formula for
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the image of uf in F)*/Ey(f)Up,, the left side of (2.3). (Here, uf is viewed as an element of
FY viaug € K C Kyg = F,.) To make this precise, we fix an ideal a ¢ SUT of F whose
associated Frobenius in Gal(K/F) is equal to 0. Conjecture 2.1 then states that the image
of uf in FJ* satisfies

H 2 CLn/F.s.1(9arecy(2),0) (mod Ep (f)Up,n)- (2.4)

z€F) /Ep(F)Up,n

g
Up

—

Taking the limit as n — oo gives a formula for the image of uf in F*/F,(f), where the hat
denotes topological closure. One of the goals of this article is to remove the ambiguity of

E,(f) inherent in Gross’s conjecture by giving an exact conjectural formula for .

We should mention that we have not extracted the most information possible from Gross’s
conjecture in our analysis above, since the abelian extension L is allowed to have increased
ramification at all primes above S. Furthermore, the valuation at p of the p-unit u7 is

—

specified by Conjecture 1.2, so we can reduce the ambiguity of Ej(f) to one provided by its

subgroup E(f), where E(f) denotes the group of totally positive units of F' congruent to 1
modulo f. These issues are discussed in [11, §3].

Furthermore, one can attempt to systematically increase knowledge about uJ using
Gross’s conjecture by judiciously adding primes to the set S in the manner of Taylor and
Wiles. This is discussed in [11, §5.4].

2.4 Gross’s “weak” conjecture in case TR,

Prior to stating Conjecture 2.1, Gross had stated another conjecture applicable in case TR,
[15]. This conjecture requires an additional assumption. Suppose that the finite place in S
splitting completely in K, denoted p, has characteristic p; we assume that S contains all the
primes of F' above p.

Let W the denote the weight space of continuous group homomorphisms f : Z5 —
Z;.l The integers can be embedded as a dense subset of W by associating to k € Z the
homomorphism z +— z*. For this reason, we write x° instead of s(z) for any s € W. Note
also that W is naturally an abelian group.

There exists, by independent work of Deligne-Ribet [12], Cassou-Nogues [3], and Barksy
2], for each 0 € G a p-adic meromorphic function

Ck/psp(0,8): W — Qp (2.5)

such that
Cr/rsp(o,n) = Ckyrs(o,n) € Q (2.6)

!"Write ¢ = p if p is odd and ¢ = 4 if p = 2. There is an isomorphism W 2 (Z/qZ)* x (1 + pZ,)* given
by f+ (f(¢), f(1+q)), where ( is a primitive g-th root of unity in Z;. Furthermore, (1 + pZ,)* = Z,, via
the p-adic logarithm map. Therefore, W can be viewed as ¢(q) copies of the p-adic space Z,. Note that our
weight space W is only a piece of the larger weight space of continuous group homomorphisms f : Z; — CJ;
however, our definition will suffice for our purposes.
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for integers n < 0. The function (g, is regular away from s = 1, and has at most a simple
pole at s = 1; Colmez has shown that the existence of this pole at s = 1 is equivalent to the
Leopoldt conjecture for F' [6].

Gross’s conjecture states that whereas the classical values CZSU K/ #(0,0) determine the p-
adic valuations of the units u?, the p-adic zeta values (g’ K /F’p(a, 0) determine the p-adic
logarithms of the (norms of the) units u”. To make this precise, we consider the branch
log, : Q; — Z, of the p-adic logarithm for which log,(p) = 0. Next, fix a place P of K
above p, and consider the composition of the norm map from Kqé to Q, with log,,:

log, o Normy, /q, : Ky — Zp.

Via the canonical embeddings U, s C K C Ks, we may restrict the function log, o Normy,, /q,
to a homomorphism from the finitely generated abelian group U, s to Z,, and extend by
scalars to a map

log, o Normp, /q, : Ups ® Q — Q.

As demonstrated in Proposition 1.7, we may consider the image of u” in U, ¢ ® Q un-
conditionally. Gross’s conjecture from [15] then states:

Conjecture 2.2 (Gross, weak form). For each o € G we have

C}(/R&p(a, 0) = —log, Normg,, /q, (u”).

We call Conjecture 2.2 the “weak” Gross conjecture and Conjecture 2.1 the “strong”
Gross conjecture, since, as was known to Gross, Conjecture 2.1 implies Conjecture 2.2. See
[11] for a proof of this fact.

In [9], Conjecture 2.2 was proven under certain assumptions. If F' is a real quadratic field
and K is a narrow ring class extension of F', then these assumptions hold automatically, and
hence the proof is unconditional.

We conclude this section with a T-smoothed version of Conjecture 2.2 for future reference.
Define T-smoothed p-adic (-functions (x/rs7,(0, s) from the p-adic (-functions (x/rs, (0, 5)
using the group ring equation (1.4), with s now an element of W. Conjecture 2.2 yields:

Conjecture 2.3 (Gross, weak form, T-smoothed). Assume Conjecture 1.2 with v = p and
w ="*P. For each 0 € G we have

g;(/F,S,Tp(O_? 0) == 10gp NOI‘mK‘;}/Qp (U%)



Chapter 3

Shintani’s method

In the 1970s, Shintani introduced a powerful technique for analyzing zeta functions associated
to number fields, allowing him to give new proofs that Hecke L-functions admit meromorphic
continuation and that values of L-functions of totally real fields at negative integers are
algebraic. His analysis is based on an ingenious generalization of Riemann’s first proof of
the meromorphic continuation of ((s). To emphasize this analogy, we recall some elements
of Riemann’s method.

3.1 Hurwitz zeta functions

The Riemann zeta function has the remarkable property that its values at nonpositive inte-
gers can be packaged into a simple generating function:

C(1—mn)
=1 ",
- +Z n_l :

Equivalently, we have
B,

1—n)=—-—— >1
(-m=="" (1),
where the Bernoulli numbers B,, are defined by the Taylor expansion
BT

"nl

n=0

This formula has many applications, in particular to p-adic interpolation of the values of ((s)
at negative integers. Shintani’s zeta functions form a very general class of zeta functions
sharing the property that their values at negative integers can be packaged into a nice
generating function. Before discussing Shintani’s zeta functions themselves, we consider the
important special case of Hurwitz zeta functions. The propeties of Hurwitz zeta functions
will be used in our analysis of general Shintani zeta functions.

23
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Let £ € Rog let and a = (ag,...,aq) be a vector such that «; > 0 for all i. Define the
multiple Hurwitz zeta function by

(e &s) = Y (E+ (k)™

d
keZZO

It is easy to see that the convergence behaviour of the series above is the same as that of the
Dirichlet series

Z (k—=14--+ka)™° :an,dn_aa (3.1)
k€Z~g n=1

where s, 4 is the number of ways of writing n as a sum of d positive integers. We have the
trivial bound s,, 4 < n~!, from which it follows that the series (3.1), and hence that defining
((a, &, s), converges absolutely for Re(s) > d. In fact, it will follow from our study that the
exponent d — 1 in our approximation of s, 4 is optimal, i.e., s, 4 # O(n?'17¢) for any ¢ > 0.
(Exercise: Prove this using elementary methods.)

The analytic continuation of ((«, &, s) can be established using Riemann’s method. As
observed by Euler, the change of variable ¢ — £ + (k, a) shows that

L(s)(E+ (ko)) = / e~ (EHaNtys—1 gy
0

where

I'(s) :/ et dt, Re(s) > 0.
0

Therefore, for Re(s) > d we have

T(s)¢(e,&,8) = ) / —(E+(ka)tys=1 gy

keZ

:/ —£&t Z e~ koztts 1dt

kezd,

:/Ooo (HZ ai’“”) 1t

li

o0 d ozlt
s—1
/ (1:[ pro 1) t~tat

For ¢ > 0, we let C(00,¢) be the Hankel contour — the path that traces the real axis from
oo to g, circles the origin counterclockwise along |z| = €, and then retraces the real axis from
e to 0o. (See Figure 3.1.)

Suppose € < 3(2m/ min{«;}). We choose the branch of log(z) such that 0 < arg(z) < 2.
Then the functlon

d ei?
I(s) =1(,&,s) := /C(OoE (H e 1) 2z (3.2)
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Figure 3.1: the Hankel contour

defines an entire function on C so long as we agree that arg(z) = 0 on the portion of the
Hankel contour from z = 400 to z = ¢, and that arg(z) = 27 on the return trip from z = ¢
to z = 4o00. (Alternatively, we can view the integration as taking place on the universal
cover of C — {0}.) The function /(s) is independent of ¢ taken in the given range, because
the integrand in (3.2) is holomorphic in any annulus centered at the origin with radii given
by two such ¢.

Moreover, we have

d

[ee) a;t ;2
_ (. 2mis —¢t e s—1 —¢2 e s—1
I(s) = (e 1)/E e (I |—ea¢t_1>t dt+/z|:€e (I_I eaiz_:l)Z dz.

=1

If Re(s) > 1, then

¢ d Q% .
lim e ? 2°"dz = 0.
e—0 |Z‘:E Ul eaiz - 1

1=

Therefore, we have

1

C(a, &, 8) = c1(s)I(s), ci(s) == () (e — 1) (3.3)

for Re(s) > d. Since Z(s) is entire and I'(s) admits a meromorphic continuation to C,
((a, x, s) can be meromorphically continued as well, with polar set contained in Z.

Exercise 3.1. Show that ((«,&,s) has simple poles at s = 1,2,...,d and is analytic at
integers n > d. Compute the residues at s = 1,2,...,d. Conclude that the series defining
((a, &, 5) does not converge in the half-plane Re(s) > o for any o < d.
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3.2 The Hurwitz zeta functions at nonpositive integers

In this section, we derive formulas for ((§,a,1 —n), n > 1, when £ has the form { = (o, z)
for some x € RY,, » # 0.
It is a standard fact that

lim (s +m)D(s) = =1

s——m m!
for nonnegative integers m. It follows that

, 1 (—1)™m!
lim A = —.
s—-m ['(s)(e?™s — 1) 2mi

Adapting (3.3), we have

d
_ s 1 ) 4
C(aa <Oé,.1'>, S) eQms _ /Cooa H etz — 1 dz (3 )

By the residue theorem, if n > 1, then

- . - coeff (F(2),n +d — 1), (3.5)

where
d aize(l—mi)aiz

re) ==

i=1
The Taylor coefficients of F'(z) are essentially values of the Bernoulli polynomials, defined
by the expansion

=B

n=0

We have the identity of power series
d

HZ 1_““ Ball —20)0 n, (3.6)

=1 n=0
Combining (3.5) and (3.6), we obtain a useful formula for {(a, (a, ), 0):

rj—l

C(a {a,2),0) = (=) Y H By, (x;)- (3.7)

ri+-4rqg=d j=1
T‘JEZ>0

Here we have used the fact that B.(1 — x) = (=1)"B,.(z). Since the Bernoulli polynomials
have rational coefficients, we have established the following result:

Proposition 3.2. The values ((z,a,1 —n), n > 1, belong to the field Q({z;},{a;}).
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3.2.1 The multiple I'-function

Finally, recall the classical Hurwitz zeta function (y(z,s) discussed in §1.1. The Lerch
formula relates the derivative of (y(x,s) at s = 0 to the I'-function:

L a(a,9)],y = log (%3) |

Motivated by this formula, we define the multiple I'-function I'(x, «) by

9,
log (e, &) = &C(av@ 3)|5:0'
Note that
[(z) = V27T (z, 1).

The multiple log-I'-function admits meromorphic continuation in ¢ to C. To see this, we
differentiate (3.2) under the integral sign to obtain

d

evi® dz
I'(a,€,0 :/ e % : log(2)—. 3.8
( ) Clooe) (H s — 1) & 48)

i=1

Combined with (3.3), this yields

log T(a,€) = ¢4 (0)I (0, £,0) + ¢2(0) /

C

d oGz
¢ T g 39
(oo,s)e (H exi — 1) og(2) z (39)

i=1

The function I(a, &, 0) is meromorphic in £, as is the function defined by the integral on the
right. The meromorphic continuability of log I'(«, §) follows.

3.3 Shintani zeta functions

Shintani axiomatized and enlarged the class of functions whose meromorphic continuation
can be established using the techniques of the previous subsection plus an ingenious change
of variable. Let a = (a!) € M, 4(C) such that Re(a}) > 0 for all i, and let 2 € RZ, be a
nonzero column vector. We write a; and a’ i-th row and the j-th column of a, respectively.
Define the Shintani zeta function

((a,2,8) = > N(a(z+k)"  (Re(s)>d/n), (3.10)

kezl,

where x and k are viewed as column vectors, and the “norm” Nuv of a vector v € R™ is
defined to be
Nv=uv;--v,.

Remark 3.3. If F' is a number field of degree n and x — x; are the embeddings of F into
C, then Nx = NF/Q(QZ')
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The multiple Hurwitz zeta function is simply the special case n = 1 of the Shintani zeta
function.
The convergence of the series (3.10) is governed by that of

> (kit 4 ka)

k€Z>0

By the discussion of the previous section, this series converges absolutely when no > d, or
equivalently, when o > d/n.
By Euler’s trick, we obtain

/ efai(x+k)titz$fldti — F(s)(az (l‘ -+ k))is- (311)
0

We write ¢ for the row vector (1,...,t,) and t*~'dt for (¢ ---t,)*"'dt; - --dt,. Taking the
product of (3.11) over i = 1,...,n, we are led to

F(S)n N(a(m + k))*s _ / e—ta(x-l-k)ts—ldt
(0,00)™

— / eftareftak:tsfldt.
(0,00)™

Summing over k, we have

['(s)"C(a,z,s) :/ et Z etk

(0,00)™ keZZ,
Noting the geometric series
d j
1 6ta
—tak __ _
Ze _Hl_e—taj_Hetaj_17
kEZ%O Jj=1 j=1
we have
I'(s)"¢(a, z, s) :/ G(t)t*dt,
(0,00)™
where . ;
tal tad (1—x;)
—tax € € ’
G(t) =€ ¢ H etaj 1 = H m. (312)
j=1 j=1

It is tempting to attempt to adapt Riemann’s Hankel contour method for obtaining
a meromorphic continuation of ((a,z,s) to the complex plane. Unfortunately, a direct
application of the method fails: the hyperplane (a’)* C C" has positive dimension if n > 1,
and thus interects any polydisk centred at 0 € C". Therefore, G(t) will have a singularity
along C(00, 1) %+ --xC(00,¢&,) for all choices of ¢; > 0. Shintani circumvented these analytic



3.3. SHINTANI ZETA FUNCTIONS 29

difficulties by decomposing the domain R of integration and applying a change of variable.
We describe his method. Set

Dy ={(t1,...,t,) € RYy : t; <t for all j},

and
ze(a,z,8) =T(s)™™ | Gt)t¥dt. (3.13)
Dy
We have . .
RSy = H Dy, and ((a,z,s) = zi(a,z, s). (3.14)
k=1 k=1

Consider the change of variable

t=uwy=u(yr,. .., Yn), t € Dy,

where u = t; > 0. Since t € Dy, we have 0 < y; < 1 for all j and y, = 1. Substituting
in (3.14), we have

zk(x,a,8) = F(s)"/ u"s ! {/ G(uy)gj31dyj} du, (3.15)
(0,00) (0,1)n—1
where we have written

Yy = (yh sy Yk—1, 17yk+17 CI 7yn) S Rna ?) = (91, o >Z/k—1>yk+1> CIC ayn) € R’ﬂ*17

and
gy = H Y5~ dy;.
i#k

Set
1

cn(s) = (e2mins — 1) (e2mis — 1)n—1T(s)"

and let C(1,¢e) be the subcontour of C'(00,¢) that starts and ends at z = 1 instead of at
z = +00.

(3.16)

Proposition 3.4. For sufficiently small €, we have

zk(a, z,s) = cn(s)/ u" {/ G(uy)g)51dg)} du. (3.17)
C(o0,e) C(l,e)n—t

The iterated line integral on the right is absolutely convergent and defines a meromorphic
function of s that is independent of €, provided € s sufficiently small.

Proof. Set

Iic(s) = Iye(a,x,s) = /c( )u"s_l {/C( ) G(uy)gjs_ldg)} du. (3.18)
00, 1,e)n—1
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First we verify that, for sufficiently small epsilon, the integrand has no singularities along
C(oo,e) x C(1,e)""!. We must show that, for e sufficiently small, uya’ is not an integer
multiple of 27i. By the Cauchy-Schwartz inequality, we can find €; > 0 such that

luya’| < Juyl - o’ <1 (G =1,....d),
whenever |u| < €1. On the other hand,

i J— g7
lim ya’ = a.
§—0

Therefore, we may find €5 > 0 such that
1 .
Re(ya’) > Emin{Re(ag) ci=1,...,n} >0, j=1,....,d,

whenever |y;| < g5 for all i # k. (This is where we use our assumption that the entries of a
have positive real part.) In particular, ya’ is nonzero for these y. Letting €9 = min{ey,es},
we have 0 < |uya’/| < 1 whenever |u| < &; and |y;| < e; for all @ # k. Thus, uya’ is not
a multiple of 27 for these u,y, and the holomorphy of Ix.(s) follows. Cauchy’s theorem
implies that Iy .(s) is independent of € for ¢ < gy. Therefore, we may denote this function
simply by Ii.(s) = Ix(a, z,s).

Let € < g9. By arguments similar to those of the previous section,

[k(s):/ u" ! /‘|_ G(uy)y*~tdy p dut
|u|=¢ o

i

(627rins - 1)(6271'1'3 o 1)n—l/ uns—l {/ G(uy)gs—ld:&} du.
(g,00) (e,1)n—1

If s > d/n, then a trivial estimate shows that

e—0

lim u™t /yl G(uy)y*'dy p du = 0.
|u|=¢ ¢

Therefore,

Ik(S) — <€2m'ns - 1)(627ris o 1)n1/ unsfl {/ G(Uy)ySIdy} du
(0,00) (0,1)n—1
— (627rins _ 1)(627”'5 _ 1)n_1F<S)nZk(6L,J], 8)
=cn(8) zr(a, z, 8). O
Exercise 3.5. Find the poles of ((a,x,s), their orders, and their residues.

Exercise 3.6. Show how to define and meromorphically continue the more general Shintani
zeta function

(a2, (s1-oy80) = > [Jlailz+ k)™

kezd =1
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3.4 Special values of Shintani zeta functions

In this section, we give Shintani’s formulas for the values of ((a, x, s) when s is a nonpositive
integer. We first consider the special case s = 0, particularly important from the point of
view of Stark’s conjecture. The residue of I'(s) at s = 0 is 1, and hence

imc,(s) = —, Cn(s) == , . :
s—0 n(2mi)® (e2mins — 1)(e?mis — 1)n—11(s)"

Therefore, (3.17) becomes

1 1
z(a,2,0) = ————1,(0) = —/ ut {/ G(uy g)_ldg)} du.
d ) n(2mwi)" #(0) n(2mi)" Jo(ooe) C(1,6)n-1 (uy)

Observe that G(uy) is holomorphic in the variables y;, i # k. Therefore, by the residue
theorem,

dyi
G(uy =G(0,...,0,u,0,...,0
/C G T =a )

o
= @2mi) [ —— (3.19)

_ %C(ak, (ax, 7). 0) (3.20)

:(_T? 3 HBej(xj)(akg)j!'. (3.21)

tezd, =1

O+tHlg=d
Proposition 3.7. We have:
-1 d " d CLj ;-1
a0y =5 S [T B (3.22)
k=1 tezd, =1 o
bt lg=d

Corollary 3.8. The value ((a,xz,0) belongs to the field generated by the components of x
and the entries of a.

We record the n = d = 2 case of this formula for later use. Writing
w:(wl)’ a:(p q)7
Wy s

{ (1_7 + f) By (wy) + 4By (wy) Ba(wy) + (% + ;) Bz(w2)} : (3.23)

q S

we have

C(a,w,0) =

B~ =
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3.4.1 Generalized Bernoulli polynomials

To evaluate ((a,z,1 —n) for n > 1, we define generalized Bernoulli polynomials By, ,,,(a, )
by
Bigm(a,1 —x)
(ml)

= coeff (G(UZ/)> ("Y1 Yr—1Yrt1 - - 'yn)m_l) ) (3.24)
where 1 is the vector (1,...,1).

Theorem 3.9 (26, Proposition 1]). Let m > 1 be an integer. Then

(—1)nm=1) Zn: Bim(a,1 —x)

1—m)=
2,1 —m) = =L -

k=1

Proof. Applying the residue theorem a total of n times, we have

I (1—m) = / u-m=l {/ G(uy)g]‘mdg)} du
C(00,¢) C(l,e)n—1

= 2mi coeff((278)" ! coeff (G (uy), g™ 1), u”(m*1)>

— (9mi »Bim(a, 1 —x)

Since

s—1—m (m — ]_)‘
we conclude using Proposition 3.4 that

(=)= By (1 — )

n mn

zi(a,z,1 —m) =

The desired result follows from (3.14). O

Exercise 3.10. Express the generalized Bernoulli polynomial By, (a,x) in terms of the
standard Bernoulli polynomials By.

Corollary 3.11. The value {(a,x,1 —m) belongs to the field generated by the components
of x and the entries of a.

3.4.2 An algebraic version of Shintani’s formula

Recall that the singularity of
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at t = 0 is not isolated, implying that G(¢) does not have a convergent Laurent expansion

in any punctured neighbourhood of ¢t = 0. Nevertheless, for j = 1,...,d, we may define
ta’ ,
, : if ta’
Gi(t) =4 gw =7 T F0,
1, otherwise.

The functions G(¢) are holomorphic at ¢ = 0 and thus have convergent Taylor expansions
G'(t) € C[[t)) = Cl[tr, - .., tu]]-
Since H?Zl ta’ € C[t] C C[[t]], we may identify G(t) as a quotient
d .
Gj 1 —x;)tal
=[[——7——<cw
7=1

where C((t)) denotes the field of fractions of C[[t]]. Caution is required when working
with the field C((¢)) because, unless n = 1, its elements are not simply formal sums of
monomials t™, m € Z". In particular, it does not make sense to talk about the coefficient
of t™ appearing in a general element of C((t)) when n > 1. However, we make the following
trivial observation:

Lemma 3.12. Let h(t) € CJt] be a homogeneous polynomial of degree r such that

coeff(h(t),t},) # 0,
let g(t) € C[[t]], and let f(t) = g(t)/h(t). Then

f(tk<t1, ey teo1, 1, Tk, - tn)) < t;TC[[tH

If f(t) is as in the lemma, then the expression

coefE(F(te(te, - oo s thts Lyt - t)), £7) (3.25)

is well defined for all ¢ € Z™. Now, G(t) has the property of Lemma 3.12 with h(t) = H?Zl ta’

(recall that each af has positive real part and in particular is non-zero). Therefore it makes
sense to discuss the coefficients (3.25) for the algebraic object G(t) € C((t)); these coefficients

encode the values of ((a, z, s) at nonpositive integers, as described in the following corollary.

Corollary 3.13. Let m be a nonnegative integer. Then

C(a,z,—m) = AMG = Mx

Z coeff (G(tr(ty, - tio1, Lite, oo otn)), (b to ity - 1)™) .
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3.5 Derivatives of Shintani zeta functions at s = (

Recall that by Proposition 3.4, we have
zi(a, z,8) = cp(s)Ix(a, z, s).
(These functions were defined in (3.13), (3.16), and (3.18).) Therefore,
zi(a,x,0) = ¢, (0)Ix(a,z,0) + ¢, (0) I} (a, z,0)

= (0)(2mi)" ' (ay, {ag, ), 0) + ¢, (0)I}(a, x,0), (3.26)
Differentiating under the integral sign,
dy) d
I(a,z,0) = n / log(u) { / G uy) ™ } u (3.27)
C(00,€) C(1,e)n—1 Y u
+ea(0)7)  dki(a, @) (3.28)
ik

where

dy d
dkila,z) = c,(0 / / G(uy) log(y;) p (1 # k).
C(oo,e) JC(1,g)n—1

By (3.19), the term from (3.27) may be written

n(2mi)"! /
- a0 (log I'(ay, (ak, z)) — ¢, (0)I (ag, (ag, x),0)), (3.29)
1
Here (3.29) follows from (3.9).
Combining (3.26)—(3.29) and applying the identities

en(0)n(2mi)" = e1(0), ¢, (0)(2mi)" " = ¢ (0),

we see that
zi(a,x,0) = logT'(ay, (ax, x)) + Z@m a, ) (3.30)
i#k
The terms 5k7i(a, x) can be evaluated in “elementary” terms:

lr—1
. o B (z) (af a
(1og(a) ~ log(a] + af)) [T 221 (— - —) - (331)
=1 tezd, rj r ap @

(3
€1+--~+_€d:d
;=0

Opila,z) =

Note that for all 4, j, k,

lr—1 lr—1

T r r T

H A _ H G
J J o J J :

a,  a; a;  ay

r#k ] r#k
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Therefore,
Z Z Oi(a,x) = Z dx(a, x),
k=1 ik k=1

where

d -1
(=1 AT Beler) (an _ a
dp(a,x) = - Z Z log(ay,) H o —f - = : (3.32)
=1 rezd, v
£1+---+?d:d
;=0
and we have
Z;C(a’7 T, O) = F(aka <ak:7 ZL‘), 0) + 519(@’ :L‘)
Combining with (3.14), we obtain

n

'(a,7,0) = (mk, (ax, ), 0) + 6k (a, x)). (3.33)

k=1

This formula will be used in the construction of Stark units in the ATR case.

3.5.1 The multiple sine function

Suppose now that, in addition to previously imposed hypotheses, we have 0 < Re(z;) <1
and 1 — Re(x) # 0, where 1 = (1,...,1) € R% Define

(T(a,z,8) = —C(a,z,8) + (—1)%(a, 1 — 2, 5).

By 3.7 and the identity
Bu(t) = (~1)'B(1 - 1), (3.34)

we have

(*(a,z,0) = 0.

Thus, it is very natural to consider the derivative of (*(a,z,s) at s = 0. We define the
Shintani sine function by
s=0>

6r(a, ) + (=1)%(a,1 — 2) = 0.

S(z,a) = exp (%C+($,A,S)

Applying (3.34) again, we see that

Therefore,

n n

S<a7 13) = (C+)/<a7 xz, 0) = Z(C+>/<ak7 <ak7 I>, 0) = Zs<ak7 <I, a’k>)

k=1 k=0

We will apply this formula later to our study of Stark’s conjecture in the TR, case.
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3.6 Partial zeta functions

Let F' be a number field of degree n with ring of integers Op. Let x — x;, i = 1,...,1r
be the real embeddings of F' and let x +— x;, t =11 + 1,...,71 + 2ry = n, be its complex
embeddings. We have

n

Npjq(x) =[]z (3.35)

i=1

Fix an ideal f and write
Efy={z€Op:2>0,z=1 (mod f)},

where x > 0 is shorthand for z; > 0, i = 1,...,r;. Let a = {a!, ..., a?} be a set of Q-linearly
independent elements of F.q. We define the cone c(a) spanned by a to be

d

cla) = {ijaj : 27 € Qs for all z} :
i=1

The number d is called the dimension of ¢ and will be denoted d(c).

Theorem 3.14 ([26, Proposition 4]). There exists a finite set C of pairwise disjoint cones
such that:

1. F o= |_| eD, where D = | |..cc. Thus, D is a fundamental domain for the action
e€E(f)

of E(f) on Fyy.
2. For every c € C there is a set {u.; : 1 +1 <i<n} CC, |uq;| =1, such that:

(a) Re(ucviag) >0 fori=r+1,...,n, 7=1,...,d(c).

(b) If x — x; and x — xzy are complex conjugate embeddings of F into C, then
Ue; = ﬂc,i“

In particular, ey 41 Uen = 1.
The set C will be called a Shintani fan.
Example 3.15. Let F' = Q(w), w = 5(1++/=3). Then
D=c(l)Uc(l,w)
is a fundamental domain for the action of O on F*.
Example 3.16. Let F' be a real quadratic field. Let € be a generator of E(f). Then
D=c(l)uc(l,e)

is a fundamental domain for the action of E(f) on Fsy.
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Let § be an integral ideal of F'. Let K = K; be the narrow ray class field of /" associated
to the conductor § and let .S be the set consisting of the infinite primes of F' together with
the primes dividing f. Let o0 € Gal(K/F) and select an ideal a C Op, (a,5) = 1, such that
the image of a under the Artin map is o. It is easy to check that

1+faHND —{zcl+fa'l:2>0}/E()

is a bijection. We have

CK/F,S(Ua 8) = Z Nb_s

bCOp
(6,5)=1,0p=0q

=Na™® ) Na™* (3.36)

a€l+a= 1§, a>0
a mod E(f)

=Na™) ((acs), (3.37)

ceC
where C is a Shintani fan and

C(a,c,8) := Z Na™.

a€(l+a=1f)Ne
Here (3.36) uses the change of variables (a) = ba™!. Let ¢ be a cone in C.

Lemma 3.17. There is a unique Q-linearly independent subset {a', ... ,ad(c)} of a=f such
that ¢ = c(a) and such that @/ ¢ ka™'f for all integers k > 1 and all j.

To this set of generators of ¢, we associate the parallelipiped

d(c)
P=PFP. = Za:jaj:0<:cj§1forallj

i=1
Lemma 3.18. Every y € (1 + a~'f) Nc can be expressed uniquely in the form

y=x+ klal + -+ kd(c)ad(c)
d(e)

for some x € P, and k € Zzg .

Let a = a. be the n x d(c) matrix whose (4,j)-th entry is a! (i.e. the ith archimedean
embedding of the element a’ € F) and define
u=u,=diag(l,..., 1, Ucri41,-- -, Ucp)- (3.38)
——

T1

We call u a rotation matriz for c. Then the Shintani zeta function ((ua,z,s) is defined for
all x € (1 4+ a~'f) N P and, by Lemma 3.18, we have

C(a,c,8) = Z C(ucae, [2], s), (3.39)

z€(1+a~1f)NP.
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where [z] € Q% is the coefficient vector of 2 with respect to the columns of a,, i.e. such that

xr = E;lg [z];07. In (3.39), we have used the fact that ue,, 41+ u, = 1 along with (3.35). It

follows that

Cr/rs(0,s) Z Z C(ucac, [z], s) (3.40)

ceC ze(l+a=)NP.

N Y Y s 1] s). (3.41)

ceC ze(l+a- NP, k=1

Corollary 3.19. The partial zeta function (x/rs(0,s) admits a meromorphic continuation
to the whole complex plane and takes on rational values at nonpositive integral arguments.

Exercise 3.20. Suppose F' has at least one complez place and |S| > 2. Show that (s(o,n) =0
forn < 0. Hint: Think about the gamma factors in the functional equation.

3.7 Shintani decompositions of partial zeta functions

We can use the decomposition of Shintani zeta functions in (3.14) to decompose (g(0, s).

Define
zk(a, C, {uct, Z Z 2k (ueae, [2], $), (3.42)

ceC ze(l+a~1H)NP.
where [z] € Q< is the coordinate vector of z with respect to the columns of a.. As we shall
see, the existence of this decomposition is the key to all the conjectural, archimedean Stark
unit constructions based on Shintani-type methods. To obtain well-defined candidates for
Stark units, we must analyze the dependence of zg(a,C, {u.},0) and z,(a,C, {u.},0) on the
choices of a, C and {u.}.

3.7.1 Dependence on rotation matrices

Proposition 3.21. Suppose u and v are diagonal matrices such that all the entries of au
and av have positive real part.

1. We have ((ua,z,0) = ((va, z, 0). More precisely,

((ua,x,0) = Z Z HBK % e_l

k=1 ¢ezd  J=1
b+ lg=d

2. Suppose that a = a. and u = u, where ¢ = c(at,... a%) is a cone in Fsy and that
T € Q>0, x # 0. Then

C(ua,z,0) = Trp/q Z H —1l1eq.

tezs, J=1
O+ lg=d
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3. Let v. be another rotation matrix for ¢ and let N be a positive integer such that
((z,ua,0) € +Z. Then

z,(ua, ,0) — ((a,z,0) log(ug) = z;(va, z,0) — ¢(0,a,z)log(vy) (mod 2H7Z)
fork=1,...,n

Remark 3.22. The formula for ((ua,x,0) in 1. is the same as that appearing in (3.22).
Thus, rotation matrices have no effect on the values of Shintani zeta functions at s = 0.

Proof. The deduction of 1. and 2. from previous results is left as an exercise for the reader.
For a proof of 3., see [20, Proposition 2| case v = 1. ]

Setting

Spk(aa u, :B) = z,'ﬁ(ua, xz, O) - C(UCL, xz, O) log(uk)7

k(a,C {uc}) = Z Z ©r(ac, te, )

c€C z.e(l4a~1H)NPe

we have shown that the cosets ¢i(a, u, z) + 24 Z and @4 (a,C, {u.}) + %' Z are independent of
the rotation matrix u. Since rotations corresponding to conjugate embeddings are conjugate,
we obtain from (3.41):

Z@k a,C, {u.}) = (4(0a,0) (mod ZZ) (3.43)

when (x/r,$(0q,0) = 0. This decomposition of (§(cq, 0) is the key to the refinement of Stark’s
conjecture in the ATR case.

3.7.2 Dependence on the cover

We say that (C',{ux}) is a refinement or simplicial subdivision of (C,{u.}) if

1. C' can be partitioned into subsets C., ¢ € C, such that each ¢ is the disjoint union of
the simplicial cones ¢ € C.;

2. For each ¢ € C., we have uo = u,.
Proposition 3.23.
1. The quantity ®(a,C, {u.}) is invariant under refinement of C.

2. Let (C,{u.}) and (D,{uq}) be as in Theorem 3.14. Then there an unit n € E(f) such
that

1 ,
@4(a, D, {ua}) = Bu(a,C. {uc}) — v logm (mod 7).
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Remark 3.24. The proof of statement 1. is the technical heart of the paper [20].

Proof. Let ¢ be a simplicial, let a = a. be its matrix of generators, and let v = u,. be an
associated rotation matrix. To show that

or(a,u,x) = z;.(ua, x,0) + ((ua, z,0) log(u)
= log I'(uay, (uag, z)) + dx(ua, z) + ((ua, z,0) log(uy)
is invariant under simplicial subdivision, we consider its three constituents separately. To
show that log I'(uag, (uag, x)) and ((ua,x,0) are invariant under simplicial subdivision of ¢
is a routine exercise. Showing that 0y (ua,x) is similarly invariant is hard, technical work.
We refer the reader to [20, Lemma 1] for details.

We prove 2. As [JC and | JD may be different fundamental domains for the action of
E(f) on Fy, there need be no common refinement. However, by 1., we may assume the
following property is satisfied: For each ¢ € C there is a unique unit 7. € E(f), such that
cne. € D. Since |JC and (D are both fundamental domains for the action of E(f) on Fy,
we must have D = {cn. : ¢ € C}.

Set

0c = dlag(ngl)a s aﬂén)), Ve = uc(sc_l'

Noting that a, = d.a., we see that the entries of the matrices v.a., = u.a. have positive
real parts. We have:

@k(acnca Ve, J}) = cpk((sca’ca Ucéc_lv CL’)
= oi(ac, e, ©) — ((ucac, z,0)lognt*  (mod Z7)

by statement 3. of Proposition 3.21. Since 7. = 1 (mod f), we have
(1+a'f)n Pep. = (1 + a'f) N Po)ne.

Therefore,

Pi(a, D, {vc}) = Pu(a,C, {uc}) Z Z C(ueae, z,0)log(n¥))  (mod 7).

c€C (1+a=1§)NPey,
For each ¢ and x, let
t(c,x) = N¢(ueae, x,0) € Z.
Then 1
S0 (et 0)log(n) = 1 logn®,
ceC

1+a=)NPey,

where

n=11 1 e,

c€€ (1+a=1§)NPey,
and we have

1 ,
®p(a, D, {vc}) = Pu(a,C, {uc}) — N logn™®  (mod 7).

This proves 2., completing the proof. O
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3.7.3 Dependence on representative ideal

Proposition 3.25. Let p be a totally positive element of F' such that p =1 (mod f). Then
Py, (pa,C,{uc}) = Pi(a,C, {u.}) (mod 7).
Proof. Since =1 (mod §), we have 1 + (ua)~'f = p=1(1 + a='f). Therefore,
(1+ (pa) )N Pe=p (1 +a7') N Puc)

for all ¢ € C. Consequently,

Z Z N(a(x—i—k’))*s— Z Z N(a(p 'z + k) O

2€(1+(pa)~)NPe keZd | €(1l+a=1f)NPye kez

3.8 Kronecker’s limit formula and Shintani zeta func-
tions

Let 7 € H and let 2 = ay + as7. The Siegel function is defined by

o

iB (a2) ria;(as— n n,_—
ga(r) = —g2 " Wem =1 — g ) [T(1 - qPg.) (1 — ¢Pg )

n=1

where ¢, = €™ and ¢, = €*™", and By(z) = 22—z +1/6 is the second Bernoulli polynomial.
Suppose ay, as € %Z. Define

fa(T) = ga(m)"N.

Theorem 3.26. The function f, only depends on the coset a + Z*. It is a holomorphic
modular form of weight 0 for T'(N) with no zeros or poles on H. The functions f,, a € %Z/Z,
generate the field function field Q(¢n)(X(N)).

Let F' be an imaginary quadratic field and let f C Op be an ideal, f # (1). Let S consist
of the infinite prime of F' together with the primes dividing §. Write Kj for the ray class
field of F' of conductor §, let 0 € Gal(Kj/F'), and let a C Op be an ideal, (a,f) = 1, such
that the image of a under the Artin map is 0. Suppose

a’lf:Zwl—i—ZLug:wl(ZjLZr), T = WZ/wl cH.

Let f be the smallest positive integer in f. Then 1 € (fa)~'f, so there is a pair a € (%Z/Z)2
such that 1 = ajw; + asws. Define the elliptic unit

u(a, f) = fa<7—> = ga(T)lzf'
Theorem 3.27.

1. The quantity u(o,§) depends only on o and not on our choice of a or on the subsequent
choices of T and a.
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2. If § has at least two distinct prime factors, then u(o,f) is a unit in Of;.
3. The Shimura reciprocity law holds:

u(o, )" = u(oT,¥) (0, 7 € Gal(K;/F)).

Thus, the Siegel functions allow us to construct units in ray class fields of imaginary
quadratic fields; in fact, they are (up to a power) the Stark units. This fact follows from a
formula of Kronecker that we will now describe. For w = (wy,ws), 7, and z as above, and
define

Z(z,w,s) = ZN(z + mwy + nws)*

m,n

= |wy|”* Z N(z/wy +m+nT1)™°

m,n

Note that Z(z,w, s) depends only on the coset z+ Zw; + Zws, and that the N(z+mw; +nws)
does not vanish for m,n € Z so long as z ¢ Zw; + Zws. In particular, every term in the
above sum is well-defined if z = x1w; + 292wy and not both z; and z, are integral.

Theorem 3.28 (Kronecker’s second limit formula). Suppose a1 and as are not both integral.
Then Z(aywy + asws, w, s) vanishes at s =0 and

Z'(ajwy + agwa, w, 8) = —log |g4(7)]?. (3.44)
Let o, 7, and a be as above and let w = |E(f)|. As Zw; + Zws; +1 =1+ a™'f, we have
Na™- Z(1,w,s) = wCk/rs(0, s). (3.45)

Corollary 3.29. We have:

1 1
Chys(0:0) = =55 V0B 7 = =5 - log u. ) (3.46)

Stark proved in [32] that u(o,f) € U, s. In fact, he proved that the number e of roots of
unity in K divides 12 fw, and that u(o, f) is the (12 fw/e)-th power of an element u(o) € U, .
Furthermore, these roots are compatible in the sense that u(o) = u(1)?. Finally, he proved
that u(c)/¢ = g,(7)"/* generates an abelian extension of . Combining these results with
Corollary 3.29, Stark obtained a proof of his rank one abelian Conjecture 1.1 in the case of
quadratic imaginary fields F'.

Let us now use (3.44) as inspiration for how we may “get inside the absolute value” in the
statement of Stark’s conjecture. We view (3.44) as a decomposition of Z'(ayw; + aswa, w, 0):

Z'(a1wy + agwa, w, 0) = —(log g4 (7)1 + 10g go(T)2) (3.47)
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into two components corresponding to the embeddings x — z;, 7 = 1, 2, of F'into C. We have
seen such decompositions already, namely (3.43) in the context of Shintani zeta functions.
These phenomena are related: Note that we may write

Z(z,w,s) = Z N(z + myw; + mowsy)™*

2
mGZ20

+ Z N(Z + (—1 — ml)wl + mQWQ)_S
+ Z N(z +miw; + (=1 — mo)wy)~*

+ Z N(z 4+ (=1 — mp)wy + (=1 — ma)ws) . (3.48)

2
mEZZO

Assume that E(f) = {1}. Then the above decomposition of Z(z,w, s) corresponds to an
expression of Z(s,w, s) as a combination of Shintani zeta functions. By (3.48), z ¢ Zw, + Zws
implies that

2 4+ Zwy + Zws = (2 + Zw; + Zwy) N U Cos
oe{+}?

where
iy =c(wy,ws), ¢y =c(—wi,we,), c__=c(—wi,—ws), cy_ =c(wy,—ws).

Let u, be a rotation matrix for ¢, and write a, for a,,, o € {£}?. Then

teese Bl ) e () )
oe{£?}
el e (20

holds whenever z ¢ Zw; + Zw,. This holds in particular when z = 1 in which case, by (3.45),
we have an expression for (g(o, s) as a sum of four Shintani zeta functions. By the following
exercise, this is the decomposition of (s(oy, s) subordinate to the Shintani fan

C:={c,:0c{£}’}.
Exercise 3.30.

1. We may assume without loss of generality that 0 < x; < 1, for i = 1,2, with strict
inequalities for at least one i. Why?

(14 Zwy + Zwy) N P, , = { (2) } :

and similarly for the other cones in C.

2. Show that
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Thus, by (3.43), we have
@1 (a,C, {u.}) + Po(a,C, {u.}) = (4(0q,0) (mod 7).

Note that ®;(a,C, {u.}) and ®5(a,C, {u.}) are complex conjugate and that, by statement
2. of Proposition 3.23, the cosets

2mi
q)k<aaca {uc}> + N_wZ (k =1, 2)

are independent of C. Let us denote these cosets by @ (a).

Theorem 3.31 ([28]). Let f be the smallest positive integer in §f. Then we may take N = f
and we have

271
®p(a) = —log go(1)® d —7Z
k(@) 0g ga(T) mod ——
Since the multiple I'-functions constitute the main terms of derivatives at s = 0 of

Shintani zeta functions, it is becomes less surprising that Shintani’s method can be used to
prove the Kronecker limit formula. The standard construction of the Siegel function uses the
theory of elliptic functions. The prototypical elliptic function, the Weierstrass g-function, is
intimately related to the double gamma function.

Exercise 3.32. Show that

d? d
5T (z (w1,w2) = =2 ;(z +muw - nws) ™ = (=, (W, w)).
Can you compute the constant
d2
vi= @F(z, (w17w2>> - p(Z, (W17w2))?

3.9 Complex cubic fields—the work of Ren and Sczech
Let F' be an ATR cubic field with distinct embeddings
r—=x €R, x+—1x9€C, r— a3 € C.

Note that x5 and x3 are complex conjugates for all x € F'. Let §, o, and a all be as in §3.6
and let € be the generator of E(f) such that e; > 1. Let (C, {u.}) be as Theorem 3.14. Define

|
9(a,C) = ¥a(a,C) = By(a,C) — ®y(a,C) 22

loge;’
Proposition 3.33.

1. The coset ¥(a,C) + 227 does not depend on our choices of a and C.
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2. We have

¥(a,C) +I(a,C) = D1(a,C) + Po(a,C) + P3(a,C) = (5(0,0).

Proof. We first consider the dependence on C. Let C’ be another Shintani fan for F. By
Proposition 3.23, there is a unit n € E(f) such that

1 ,
Oy (a,C") — Py(a,C) = Nlognl (mod #*Z) (k=1,2,3). (%)
Multiplying *; by log(nz)/log(n;) and subtracting the result from %o, we obtain

1 1 .
By (a,C') — 1Z§ Zicbl(a, C') = By(a,C) — 1Z§ chpl(a,c) (mod %Z).

Since € generates E(f), n = €™ for some m € Z and we have

log(nz) _ log(e)
log(m)  log(e1)’

(This is where we use the fact that we are working with a cubic field.) Therefore, 1. holds.
We now prove 2. Since ®;(a,C) is real and ®5(a,C) = P3(a,C),

— loge® +loge®

¥ a,C) + ¥(a,C) = —P4¢(a,C) + ®9(a,C) + P3(a,C)

log ™)
log(es) log(e3)
= Py(a,C) — ®(a,C) + P3(a,C)) — ®q(a,C
2(a7 ) 10g(€1) 1(Cl, )+ 3(Cl, )) 10g(€1) 1(Cl, )
= ®y(a,C) + Po(a,C) + P3(a,C)
= G{/F,S(Uaa 0)7
where the penultimate equality uses the fact that loge® + loge® + loge® = 0. O

Therefore, the following is compatible with Stark’s conjecture:
Conjecture 3.34 ([20, Conjecture 2|). The Stark unit u(o,f) satisfies
logu(o,f)2 = ¥2(a,C) (mod %*Z) (k=2,3).

Since complex cubic fields have unit rank one, the quotient 7 /1y is independent of 7 for
any k, k. We used this fact in an essential way in the proof of Proposition 3.33.

Question: Can the methods described above be adapted to give candidate formulas for
Stark units of ATR fields of degree > 37
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3.10 TR, — The invariants of Shintani and Yamamoto

Let F' be a totally real field with infinite places vy, ...,v,. For z € F,| we abbreviate v;(z)
by 2. Let f be an ideal of Op, let K; be the narrow ray class field of F' of conductor §, and
let G(f) = Gal(Kj/F). Choose elements p, ..., un € Op such that

N <0 ifi=j;
md L (3.49)
>0 ifi#j,

and let 7, € G(f) be the image of (i;) under the Artin map. Let x be a character of G(f)
and consider the Hecke L-function L(y, s). Then

ords—o L(x,s) = [{i : x(7:) = 1}|. (3.50)
Let p=p1- pt, and 7 = 71 - - - 7,5, and define
(To,s) = =C(o,5) + (=1)"¢(oT,5).
Lemma 3.35. We have (*(0,0) =0 for all 0 € G(f).

Proof. Applying the Fourier inversion formula,

((o7,0)= > x(o7) 'L(x,0).

x:G(f)—Cx*
By (3.50), L(x,0) = 0 unless x(7;) = —1 for all ¢, in which case x(7) = (—1)™. Therefore,
C(oT,0) = (—=1)"((0,0).
The result follows. L

Since (T (o, s) vanishes at s = 0, it is natural to investigate the derivative. Define the
Shintani- Yamamoto invariant by

X(0) = exp (% (o, s)) :

This invariant was introduced by Shintani in the case m = 2. Its definition and properties
in the case of totally real fields of arbitrary degree are due to Yamamoto. To connect X (o)
with the Stark conjecture for Hecke L-functions, fix an index ¢ and let x : G(f) — C* be

such that
1 if 1 =j;
x(75) = {

—1 ifi# .

Then L(x, s) has a simple zero at s = 0, putting us in case TR..
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Proposition 3.36. We have:
1
L(xs) = —5 3 x(0)X(0).
o€G(f)

Proof. Choose a set of representatives {o} for G(f)/(7). Then

L(x,0) = >_ (x(0)¢(e,0) + x(er)¢ (o7, 0))
=Y x(0)(¢(0,0) + (=1)""¢(or, 0))

=2 Y X(0)X(0) 0

o€G(f)

Let a be an ideal, (a,f) = 1, whose image under the Artin map is ¢ € G(f). Let A be
the set of constituent cones of a Shintani fundamental domain of E(f) acting on RZ, such
that, for every A € A, we have AY) € a~'f for all j. Define the refined Shintani- Yamamoto

moariant
Xi(o) = H H S(z®, AR,
A€A zeQ(1,a-1,A)

Theorem 3.37 (Shintani (m = 2), Yamamoto (m > 2)). The invariant X(o) is well
defined, i.e., its value does not depend on our choice of ideal a or cone decomposition A.
Moreover, we have the following decomposition of X (o)

X(o) =[] Xu(0).

Remark 3.38. The quantities log X (o) and log (X1(0) - - - X,,,(0)) are the derivatives at s =
0 of the partial zeta function (* (o, s) and the Shintani zeta function (*(a, A, s), respectively.
The main step in the proof of the theorem is establishing the equality of these two zeta
functions.

The following result indicates that the construction of the refined Shintani-Yamamoto
invariants is consistent with a hypothetical Shimura reciprocity law:

Theorem 3.39 (Shintani (m = 2), Yamamoto (m > 2)). We have:

Xi(o)™h ifj# k.

From here, a formal argument establishes the following sharpening of Proposition 3.36.

Xi(rjo) = {

Corollary 3.40. Let x be as in Proposition 3.36. Then

Les)=—5 3 x(o)Xi(o).

ceG(f)
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Exercise 3.41. Prove the corollary. Hint: Consider the sum

D X mmo)log X (- Ty a).

ve{0,1}m



Chapter 4

Eisenstein cocycles and applications
to case TR,

4.1 Motivation: Siegel’s formula

The definition of the Eisenstein cocycle is motivated by a formula of Siegel relating special
values of zeta functions of real quadratic fields to periods of Eisenstein series.

4.1.1 Eisenstein series

For an even integer k£ > 2, consider the weight k£ Eisenstein series defined by the absolutely
convergent sum:

Fi(z) = Z’(; (4.1)

mz +n)F
22mi)k | Br &~ -
= =k g 4.2
-1 | 2 " ; ; g (42)

As usual, the " adorning the sum in (4.1) indicates that the sum runs over all pairs
(m,n) € Z* — {(0,0)}.
The Bernoulli numbers By appearing in (4.2) are defined for all £ > 0 by the formal power
series y . i
7= Bl

'7
e — n:
n=0

with By = By(0). The holomorphic function Fj on the upper half plane H is a modular
form of weight k for I' := SLy(Z).
More generally, fix a pair v = (vy,v9) € (Q/Z)? and define

Bro(z) =Y % e(z) := e, (4.3)

m,n

49
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If we write (vi,v2) = (a/N,b/N), the g-expansion of Ej (,, 1, is given by

2(2mi)* | Bi(vs

) 1 < .
2% T Nk-1 Zak—lﬁ(ULW)(n)qN ) gy =e(z/N), (4.4)
n=1

Oh—1,(v1,00) () = % Z d" e (—gvl) + (—=1)F Z d" e (%vl)

d|n d|n
d=b (N) d=-b (N)

Here the “periodic Bernoulli polynomials” By(z) are defined by By () = By(z —[z]) if k # 1,

and
ain= {3 T @

For k > 1, these periodic functions satisfy the explicit Fourier expansion:

Ao =g o2 w0

The sum (4.6) converges absolutely for & > 1, but requires special comment for £ = 1. One
can evaluate the sum either by summing from —N to N and taking the limit as N — oo
(“Eisenstein summation”) or by introducing a factor of |n|® in the denominator, which causes
the sum to converge absolutely for Re(s) > 0, and taking the limit as s — 0 from the right
(“Hecke summation”). It turns out that both methods give the same result (this follows
from Abel’s Theorem for Dirichlet Series, see [25]), namely the function (4.5).

In view of the absolute convergence of the sum defining Ej,(z) for k > 2, it is easy to
see that Ej, is a modular form of weight k for the modular group I'(N) C I', where N is
the denominator of v. More generally, the Fj, , for varying v are permuted under the weight

k action of I'; for v = (i Z) e I', we have
Eoly(2) = (cz + d) "By (v2) = Egy-14(2), (4.7)

where I' acts on Q? by left multiplication on column vectors.

Because the series (4.3) does not converge absolutely for k = 2, the situation for the
Eisenstein series of weight 2 is somewhat more delicate. Hecke’s method of dealing with the
problem is to introduce an extra complex variable s:

Es (2, s) = Z/ : e(muy + mu,)

mz +n)?mz +nls

This sum converges absolutely for Re(s) > 0, and for fixed z can be extended by analytic
continuation to a function of s on the entire complex plane. Hecke then considered the value
of the analytically continued Es,(z,s) at s = 0.
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A more classical way to deal with the weight 2 Eisenstein series, due to Eisenstein, is to
specify an order of summation for the terms in the conditionally convergent sum. We may
define:

M N
L , 1 e(muy 4 nvy)
Banle) 1= Jim. D (&:f%o 2 e+ )

m—=—

The Eisenstein summation method yields the function E,,(z) with g-expansion given by
(4.4). A proof of this fact is given in [34, Part III, equation (11)]. The Hecke summation
yields the same function Fs,(z) when v # (0,0) € (Q/Z)?. However, when v = 0, the Hecke
summation method yields the function

Im(z)

E2,(0,0)(Z7 0) = EQ,(O,O)(Z) +

The holomorphic function Fy(2) = Es 9,0y on the upper half-plane obtained using Eisen-
stein summation is not a modular form of weight 2; it satisfies a transformation formula
for the weight 2 action of I' that contains a certain “error term.” Conversely, the function
Es(z) +7/Im(z) obtained using Hecke summation is invariant under the weight 2 action of
I', but it is not holomorphic.

We avoid these difficulties by only considering®

veY = (Q/Z)2 —{(0,0)},

for which the function FE,,(z) is in fact a modular form of weight 2 for the group I'(N),
where N is the denominator of v. This fact can be proven using the fact that E,, can be
expressed as a linear combination of certain special values of the Weierstrass p-function.?
Alternatively, one can show that for v € V, Es,(2) is a scalar multiple of the logarithmic
derivative of a modular unit on I'(V) called a Siegel unit. (Recall that a modular unit is a
modular function of weight zero with no zeroes or poles on H; the logarithmic derivative of
such a function is always a modular form of weight 2.) Furthermore, the E,, satisfy (4.7)
for v e V.

"'We view the elements of V as column vectors, so V has a natural left T'-action.
2Exercise: Prove that if (a,b) ¢ NZ?, then

N—-1
1 Aa+ Bb Az+ B
By (aynp/n)(2) = 2 Z 6( N > @z( N ) ; (4.8)

A,B=0
(A,B)#(0,0)

where p, denotes the Weierstrass function associated to the lattice (1, z):

p-(z) = %* Z/ <(mz+1l+x)2 - (mzi—n)2>7

m,neZ

using the final formula of [34, Chapter III, §8]. Conclude that s (4/n,5/n)(2) is a modular form of weight 2
on I'(NV).
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Finally, we note a distribution property satisfied by the Ej ,(2). For each positive integer
N and fixed v € (Q/Z)?, assuming additionally that v € V if k = 2, we have

> Eruwto(z) = N*7F B (2). (4.9)

we(+2Z/Z)>

4.1.2 The Dedekind-Rademacher homomorphism

Though not essential for our exposition, we would be remiss if we did not mention the
Dedekind-Rademacher homomorphism. Fix a prime p € Z. The congruence subgroup

Lo(p) C T' = SLy(Z)
is the subgroup of matrices whose reductions modulo p are upper triangular. Define

E3(2) = Ex(2) = pEs(p2)

— 2(2ri)? ]?2—_4+Z 3 dgn | (4.10)

The fact that £5(z) is a modular form of weight 2 on I'g(p) follows from the transformation
property of Fs(z) under the action of I' (the “error terms” for Fy(z) and pEs(pz) cancel).
However, we give another proof that perhaps sheds more light on the situation. Associated
to the prime p we define the modular unit a(z) := A(pz)/A(z) on To(p)\H (recall that a
modular function is called a modular unit if it has no zeroes or poles on the complex upper
half plane). It is easy to check using the g-expansion of A that the logarithmic derivative of
« is simply E3(z), up to a constant:

oy 2mi d(2)
2('2) - E ’ Oé(Z) :

Exercise: prove (4.11) by comparing g-expansions and conclude that FEj(z) is a modular
form of weight 2 on Ig(p).
The modular form E3(z) defines a homomorphism ®,, : I'y(p) — Z by the rule

00 = s | Bil (1.12)

for any 7 € H. The fact that E}(z)dz is invariant under v implies that the value (4.12)
is independent of 7. The fact that ®, is an integer follows from equation (4.11) and the
argument principle: let ¢ denote a smooth oriented path in the upper half-plane connecting
the point 7 to 7; then ®,(v) is the winding number of the closed path a(c) around the
origin in the complex plane. The homomorphism ®, is called the Dedekind-Rademacher
homomorphism, and is studied in detail in [19].

Note that the forms E,, refine Ej in the sense that

(4.11)

p—1

Z EQ,(i/p,O) (Z) = —E;(Z)

=1
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4.1.3 Siegel’s formula

Let I’ be a real quadratic field, and let f be an ideal of Op. Define K = Kj to be the narrow
ray class field of I associated to the conductor f, and let R denote the set of archimedean
primes and those dividing §. Let a be an ideal of O relatively prime to f, and denote by o,
the Frobenius automorphism in G = Gal(K/F') associated to a. Siegel’s formula expresses
the values of the (-function (x/rr(0q,s) at nonpositive integers as periods of Eisenstein
series.

Fix a Z-basis {w;,wy} for the fractional ideal a='f. Fix a real place of F' and assume
that the basis is oriented in the sense that

w1 Wo — waetwy > 0 (413)

at this place. The pair {wy,ws} provides a Q basis for F', and the action of multiplication
by F on itself provides an embedding

L F — My(Q) such that «(Op) C My(Z);

explicitly we have

a b a b
o) = (c d) where (w1, wor) = (wy, wo) (c d> : (4.14)
Let € denote a fundamental totally positive unit of F' congruent to 1 (mod f) such that

0<ex<l1 (4.15)

in our chosen real embedding. Let
v=1e) el. (4.16)

Let P = Qlz,y|, and let T" act on P by?
(9P)(@,y) == P((z,y)g)-
Define a quadratic form P € P:

P(z,y) = Na - Normp,q(zw; + yw;) (4.17)
= Na - (zwy + yws)(xW, + yws) € Zlz,y).

While the quadratic form P depends on the chosen basis wy, ws, the I'-equivalence class of
P depends only on the ideal a~'f (and the fixed real place used to define the orientation).
Next, define a vector v = (v, v5) € Q? by the equation

1= V1W1 + VaWo. (418)

Siegel’s formula may be stated:

30ur convention is that the argument of P is a row vector. However, we will often be interested in the
value of P on a column vector v, in which case we simply write P(v) for P(v?), where v! is the transpose of
v. In terms of the action of T, we have (¢P)(v) := (gP)(v') = P(vtg), which is written in terms of a column
vector as P(g'v). This should not cause confusion, because only one of the expressions gv or vg makes sense
if v is a vector, depending on whether it is a column vector or row vector.
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Theorem 4.1. Fiz 7 in the complex upper half-plane H. Let r > 1 be an integer, and
suppose that v € V when r = 1. Then

(2r — 1)!

Cr/pr(0a,1 —1) = “2mir

/ v P(z,1)" ' By (2)d2. (4.19)

Exercise: prove that
V'P=P and ylv=v (mod Z?),

and deduce that the right side of (4.19) is independent of 7. Prove furthermore that this
value depends on the image of a in the narrow ray class group of conductor f, and not on a
itself.

Proof. Siegel’s theorem actually relates the right side of (4.19) to the value of a certain zeta
function at r; our formulation invokes the functional equation for these zeta functions. We
will demonstrate how to obtain our result from Siegel’s.

Consider the dual of the ideal a~'f under the trace map, namely af10~!, where 0 is the
different of F'. This fractional ideal has Z-basis {w], w;}, the dual basis to the basis {wy, wy}
of a~1f under the trace. Note that this basis is oriented as in (4.13). Define

P*(z,y) = N(@70) N(wws; + yu3) € Zlz, ). (4.20)
One may verify that P*(y,—x) - Nf = —P(z,y). Let v* denote the inverse transpose of 7.
This matrix satisfies

(W}, w3)y" = (wi, w3)e ™.

Let us now invoke the change of variables

u=—1/z = S(2), S:((l) _01)

in the integral on the right side of (4.19). Writing 7 = S7, and noting Sy*S™! = —v we
find

T vrr!
/ P(z,1) ' By (2)dz = / P(1,—u)" " By (g vy (w)du

,Y*T/
= (= Nj)~* /, P*(u, 1) 7 Bay 0y, -0y (w)du. (4.21)

Hifssatz 1 of [29] states that for r > 1, we have:

vrT
/ P (2, 1) Bapog oy (2)dz = e C(P*,*,0,7) (4.22)

where

r—1((7"_1)!)2 r—1/2 s
¢ = (—1) WD 2. D =disc(F),
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and

1 e(muy + nvg)

C(P*,~*,v,r) (4.23)

P* m n
(m,n)/~

Here the equivalence relation ~ on Z? — {0} is given by (m,n) ~ (m,n)(y*)! = (m,n)y~

Note that the sign denoted j in [29, Hilfssatz 1] is +1 since {w}, w3} is oriented, and ~+*
represents the action of e7* > 1 with respect to this basis.

1

The sum in (4.23) converges absolutely for » > 1, and we define it for = 1 using Hecke
summation; to be precise, we let

e(muy + nvsy)
P* 1 R >0 4.24
(ot = 3 s R0 a2
and define
C(‘P*7 fy*? U? 1) llm C( 7’}/*7 U? 17 S)' (4.25>
s—07t

The fact that (4.22) holds for r = 1 when v € V is a form of Meyer’s Theorem.
The value ((P*,v*,v,r) is in fact the special value of a Hecke L-function of F' as follows.
Define two characters x;: F* — {£1} by xo(x) = 1, x1(x) = sign(Nz). Define the associated

L-functions
e(trace(a))

L;(S) = Z Xj<a) | N(Oé)|5

acaf~1o—1/e

The function L7(s) converges for Re(s) > 1 and has an analytic continuation to the entire
complex plane. Under the change of variables (m,n) — a = mw} + nw;, it is clear that

C(P*,y"v,r) =N(a 'f0) "Li(r),  j=r (mod2). (4.26)

The function L}(s) satisfies a functional equation relating it to

aca—l+1/e

namely,

1) DY2(Na—1§) 1259252
Li(s) = =) (F(S)z D

- Li(1 —s). (4.27)
This is [24, pg. 594]. Finally, one may show (see [24, pg. 595]) that
Crypr(0a, 1 —1) =272Na"'L;(1— 7). (4.28)

Combining equations (4.21)—(4.22) and (4.26)—(4.28) gives the desired result (4.19). O
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4.1.4 The Eisenstein cocycle

Siegel’s formula expresses the partial zeta functions of all real quadratic fields via the same
mechanism—integrate Eisenstein series against polynomials. It is then natural to consider
more generally, for 7 € H and v € I'; the function P x V — C defined by

d+1r

\IJT(F}/)(Pa U) = (27Ti)d+2 . P(Za 1)Ed+2,v<z)dz (429)
when P is a homogeneous polynomial of degree d, and extended by linearity to P. Let M
denote the set of maps

f:PxVY—C
such that for fixed homogeneous P € P of degree d the function

f(P,—):V—C
satisfies the distribution property

S (P, % + w) — N~ f(P,v), (4.30)
we(+2Z/Z)?

and for each fixed v € V, the function

f(—=v):P—C
is a Q-linear map. It is easy to verify using the distribution property (4.9) of the Ej, that

the function W, (v) is an element of M.
The abelian group M has a ['-module structure given by

(Vf)(Pv) = f(5' P,y o).

Proposition 4.2. The function ¥, : I' — M 1is an inhomogeneous 1-cocycle:

V. (AB) =¥,.(A) + AV, (B) (4.31)
for A,B €T.
Proof. For a homogeneous polynomial P of degree d we calculate, writing
(d+1)!
Qaq = 5
(27i)d+2

for simplicity:

ABr
U, (AB)(P,v) = ad/ P(z,1)Eqi0.,(2)dz

ABT

P(z,1)Ey ., (2)dz + / P(z, 1)Ek,v(z)dz}

At
P(z,1)Ey(2)dz + / ' P((z, 1)At)Ek’A1U(z)dz]

= U (A)(v) + U (B)(A'P, A" ')

= (V-(A) + AV~ (B))(P,v)
as desired. ]
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We leave as an exercise the fact that the cohomology class [¥,] € H'(T', M) represented
by W, is independent of 7.

4.1.5 Pairing between cohomology and homology

Given that W, is a cocycle whose cohomology class does not depend on 7, it is natural
to state Siegel’s formula in terms of the canonical pairing between the cohomology group
H'(T', M) and the homology group H;(T', M"). Here M"Y = Hom(M, C) is the C-vector
space dual of M, which is endowed with a natural dual T-action: (ym")(m) = m"(y"'m).

For a I'-module M, our notation for describing elements of Hy(I', M) is as follows. Let
Ir be the augmentation ideal of Z[I'], which is endowed with a natural left T-action. The
group Hy(T', M) is identified with the kernel of the map

The left side of (4.32) denotes the I'-coinvariants of the tensor product Ir ® M, on which
I acts componentwise.* An element of It ® M will be called a I-chain. A 1-chain whose
image in (Ir ® M)r lies in the kernel of (4.32) will be called a 1-cycle. The class in Hy(I', M)
associated to a 1-cycle C will be denoted [C].

Given a real quadratic field F' and ideals a,f as in Section 4.1.3, the associated data
v, P(z,y), and v give rise to a 1-cycle for I' in MY as follows. Let ¢p, € M be given by
evaluation at P, v:

wro(f) = f(Pv). (4.33)
Define a chain
CP,U,T = (1 - [fY]) & ppr-1, € Ir® Mv-

Note that for any g € I', our definitions imply g¢p, = @,~tpgo. The fact that 4'P = P and
v~ 'v = v implies that C is in fact a 1-cycle, i.e. it lies in the kernel of (4.32). The homology
class [Cpy.»] € H1(T', M") depends only on a, f, and r, and not the choice of basis {wy, ws}.
There is a canonical pairing

HY T, M) x H(I'y M¥) — C

given by

(10, [0 = () @] ) = D (AT A42))

Siegel’s theorem can than be stated

CK/F,R(O-CH 1- T) = <[\I/7—], [CP,U,TD e C.

4To prove this description of Hy (T, M), tensor the exact sequence of I' modules

0—Ir —ZI—Z—0

with M and take the long exact sequence in homology. The module Z[I'] ® M is induced and hence has
trivial Hy; the result follows. Note that the composed map (It ® M)r — M in (4.32) is given explicitly by

Y] — 2D @ m = (75 'm — 4y tm).
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One appeal of this formulation of Siegel’s theorem is that it demonstrates that the formula
for (x/pr(0a, 1 —7) depends only on the cohomology class [¥.]. Though it is not clear from
our current presentation, we will show below that there is a cocycle ¥ representing the class
(U] that assumes rational values, i.e. U(y)(P,v) € Q forall y € ', P € P and v € V.
This will imply the classical theorem (also due to Siegel) that the values (x/pr(0a,1 —7)
are rational for positive integers r.5

4.1.6 Smoothing

We now introduce a prime ¢ to “smooth” the cocycle V.. Not only will this allow us to
define a representative cocycle that achieves rational values, we will in fact show that certain
specializations of this cocycle lie in Z[%] On the zeta function side of Siegel’s formula, the
prime ¢ will correspond to a prime that splits in the real quadratic field F'; making a choice
of prime ideal ¢ C Op with norm ¢, we will take the smoothing set 7' = {c}.

Define V; := Q* — (3Z x Z) modulo Z*. For v € V; define

Bpa2) 1= 07+ (B 1) (£2) = B (2)).
From (4.7), it follows that the E,(fi are permuted by the weight &k action of I'y(¢):

‘ ¢
Ezﬁi\w = E,)

ky~tv?

v € To(0). (4.34)

In particular, each individual E,gﬂ)} is a modular form of weight k& on I'g(¢) NT'(N), where N

is the denominator of v. The purpose of /-smoothing is that the constant term of E,(fi(z)

vanishes at the cusp oo by (4.4). The constant term of E’éé)j(z) also vanishes at the cusp yoo
for each v € T'y(¢) by (4.34).
We define for v € T'y(¢), v € V,, 7 € H and a homogeneous P € P of degree d, the period

W, (1) (Pv) = % | PevEl, iec

The fact that the constant term of EC(IQ2 ,(z) vanishes at the cusps oo and yoo implies that
the integral above converges as 7 — o0, i.e. the integral:

B, (7) (Pov) = Wy (7)(Pro) = % [ penEl @ as)

is well-defined. The remarkable fact is that the values in (4.35) can be shown to be rational
numbers. In fact, an even stronger result holds (see Theorem 4.4 below); before stating this

result, we first show that W, is a 1-cocycle. Let M, be defined the same as M (see the
beginning of Section 4.1.4) with V replaced by Vy. The abelian group M, is a I'g(¢)-module.

5Since we are avoiding the difficulties associated to v = (0, 0), our proof will only hold under the additional
assumption f # 1. One can handle the case f = 1 as well by enlarging the module M and generalizing our
cocycle W. This is discussed in Section 4.5.
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Proposition 4.3. The function ¥y is a 1-cocycle on I'g(¢) valued in My:
v, € ZI(FO(@,M@.

= (g ?). (4.36)

For any 7 € H and homogeneous P € P of degree d, we have

Proof. Let

W () (P) = Wy (e ) Poen) — €0, (3)(Poo), (4.37)

The fact that U, is a cocycle on I'y(¢) valued in M, follows formally from the fact that ¥,
is a 1-cocycle on I' together with (4.37) and the observation that conjugation by 7, sends
[o(¢) into I'. We leave this as an exercise: prove that

U, (AB) =V, (A) + AV, . (B)

for A, B € I'y(¢) using (4.31) and (4.37). Taking the limit as 7 — ioco gives the desired result
for U,. O

The integrality result that we would like to state is best presented in terms of the pairing
between between cohomology and homology introduced in Section 4.1.5. Let Hy(To(€), M}/ )ins
denote the subgroup of Hy(T'o(¢), M}) generated by the 1-chains

C = ([A1] = [A2]) ® pp € Ing) © My
(see (4.33)) with A; € T'y(¢), P € P, and v € V; such that:

e we have

AP = ALP and AT'v = Ay ; (4.38)
e P homogeneous and satisfies

Plv+3Z&Z) CZ[y]. (4.39)

Condition (4.38) ensures that the 1-chain C is in fact a 1-cycle.

Theorem 4.4. The value V,(7v)(P,v) is a rational number for any v € I'g(¢), P € P, v € V.
Furthermore,

([wd, [c]) € Z[3]
for any [C] € Hi(To(€), M} )ins -

We will not prove this fact in this article, but we refer the reader to [8] and [10] for similar
results. As mentioned before, we will take a different approach to the Eisenstein cocycle due
to Sczech and prove Theorem 4.4 in this setting.

Let us now present an /-smoothed version of Siegel’s theorem. Suppose that the prime
¢ splits or ramifies in the real quadratic field F', and that ¢ is relatively prime to f. Let ¢
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denote a prime ideal of Op of norm ¢, and let 7" = {c}. Choose an oriented basis {wy, wy}
of a~'f such that {jw;,ws} is a basis of a™'¢™'f. Let ¢ be a fundamental totally positive
unit congruent to 1 (mod f) such that 0 < € < 1 in our fixed real embedding of F. If ~ is
the matrix for multiplication by ¢ with respect to the row vector {wy,ws} as in (4.14), then
v €To(l). Let P(x,y) € Z[x,y] be defined by

P(z,y) = N(a) Normp/q(zw; + yws), (4.40)

and define v € Q? by

1= V1W1 + VaWo. (441)
Note that v & 3Z @ Z if f # 1. The pair (P,v) satisfy the integrality criterion (4.39) of
Theorem 4.4 (exercise), so together with « they define the cycle

Cror = (1] =[] ® opr-1, (4.42)

yielding a class [Cpy.] € H1(To(), M} )int-
We leave as an exercise the proof of the following /-smoothed version of Siegel’s Theorem,
using (4.37) and Theorem 4.1:

Theorem 4.5. For integers r > 1, we have

Cr/prr(00, 1 —71) = ‘I’Z(W(Prila v)
- <[\DE]7 [CP,v,r]>'

Combining with Theorem 4.4, one obtains

Theorem 4.6. We have
Cx/prr(0a,1 —7) € Z[ﬂ

for all positive integers r.

This result was originally proven for real quadratic fields F' by Coates and Sinnott [7],
and for general totally real fields F' by Deligne and Ribet [12], Pi. Cassou-Nogues [3], and
Barsky [2], using different techniques.

4.2 Sczech’s construction of the Eisenstein cocycle

Instead of calculating the integrals in (4.35) exactly and proving the integrality Theorem 4.4,
we will instead provide a definition of the Eisenstein cocycle given by Sczech in [24] and
refined by ¢-smoothing in [5]. We will prove the analogue of Siegel’s theorem using Sczech’s
definition of the Eisenstein cocycle directly, and prove the integrality Theorem 4.4 for an
¢-smoothed version of Sczech’s cocycle. The justification for adopting this approach is that
Sczech’s method generalizes to n > 2, and we describe this generalization at the end of this
chapter. It may very well be the case that the method of integration of Eisenstein series
generalizes to n > 2 as well, but this remains an open question.

The contents of Section 4.2 are all drawn from various papers of Sczech—[24], [23], [22].
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4.2.1 Sczech’s definition of ¥

Sczech’s method begins by integrating (4.3) in weight k& = 2 formally, term by term, disre-
garding issues of convergence. We obtain

Ar 1 (AT — T)e(muy + nug)
/T Eao(z)dz = ; (mAT +n)(mt+n)

Let us study this sum if we send 7 — 0o, or more generally to a rational number 7/s. We

obtain, with A = (Z Z), the sum

ZI ((ar +bs)s — (cr + ds)r)e(muvy + nuy) (4.43)

(m(ar + bs) + n(cr +ds))(mr +ns)

There are two clear problems with this sum—(1) There are pairs (m,n) for which the de-
nominator vanishes, namely those pairs orthogonal to the column vectors (Z) or A(:); (2)
even if these terms are excluded, the sum converges only conditionally, so we must specify
an order in which to sum the terms.

To handle the first problem, complete the column vector (’;) to a matrix

B:(T t)er.
S U

If (m,n) is orthogonal to (r, s), then it is necessarily not orthogonal to (¢, ) since the matrix
B is invertible. Hence we can replace mr +mns with mt+nu. Similarly, if (m,n) is orthogonal
to the first column of AB, then it is necessarily not orthogonal to the second column, and
we may replace the dot product of (m,n) with the first column of AB in (4.43) by the dot
product with the second column. The inclusion of these extra terms into the sum must
seem artificial at this point; let us therefore make two comments. First, the inclusion of
these terms allows one to prove that the resulting sum is a (homogeneous) 1-cocycle for T'.
Second, upon ¢-smoothing, these extra terms will cancel out and hence can be ignored.
Therefore, for matrices Ay, A, € T' and any vector z € R? — {0} (these play the role of
B, AB, and (m,n) in the discussion above, respectively), we define o; = 0;(z) to be the first
column of the matrix A; that is not orthogonal to z. Let o = (01, 02) Consider the sum:®

VA A1) = s 3 o D el (4.42)

Let us address the convergence of this sum. Let () be a nondegenerate binary quadratic form
over Q with positive discriminant. For each real number ¢, the integer vectors z € Z2 such
that |Q(z)| < t lie on the union of finitely many hyperbolas. On each hyperbola, it is easy

®Here and in the sequel, we view the elements z € Z? as row vectors. We write (z,v) for the usual
dot product where z is a row vector and v is a column vector. In particular, for v € GL2(R), we have

(z7,0) = (z,70).
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to see that the sum in (4.44) converges absolutely, since the denominator is quadratic in z.
Therefore, the sum in (4.44) is well-defined if we restrict to the z such that |Q(z)| < t. We
will show that the limit

S im I —det(o) ~e((z,v
\I](AlaAQ)(LU) . (27Ti)2 tlaoo ; <Z,01><Z,02> (( ) >) (4-45)

lQ(2)|<t

exists. In fact, we will provide a finite closed form formula for W(A;, Ay)(v) that shows that
this value is a rational number that is independent of the choice of Q). Equation (4.45) gives
Sczech’s definition of the Eisenstein cocycle specialized to P = 1; we will show that it is a
homogeneous 1-cocycle for T', which entails two properties:”

o W(yA,vAy) = yU(Ay, Ay) for v, A1, Ay €T,
o \IJ(AhAQ) — \If(Al,Ag) + ‘1’(142,143) = (0 for Al,AQ,A3 erl.

(A function satisfying the first property above is called a homogeneous I1-cochain. The
second property is the cocycle condition.) At this point we can explain why we have chosen
to introduce the quadratic form () rather than the two more natural methods of evaluating
conditionally convergent sums. Eisenstein summation is not preserved under the action of
I', so it would not be clear how to establish that W is a I'-invariant cochain; under Hecke
summation it is difficult to directly establish the cocycle condition. (See, however, the
comments and footnote following the proof of Proposition 4.12.)

Let us now define the cocycle ¥ evaluated on a general homogeneous polynomial P € P
of degree d. In view of the equation (4.29) that has provided our motivation, we note that

o, -0y (—1 )= P
P(~0,, ay)<<m+y)2) [+ 0 s

Therefore, we generalize from P = 1 to general P as follows. Let A;, Ay € I'. Recall that
for z = (z,y) € R* — {0} we defined o; = 0;(2) to be the first column of A; that is not
orthogonal to z. Write o for the matrix with columns (oy,02). Define a function ¥(A;, As)
on R? — {0} by

det (o)

<Z, O'1><Z, 0'2> .

(A1, Az)(z) =

Write
(AL, Ag) (P, 2) i= P(=0,, —0,)¢ (A1, A2)(2), 2z = (z,y),
and define
1 /
U(Ay, Ay)(P,v) := W}H& ZEZZQ P(Ayr, A2)(P, 2) - e((z,v)). (4.46)
[Q(z)I<t

"Recall that one recovers the more familiar “crossed homomorphism” definition of an inhomogeneous
1-cocycle via c(y) = ¥(1,7).
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By specializing to the constant polynomial P = 1, we recover the special case given in (4.45).
In the following sections, we will prove that this limit as ¢ — oo exists and is independent
of @, that the value of ¥ is a rational number, and that ¥ is a homogeneous 1-cocycle for I'
valued in M. Then we will relate special values of ¥ to special values of classical and p-adic
zeta functions of real quadratic fields.

Exercise: Prove that the function ¥(A;, A2)(P,—) on R* — {0} has the following explicit
formula. Write

x" d—r
(0" P)(z,y) = P((z,y)0") = ) PT(J)W. (4.47)
Then
o) det(o)

(z,01) 1+r (z 0-2>1+d—r'

*M&

Having defined ¥, we can define an ¢-smoothed version as follows. Recall the matrix
¢ defined in (4.36). If A;, Ay € Ty(¢), then the matrices A} := mA;w, ! lie in T. For a
homogeneous P € P of degree d, define P’ = 7, ' P, i.e. P'(z,y) = P(z/{,y). Similarly for
v €V, let v = mw = (fv1,v3). Then we define

Uy( Ay, As)(P,v) i= (4 (T(A,, AY) (P, ') — (T(Ay, Ay)(P,v)) . (4.49)

The fact that ¥ € Z'(T', M) implies that W, € Z'(T'y(¢), M,). This is essentially the same
exercise, in homogenous form, as that given in the proof of Proposition 4.3.

4.2.2 A finite formula for ¥

The key step in evaluating the sum (4.46) defining W is the calculation of the following sum,
for positive integers r, s:

T N—res N €({z,v))
Brs(v,Q) = lim (2) Z — (4.50)
IQ(z)|<t

Here the ’ indicates that the sum extends over all z € Z? such that z;25 # 0. In addition to
proving that this limit exists and is independent of @), we will give an explicit formula for
its value in terms of the periodic Bernoulli polynomials.

Theorem 4.7. For v €V, the limit (4.50) exists and its value is given by

BT(Ul)BS(UQ) '

Prs(v) = rlsl

In particular the value is independent of Q.

Remark 4.8. If v = (0,0), Theorem 4.7 still holds unless = s = 1; in this case, the limit
(4.50) exists and is rational, but its value depends in a simple way on Q).
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We prove Theorem 4.7 in the next section; for now, we show how it enables the proof of:

Theorem 4.9. For A, A, € I', PP, and v € V, the limit

WAy, Ay)(Pv) = (2ml)2+dtlm S G4, A) (P, 2) - e((2,0)) (4.51)

2€Z2
Q(z)I<t

exists, 1s independent of @), and is a rational number. In fact, if we write the A; in terms
of their columns as A; = (p;, 7;) and write p = (p1, p2), then the value of V is given by the
formula

W(Ay, Ay)(P,v) = sgn(det(p Z Po(p) Y Bririvar(p (v +w)) (4.52)

= wEZ2 /pZ2
~ det(m, p2) é %@O,M(Allv) (4.53)
— det(p1, 7) :0 b T(p(i(;t : ))<;1)Hr BosralA;'0) (4.54)
when det(p) # 0, and
U(Ay, A)(P,Q,v) = — det(ry, 7 Z ﬁ@o,mm;%) (4.55)

when det(p) = 0.

Proof. Let us consider first the “main term” in the sum in (4.51), which arises from those
2 € Z? not orthogonal to either of the first columns p;, ps of A, As. The contribution to the
value of ¥ from these z is given by

det T
(27rz'§§)_d Z Z (2, p1) 1+r (z ,02>>11d - (4.56)

z:GZ2 (z,p;)#0 T= 0
lQ(=z)|<t

Changing the order of summation (in this absolutely convergent sum) and substituting the
row vector u = zp we obtain

det(p) < ()

i 22 0 D (4.57)
r=0 wez2p
\(p—leQz)(u)Kt

To deal with the fact that the sum ranges over Z?p rather than Z2, we introduce a character
relation for u € Z:

det if VA
S e((u,ptw)) = {' el HueZp
weZ? ] 22 0 if u & Z%p,
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where the sum ranges over column vectors w representing Z?/pZ?. Therefore, (4.57) may be

written
sgn det re({u, p (v 4+ w))
Sy x Al

weZ?/pZ? u€Z2
(b~ l@)(w)I<t

The limit of the inner sum as ¢ — oo is seen to exist and be independent of () by Theorem 4.7,
giving the following rational value for (4.56):

sgn(det(p) Z Z B v 1+d—r( v+ w)). (4.58)

r=0 wEZQ/pZQ

This is the term on line (4.52).

The determination of the other terms in the sum defining W is easier. For instance,
consider the terms z € Z? such that z is orthogonal to p;, but not to p,. Write p; = (Z)
The set of integer tuples orthogonal to p; is the set of multiples of p; := (_ab), and these
vectors are not orthogonal to py precisely when det(p) # 0. We assume this holds and obtain
the following sum as the contribution to U:

det(, pg (11, p2)e(k{p1, v))
(27i) (97i)2+d Z Z k(- det p)iHd—r
EAs

Here we have written t' = t/|Q(—b,a)|. Taking the limit as t — oo and applying (4.6), we
obtain the value

(71, p2) B2+d(<ﬂfa“>)
— det(1y, p2 Zdet P . d+2) €Q, (4.59)

giving the term on line (4.53). Similarly, one finds that the contribution to ¥ of the z € Z?
not orthogonal to p; but orthogonal to p, is given by the term (4.54). Finally, we note that
there exist z € Z? — {0} orthogonal to both p; and p, precisely when det(p) = 0. When this
holds, we have seen that the terms above offer no contribution to ¥, whereas the contribution
of these z to ¥ is calculated to be (4.55). O

For an integer matrix p and v € Q?/Z?, define the Dedekind sum

Dr.s(p,v) :=sgn(det(p Z B s(p~ (v +w)),

weZ?/pZ?

with the convention that this value is zero if det(p) = 0. The main term (4.52) in Theorem 4.9
can be written succinctly as

d
Z P, (p)@1+r,1+d—r (p,v).
r=0
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We conclude this section by giving a similar formula for the /-smoothed cocycle ¥, €
ZNTo(€), My). Given Ay, Ay € Ty(£), let p; denote the first column of A; and write p =
(p1, p2). Since each A; € I'y(¢), the matrix

Pe = %Wﬂ

has integer entries. The matrix py is simply the matrix of first columns of the matrices
Al = m Ayt Define the f-smoothed Dedekind sum

Dy (p,0) = Drs(pe, mv) — (771D, (p, v). (4.60)
Theorem 4.10. Let P be homogeneous of degree d. We have

d
\P(AlaA2 PU ZPT '@errler 7"(107 ) (461>
r=0

Proof. Recall the definition of ¥, from (4.49). The right side of (4.61) is the contribution
of the main terms of W(A;, Ay) and W(A}, AS) arising from (4.52). The ¢-smoothing cancels
the other terms. This can be shown directly from the formulas (4.53)—(4.55), but we provide
another, more conceptual argument.

Consider the 4 pairs of tuples e = (e, e2) with e; = 1,2. Let X (e) denote the set of pairs
z € Z* — {0} such that for 7 = 1,2, the first column of A; not orthogonal to z is the e;th
one; define X'(e) using A}, A) similarly. The pair e = (1,1) corresponds to the main term.
We will show that for e # (1, 1), the contribution of the X (e) to ¢ - W(A;, As) cancels the
contribution of the X'(e) to W(A], A}). Indeed, the map

w2 = (x,y) — zmg = (lx,y)

gives a bijection between X'(e) and X (e). (Exercise: Prove this fact. The only non-trivial
part is surjectivity; this is where one uses e # (1, 1) and the fact that A; € T'9(¢).) Under this
bijection, the terms in the definition of W(A, A}) and ¢ - W(Ay, Ay) (see (4.46) and (4.48))
match up for z € X'(e) and zm, € X(e); writing (r,d—r) = (r1,72) and X(r,e) == >, _ 7,
we have:

Pl(o") = Po(o) - 750,

r

(2,0l = (zmp, 04) ?f e # 1
W emp,o0) ife; =1,

det(o') = ¢1=# =1 det (o).
Combining these equalities gives for z € X'(e):

d

Fi(e') det(o")e((z, m0) _, | zd: o) det(o)e({zm, v))
Z’irg, 1+r

2 (ol (2 oy T 2 =

(]

Summing over z € X'(e), the terms from X’(e) and X(e) cancel out as desired. (In the
application of (4.46), we must use Q(z) on the left and Q(zm,) on the right and invoke the
independence of the final result on the choice of ).) O
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4.2.3 Proof of Theorem 4.7

In this section we prove that for positive integers r, s, the limit

el )

T ~S
R1%9

By s(Q,v) = tliglo(ZM)_r_s g
2€Z2
[Q(2)|<t

has the explicit evaluation ) 3
BT(Ul)BS(UQ)
rls!
under the assumption v € ¥V when r = s = 1. We first remark that the desired evaluation

holds easily using Eisenstein summation, i.e.

Bry(v) = (4.62)

lim ~ <lim i, (27TZ'>T5€(<Z,U>)) _ B, (v1)Bs(vy)

M—o0 N—oo ZIZ; 7”!8!
z21=—M z20=—N

by (4.6). Our summation method using @), however, significantly complicates the situation.
Instead of directly calculating 4, 5(v), we will study for (u,w) € Q? the limit

Zrs(u,w, Q) == lim Z, L

fmreo 2€Z2 4 (u,w) 2{25
Q=)<
We can then recover %, s(v) by the formula
N ai+ by
B (4@ = Nr) S () AL 49 )

1,j=0

Without loss of generality, fix u,w such that 0 < u,w < 1. Denote by L the set of pairs
(z,y) € Z* + (u,w) such that zy # 0. For a positive real number ¢, let

X(t)={z€R?:|Q(2)| < t}.

We partition X (¢) into its “symmetric part” S(¢t) and “asymmetric part” A(t) as drawn in
the diagram below.
In inequalities,

S(t) == {(z,y) € R”: |Q(z,y)| < t,1Q(x, —y)| < t}
At) = {(,y) € R*: |Q(z,y)| < t < |Q(z, —y)[},
X(t) = S(t) U A(2).

Write X (¢, L) = X(t) N L, etc. With the exclusion of points near the boundary or near the
axes, we can associate to every point

(z,y) = (p+u,q+w) € S(t,L),  (p,q) € Z°,
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Figure 4.1: The symmetric part S(t) and asymmetric part A(t) of X(t)

three other points in S(¢, L), namely
(—p+u,qg+w), (=p+u,—q+w)(p+u—qg+w).

The contribution to ., s(u,w) of these four points is O(p~2¢2). For example, if r = s = 1,
the sum of 1/xy over these four points is

4uw
(u? = p?)(w? — ¢)’

and our claim is even easier to prove if r or s is greater than 1. Thus the contribution to
Zr.s(u,w) provided by S(t, L) is an absolutely convergent sum (we leave as an exercise the
verification that the sum of the excluded points “near the boundary or axes” is absolutely
convergent as well). In the limit, S(¢) encompasses the whole plane, so the limit as t — oo
may be computed over any region that is symmetric with respect to the axes and in the limit
covers the entire plane. In particular, if we choose to sum over the boxes

{(z,y) € R [z],Jy| < t},

we obtain the Eisenstein sum:
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where ¢, are the periodic functions®

It remains to deal with the sum over A(t, L). Let us first treat the case r = s = 1. We

have
DT T R
-2 -
eoeaen ™ U epeanin Y

Interpreting the right side as a Riemann sum, we recognize the limit as ¢ — oo as the integral

Ip = / dady (4.64)
A1) LY

The key point in this argument is that the improper integral I converges absolutely (ex-
ercise), whereas the same is not true for the integral over X (1); this explains the need to
extract the symmetric region S(t) from X (¢).

A key component of Sczech’s thesis is the determination of the integral I. Incredibly,
the integral always has the value 0, 72, or —72, depending on ).° For our purposes, we will
not need the exact value of I, but only the fact that it depends only on () and not on the
pair (u,w). We have shown that

A1(u,w, Q) = c1(u)er (w) + 1. (4.65)

If (r,s) # (1,1), then a similar argument applies, but we must be careful to deal with the
fact that the integral [ A1) dzxdy/(x"y®) does not converge because of the singularities on the
axes. We fix an € > 0 and let

A(t) :={(z,y) € A(t) : |z] < et or |y| < et}.
An elementary estimate shows that

. 1
m Y =0

(z,y)€Ac(t,L)

if (r,s) # (1,1). On the complementary region A.L(t) = A(t) — A-(t) we have

1 1 1 1
_ Loy _ 4.66

Z :L»Tys tT+5—2 t2 wrys ( )
(zy)eAL(t,L) (z,y)€AL(1,1 L)

8For u ¢ Z the c, have expressions in terms of standard trigonometric functions. For example, c¢;(u) =
mcot(mu). We have -Lc,(u) = —re,41(u), hence co(u) = 72 sin™?(ru). For u € Z, we have ¢,(Z) = 0 for r
odd and ¢.(Z) = 2¢(r) for r even.

9More precisely, factor Q(z,y) = c(ax + y)(a’z + y). Then Ig = (sgn(a) + sgn(a’)) - w2/4.
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Figure 4.2: Excising the portion of A(t) within et of the axes

The sum in parenthesis can again be recognized as a Riemann sum whose limit as t — oo is
the convergent integral [, ,, dzdy/(2"y®). The extra factor 1/¢""*72 causes the value (4.66)
to vanish as t — oo when (r,s) # (1,1). Therefore for (r,s) # (1,1), we have

yr,s(ua w, Q) = CT(U)CS(U)). (467)

The desired result (4.62) now follows from (4.63), (4.65), and (4.67) using the Fourier
expansion (4.6) of the periodic Bernoulli polynomials. Note in particular that in the case
(r,s) = (1,1), the terms involving I cancel in the sum over all 7,7 in (4.63), since (a,b) &
NZ2, ie. since v # 0 in (Q/Z)?. Our calculation holds with an extra term involving I in
the case v = 0, r = s = 1. It is possible to make a cocycle that includes the possibility
v = 0, but the module of coefficients M must be enlarged to allow for the mild dependence
on () caused by the term Ig. This is discussed in greater detail in Section 4.5.

4.2.4 The cocycle properties

In this section, we prove that ¥ € Z!(T', M). The T'-invariance property of ¥ is easy to
verify.

Proposition 4.11. For v,A;, A, € ', P € P,v € V, we have
W (yA1, 7 A)(Pv) = (A, Ag)(Y' Py ™M),
Proof. The I'-invariance property

V(yAL, YA (P, 2) = w(AlaAQ)WtP, z7) (4.68)
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follows directly from (4.48). The desired result now follows from the definition (4.46) and
the fact that the value of U is independent of the @ used to define it (use Q(z) on the left
and Q(zy~!) on the right). O

The cocycle condition is more interesting.

Proposition 4.12. For Ay, Ay, A3 € I, we have
\D<A1, Ag) - \I/(Al, Ag) + \I/(AQ, Ag) - 0

Proof. Given fixed z € Z* — {0}, the contribution of z to U(A4;, A;) is a constant (depending
on z but not the A;) times ¢(A;, A;)(P, z). Therefore it suffices to prove that

(Ar, A2)(P, 2) — (Ar, A3)(P, 2) + (Az, A3)(P, 2) = 0. (4.69)

We stress that it is crucial in this argument that region of the sum, namely |Q(2)| < t, is
independent of the A;.1°
For each matrix A; we let o; denote the first column not orthogonal to z. Equation (4.69)

for P =1 reads:
det(o1, 09) _ det(o1,03) N det (o9, 03) _o (4.70)
<Z701><Z702> <Z701><Z7U3> <Z702><Z703>
We will prove (4.70) for all 2 € R? such that the denominators do not vanish; equation (4.69)
then holds for general P by applying the differential operator P(—0,, —0,) to equation (4.70),

where z = (z,y). To prove equation (4.70), note that

det((z,al) (2,00) <z,o—3>>:O

01 02 03

since the first row is a linear combination of the last two. Dividing by [[>_,(z,0;) gives the
desired result. ]

We have proven that ¥ € Z'(T', M); as mentioned before, this implies formally that
U, € ZYTo(l), My).

4.2.5 Relationship with zeta functions

In this section, we prove that with Sczech’s definition of the Eisenstein cocycle, Siegel’s
formula still holds. First we need a lemma. Let 0 € My(R) have nonzero columns oy, os.
Let z € Z? be such that (z,0;) # 0 for i = 1,2. For a homogeneous polynomial P of degree
d, define f(o)(P, z) by the right side of (4.48):

d

PP ) = o e S

10T herefore, if one tries to regularize the sum defining ¥ by some other method, such as Hecke’s method
of multiplying by |denominator|® and analytically continuing to s = 0, then this proof of the cocycle relation
would need to altered in a significant way. In our setting, the Hecke summation method does produce the
same explicit formula for ¥ in terms of Dedekind sums for v € V, and therefore gives a cocycle; but this is
a quirk for dimension n = 2 and we do not know if this fact holds for n > 3.
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with the P,(o0) as in (4.47). We mention two important features of the function f:
e The value of f is unchanged if either column of ¢ is scaled by a nonzero constant.
e For fixed P and z, f is a continuous function of ¢ on its domain in M(R).

We now fix a real quadratic field F', integral ideals a and f, and let the notation be as in
Section 4.1.3. In particular, {w}, w3} is the dual basis to the oriented basis {wy, ws} of a™'f.
Let

*

w3 w;

W = (wl wl) € GLy(R),
using our fixed chosen embedding F' C R. Recall the quadratic form P* defined in (4.20):
P*(a,y) = N(a~'f0) N(aws; + yw3).

Lemma 4.13. For every positive integer r, we have

((T‘ _ 1)])2 Nfrlerfl/Q

FOV)(PT2) = R

Proof. Tt is easy to verify that P((x,y)W?*) = zy - Na. Hence P]T’I(W) =0forj#r—1,
and P"— (W) = ((r —1)!)2Na"~! by (4.47). The result follows from the definition of P* and
the fact that det(W) = Naf~'/v/D. O

The following is Siegel’s formula using Sczech’s definition of the Eisenstein cocycle.

Theorem 4.14. Let v, P and v be defined as in (4.16), (4.17) and (4.18). For any positive
integer r, we have

Cryrr(0a, 1 —1) = U(1,9)(P 1 v).

Proof. In view of the proof of Theorem 4.1 (and maintaining the notation there), we must
prove the analogue of equations (4.21)—(4.22) for the cocycle ¥, namely

(2mi) (1, 7) (P 0) = Nf T DT V2((r = D)D2C(P*, ", 0,7). (4.71)
Here the right side was defined in (4.23) for » > 2 and in (4.25) for r = 1.
Now .
-\ 27 r—1 1 r—1
(27’(’2) \11(177)(P 77}) - tllgt %:2 ¢(177)(P 72)6(<27U>)' (472)
QG| <t

Let us choose (Q = P* in this limit; this choice implies that the region |Q(2)| < t is preserved
under the right action of v on the row vectors R?. Furthermore, since yv = v (mod Z?),
the value of e((z,v)) is preserved under this action. We therefore let D, denote a set of
representatives for the right action of v on {z € Z? — {0}: |P*(2)| < t}, and write the sum
in (4.72) as

o0

S elfen) 30 el P ). (473)

2€D¢ k=—00
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Using the cocycle properties (4.68) and (4.69) of ¢ and the fact that v*P = P, the inner
sum in (4.73) can be recognized as the limit as N — oo of a telescoping sum:

N N
R TR0 10 e ) S G At Tt (T 0 )
k=—N+1 k=—N+1
N
= > eGP )

= (v N)(P, 2). (4.74)

Let 7,, denote the first column of v". For z fixed, it is clear that 7, and 7_y are not orthogonal
to z for N large enough (in fact, (z,7,) = 0 for at most one value of n). Therefore, if we let
ay denote the matrix with columns (7_, 7y), then the right side of (4.74) may be written
f(an)(P, z). Now we use the two properties of the function f noted earlier. One checks that

N x ON-— /7%

= (wi) L2 (ﬂ) (4.75)
N — 2N x

v = (ﬁ) L2 (wi), (4.76)
W1 Wy W1 Wy

Since the function f is invariant under scaling of columns, we replace ay by the matrix
whose columns are given by the expressions on the right in (4.75), (4.76). By the continuity
property of f, we see that the limit as N — oo is simply f(W)(P, z) since 0 < £ < 1. Using
Lemma 4.13, we obtain that the value of (4.73) is equal to

((r = D2 Npipre § Az ) (4.77)
P+ (Z)T
2€Dy
For r > 1, the sum in (4.77) converges absolutely over all z € (Z? — {0})/7, so the limit as
t — oo is equal to ((P*,v*,v,r) by definition (see (4.23)). For r = 1, write ((P*,~*,v,1,s)
(see (4.24)) as a Dirichlet series Y - | a,n *. By definition of D;, the limit as ¢ — oo of the
sum in (4.77) is the (only conditionally convergent) sum Y~ | a,; meanwhile ((P*,v*, v, 1)
is defined to be the value of the analytic continuation of > a,n~* at s = 0. By the version
of Abel’s Theorem for Dirichlet series (see [25]), these are equal. Therefore we obtain the
desired equality (4.71) for all positive integers r. The proof now follows the remainder of the
proof of Theorem 4.1. O

4.3 Integrality of the /-smoothed cocycle V,

In this section, we prove the integrality property stated in Theorem 4.4 for the /-smoothed
cocycle Uy, using Szcech’s definition of W. The idea of ¢-smoothing Sczech’s cocycle was
introduced in [5]; the contents of the rest of this chapter (except Section 4.5.1) are drawn
from that paper.

Recall the definition of the integral subspace Hy(T'o(¢), M} )int given in (4.39).
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Theorem 4.15. We have
([T, [C)) € Z[3]

fOT’ any [C] € Hl(FaME/)inb

Theorem 4.15 will be proven over the next three sections. As noted in our discussion
of the modular symbol definition of ¥, in Section 4.1.6, Theorems 4.14 and 4.15 imply the
integrality result for partial zeta functions stated in Theorem 4.6. We restate the result
below.

Theorem 4.16. For integers r > 1, we have

Cr/prr(0a, 1 —1) = Wy(1,7) (P71 v)
= ([, [Cro.]) € Z[7].

4.3.1 A decomposition of the /-smoothed Dedekind sum

We will prove Theorem 4.15 using the formula for ¥, given in Theorem 4.10 by decomposing
Qﬁs(p, v) into a sum of terms that individually share an analogous integrality property. To
this end, fix a linear map L € Hom(Z?, F,) such that L(é), L((l)) are nonzero. For v € R?—Z2,
z € Fy, and positive integers r, s, define

B (@) = Byolz) - S B, (x—zy> , (4.78)

yeFe2
L(y)==

where the summation runs over all y € F? such that L(y) = z. Note that ,%’TL”SZ depends on
x mod (Z? rather than mod Z2, since the summation over y is restricted. It satisfies the
following distribution relation for integers N relatively prime to £:

k
a0 =Nt Y () (4.79
ke((Z/ENZ)?

As in the previous section, consider Ay, As € I'g(¢) and let p denote the matrix consisting
of the first columns of Ay, Ay. We assume that det(p) # 0 since otherwise 2/, (p,v) = 0.
Recall the notation p, = m,¢~'p. Let R denote the first row of p and define L(y) = (R, y)
(mod ¢). Our desired decomposition is:

Lemma 4.17. Let {x = (z1,29)} C Z? denote a set of representatives for Z*/p,Z?. We
have

P} (p,v) = sgu(det(p)) Yy By (0 (x + mev)). (4.80)

T

Remark 4.18. One easily checks that the summand in (4.80) is independent of the choice
of representative x € Z? for each class in Z?/p,Z>.
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Proof. The map (x,y) — 2z = 7, 'x + £~ py induces a bijection between Z?/p,Z? x 7> /(7>
and 7, 'Z?/pZ*. Furthermore, under this bijection

L(y) = —x; (mod /) <= z € Z°.
The result follows immediately from the definitions (4.60) and (4.78). O
From Theorem 4.10 and Lemma 4.17, we find:

Proposition 4.19. We have

Wy( Ay, Ap)(P,v) = sgn(det(p Z P) D B (o (x4 ). (4.81)
r=0

$€Z2/p£Z2

In the next section, we demonstrate an integrality property of the individual terms in the
sum over x in (4.81) when d = 0. The integrality of ¥, in general will follow by bootstrapping
from this base case.

4.3.2 The case d =0

The following “cyclotomic Dedekind sum” attached to a real number x will play an important
role in our computations. Define

B™(z,7) = i: e(%)él(x ; m) (4.82)

m=1

for any x € R and r € F. The periodic Bernoulli polynomial B, was defined in (4.5). We
leave the proof of the following lemma as an exercise.

Lemma 4.20. The value of the cyclotomic Dedekind sum is given by

By (x,r) = ((%) )1 5 —e <—%> : (4.83)

where 6, = 1 if v € Z and o, = 0 otherwise.

The following is the aforementioned integrality property of the individual terms in (4.81)
when d = 0.

Proposition 4.21. Let v € Q?, x ¢ Z2. The quantity By (x) lies in 3Z[3], and lies in 1Z
if £ > 3. Furthermore, these statements both hold without the factor % if meither coordinate
of x is an integer.

Proof. This proof follows the argument of [11, Sect. 6.1]. We begin by relaxing the restricted

summation. Since the map
—
1
iy (M)
k=0
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is the characteristic function of the kernel of L, we obtain

B (x) = — § Se (W) B, (x :Z y) . (4.84)

k=1 yeF?

Note that the term k& = 0 cancels the leading term of %’TLSZ using the distribution relation for
B,.s. Write L(z;) = a1y1 + agys. Specializing to (r,s) = (1, 1), the sum (4.84) decomposes

09 £ (2)el52)

k=1

—1 2 kaj[z;]
; kz e(—=42%) by ka;x;
#i(@) =~ 6(‘7>H<W+76(‘ e))
1 7=1 l

k=
—2—L([z])
e( )
= —Tr £ 4.85
Q(pe)/Q ((6(%)—1)(6(%)—1)) ( )
5. o(2LleD) 5, NESGIN
— 5 o)/ <—e(%) —1 | — 5 Tawe roEvl (4.86)

Note that there is no “fourth term” since x € Z?, so 0,,0,, = 0. The traces in (4.85) and
(4.86) clearly lie in Z[7]. Furthermore, since ¢, — 1 has (-adic valuation 1/(¢ — 1) for any

primitive ¢-th root of unity (,, the expression in (4.85) has denominator at most (71 and
the traces in (4.86) have denominator at most =y O

4.3.3 Proof of Theorem 4.15
We are now ready to complete the proof of Theorem 4.15. If
C=([A1] = [A2]) ® 1,0 € It ® MY/
with A7'v = A;'w, then the desired result
([Wel, [C]) = We(Ar, A2)(1,v) € Z[g]

follows, up to a factor of 1/2, from Propositions 4.19 and 4.21. We will first show how to deal
with the nuisance factor 1/2. Then we will show how to generalize from P = 1 to general
P. The first problem is dealt with using the following lemmas; the main idea is to represent
any class in Hy(T'o(£), M}/ )int with a cycle such that in all applications of Proposition 4.21,
none of the coordinates of z is integral.
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Lemma 4.22. Any class [C] € Hi(T', M} )it has a representative C that can be expressed as
a linear combination of cycles of the form

(1] =) ® epw (4.87)
satisfying conditions (4.38) and (4.39), and such that mev € V has neither coordinate integral.

Proof. By definition, a class [C] € Hy(I", M}/ )int has a representative C that may be expressed
as a linear combination of cycles

([A1] = [A2]) ® @po
satisfying (4.38) and (4.39). This cycle is equivalent modulo the action of I'y(¢) to

(=1 ®@@apate (4.88)

where v = A7'Ay. The element (4.88) still satisfies (4.38) and (4.39). Let us therefore
relabel (A} P, A;'v) as (P, v), with v satisfing 7/P = P and y~!'v = v. The lemma is proven
unless one of the coordinates of m,v is integral. To handle this situation we use a trick. Note
that for any g € I'g(¢), we have

([ = 9] @ ppw = (7] = [vg]) @ wpy
in (Irye) ® My )1y, and hence

(1] =) ® ppo = (lg] = [v9]) ® P
=[1] = [9779] ® pgpgto- (4.89)

The right side of (4.89) satisfies (4.38) and (4.39), and we will show that it is possible to
choose g such that g~'v has neither coordinate integral. We are given that v € V,, so either

: : : : 1
lvy or vy is not integral. If vy is not integral, then g = ( 0

1 1) has the desired property, and

if fv; is not integral, then g = (é ?) has the desired property. O]

Lemma 4.23. Consider a cycle

(1] = ) @ epo
satisfying conditions (4.38) and (4.39), and such that mev € V has neither coordinate integral.
Then neither coordinate of y is integral for all y € ,OZI(ZQ + mev).

Here, as usual, p, denotes the matrix containing the first columns of the matrices 1 and
—1
YT, .

cl d 0

(mod Z), so ys & Z. Write v/ = (CCL bj

Proof. If v = (a b), then p, = (1 z) We have mv € py(y)+2Z>. In particular, vy = cyy

= mpym, ' Since 7/ (mv) = mv (mod Z2), it follows

d 1

that mv € (7)) tpe(v) + Z2. Since (v) tpr = (—c 0

1 € 2.

), we find vy = —cy; (mod Z), so
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We can now prove Theorem 4.3.3 in the case P = 1. Lemmas 4.22 and 4.23 allow us to
consider cycles of the form C = [1] — [y] ® ¢y, such that for all y € p, ' (Z* + mwv), neither
coordinate of y is integral. Propositions 4.19 and 4.21 then yield:

Proposition 4.24. Given a cycle
C = ([A1] — [A2)) ® 1,0 € Ir @ MY,

we have that
([Te], [C]) = We(As, Ag)(1,0)
lies in Z[%], and in fact lies in Z if £ > 3.

Now we move on to the generalization from P = 1 to P of larger degree. We will show
that for [C] € H(T', M}/ )int, the value ([¥,], [C]) lies in Z, for each prime p # /.

Proposition 4.25. Let x € Q? and let p # ¢ be a prime number. Let 0 < r < d be integers.
There exists an integer € depending only on d, ¢ and the denominator of x, such that for all
integers M > ¢ we have the following congruence between rational numbers:

Md, .y | gLz T\ _ gLz L ajzg " M—¢
pr il d =) By g, o ) = By s 7 mod p*' "°Z,. (4.90)
Before proving Proposition 4.25, we show how it enables the proof of Theorem 4.15.

Proof of Theorem 4.15. Lemmas 4.22 and 4.23 allow us to consider cycles of the form C =
[1] — [7] ® ¢p. satisfying (4.38) and (4.39), such that for all y € p,;'(Z? + mw), neither
coordinate of y is integral. We recall Proposition 4.19:

(Wil [C]) = (L, 7) (P, v)

= sgn(det(p Z P) D B v (o (x4 mew)). (4.91)

r=0 I€Z2/p[ZQ
For each x in the sum in (4.91) we let y = pz_l(a: + mpv) and note that y has the property
oy ev+3ZZm (4.92)

Fix a prime p # ¢. For each y we let € be as in Proposition 4.25 and fix a positive integer
M > e4ord,(d!). Applying the distribution relation (4.79) we replace the term 2y rtrd—r(Y)
n (4.91) with

y+k
Md Z ‘%l—l—r 1+d— 7‘< M )7 (493>

ke(0Z)tpM Z,)2 p

where 2 = —p Mz, (mod ¢). By Proposition 4.25 and the choice of M, the quantity in
(4.93) is congruent modulo Z, to

: >, % (y+k> (Y1 + k)" (g2 + k)"

I(d — r)! d
ri(d —)! ke((Z/tpM Z)2 ¢
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Plugging this expression into (4.91), we note that each coefficient in lies in Z,, and

Pr(p)
H(dr)1E
hence W,(1,v)(P,v) is congruent modulo Z, to

k P.(o L+ k) (e + k)47
3 p () e

T ke(Z/tpMZ)?

By the definition (4.47), the sum over r in (4.94) is equal to P (M), which by (4.92) and
the property

Pv+1Z®Z) C Z[}]
given in (4.39) lies in Z,. Therefore, by Proposition 4.21, each term in (4.94) lies in Z,, and
the theorem is proven. O

Proof of Proposition 4.25. As in the classical Kubota—Leopoldt construction of p-adic L-
functions over Q, the proof relies on the fact that the Bernoulli polynomial By (x) begins
k

—rFt (4.95)

By(z) = 2" — i

We recall equation (4.84):

-1
. —Zz r+y
‘%f-f—r 1rdr( E : e ( )) B +d—r ( 7 ) . (4.96)

=1 y€eF,

At the expense of altering z, we may translate by an element of pMZ" and assume
that x/p™ belongs to [0, 1)?. Furthermore, for each class in F we choose the representative

y € Z* with 0 < y; < ¢ — 1. Suppose that r > 1. Equation (4.95) yields

i+ 1\ 1T 1
Mr pM — M (M o L M—¢
pM" B, ( 7 ) =p <—£ ) +(1+7) < 7 > (—g 2) mod p"' ~°Z,,

where ¢ depends only on r, ¢ and the power of p in the denominator of x;. Write L(g;) =
ka1y1 )

ary1 + asye, and multiply the previous congruence by e(*4%). Summing over all 0 < y; <

¢ — 1, the leading term of the right side vanishes and we obtam

. kayy; \ = ot u
() (7)-

y1€F,

o) (5 (257) s ni

y1€Fy

(4.97)

with both sides lying in p=Z,[(,]. Of course, if 7 = 0 then this congruence holds tautolog-
ically. Let us now multiply this congruence by the analogous one with r replaced by d —r
and (z1,y1) by (22, 12).

Multiplying by —e(—kz/¢) and summing over k = 1,...,¢ — 1 gives the desired result
by using (4.96) on both sides of the congruence (after dividing by (1 + r)(1 + d — r) and
increasing ¢ accordingly). O]
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4.4 Applications to Stark’s conjecture

In this section we interpret the cocycle ¥, in terms of p-adic measures and use this perspective
to prove the existence of p-adic partial zeta functions of real quadratic fields. We then use
this formalism to present a conjectural formula for Stark units in the case TR,,.

4.4.1 A cocycle of measures

Fix a prime p # £. Let A be a subgroup of Q, that is bounded in the p-adic topology (i.e.
AC #Zp for some integer n). Let Y be a compact open subset of Qg. We define an A-valued
measure on Y to be an assignment p: U +— p(U) € A for each compact open subset U C Y
such that p(UUV) = p(U) + p(V) for disjoint U and V. If E is a finite extension of Q, and
f:Y — E is a continuous function, then we can define the integral of f with respect to u
via the usual Riemann sum process as follows. Since Y is a compact open subset of QI%, it
can be written for n large enough as a disjoint union

Y = ﬂ @iy + p"Zi.

=1
Define
yn
/Y Fl@)du(e) = lim > Flapa +p'22) € . (4.98)
=1

Exercise: Prove that the limit in (4.98) converges by showing that the sequence of partial
sums is Cauchy, and show that the limit does not depend on the “test points” a;, € Y
chosen in the open sets a; ,, + p”ZZQ,.

Let M(Y) denote the Q,-vector space of measures on Y that take values in some bounded
subgroup of Q,. Given a g € M(Y) and a matrix v € SLy(Z,), we obtain a measure
T € M(YY) via (yp)(U) := p(y~'0).

Given Ay, Ay € To(¢) and v € Vy, we define a 1Z[}]-valued measure 14(A;, A5)(v) on

YU::v—i—Zf)CQf,

as follows. Let p denote the matrix whose columns are the first columns of A, Ay. If
det(p) = 0, then py(A;, A2)(v) is the 0 measure. Suppose that det(p) # 0. A vector a € Z?
and a nonnegative integer r give rise to the compact open subset

a+ pTZ]% C Z;.

These sets form a basis of compact open subsets of Zg, and hence their translates by v form
a basis of compact open subsets of Y,. We define py, by applying ¥, with the constant
polynomial P = 1:

1AL, A)(0) (0 + a+ p'Z2) = Wy(Ay, Ay) (1, “; “) €zl c iz, (4.99)
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It is easily checked that this assignment is well-defined, and that the distribution relation
for ¥, implies the necessary additivity property for .

Let M, denote the space of functions that assigns to each v € V, a measure a(v) €
M(Y,), such that the distribution relation

Z a(%—l—w) = a(v)

we(+Z/Z)?

is satisfied for each positive integer N relatively prime to p. Exercise: show that p,(Aq, As) €
M.

Proposition 4.26. The function p, : To(€)* = My, is a homogeneous 1-cocycle.

Proposition 4.26 follows directly from the fact that ¥, is a cocycle; we leave the proof
as an exercise. The following theorem shows that the cocycle ¥, can be recovered from the
cocycle of measures y; in other words, the cocycle U, specialized to P = 1 determines its
value on all P € P.

Theorem 4.27. For any P € P we have

U, (Ay, Ag) (P, ) :/ P(z) due(Ay, Ay)(v)(x). (4.100)
Proof. It suffices to prove the result when P is homogeneous of degree d. We follow closely
the proof of Theorem 4.15. It was shown there (see (4.94)) that there exists an integer
such that for each positive integer M > ¢, the quantity W,(A;, Ay)(P,v) is congruent to

S D D (y;—Mk) P (M) (4.101)

T ke({Z/tpMZ)?

modulo pM~¢Z,. Here x sums over representatives in Z? for Z2/p,Z? and y = p; 'z + p~Hv.
The + sign is sgn(det(p)). The expression (4.101) is simplified with a change of variables.
Let j run over arbitrary representatives for Z2/p™Z? (i.e. not necessarily divisible by £) such
that j = k (mod p™), and let u = z + p,(j); the expression (4.101) is congruent modulo p™
to:

_ P —1y
n Z %i,l—p Moy (pﬁ (u) —J‘;U U) P(We_lu +v). (4.102)
ueZQ/pMngQ p

Let us meanwhile evaluate the Riemann sums approximating the integral on the right
side of (4.100). There is a 9, depending on the powers of p in the denominator of P(v), such
that for M large we have

/ P(z) du(z) = Z P(v+j)uv+j+pMZ) (mod pM°Z,)

? JE(Z/pMZ)?

_ ot ot (o0
= > PWw+)7, (,o, pM). (4.103)

Jje(Z/pMZ)?
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As j runs over (Z/p™Z)?, let k run over representatives for Z2/p™Z? such that k = mj.

An argument similar to the proof of Lemma 4.17 shows that

v+7 —z—p—M HE) + p Y
@f,l(Pa pM): Z ‘@L o k(el(Z)WLpZ() P .

M
2€Z2 [pyZ? p

Substituting this expression into (4.103) and using the change of variables u = p z+k shows
that the integral is congruent to (4.102) modulo p™~™>{=4}  Taking the limit as M — oo,
the result follows. O

As before, it is convenient to express our results in terms of the natural pairings between
cohomology and homology. Let M,/ denote the Z,-dual of My, which is endowed with the
dual action of I'y(¢). As in Section 4.1.5, there is a natural pairing

H1<F0(€),M@7p) X Hl(FO(E),sz) — Zp

given by

(I [ D004 = (s © 9] ) = D elpAr, A2))

An element v € V,; and a continuous function f: Y, — Z, and a give rise to an element
P10 € MY, defined by

i /f Ydu(z) where p = a(v). (4.104)

If a polynomial P € P and v € V, satisfy the integrality condition (4.39), then P viewed as
a continuous function on Y, has image contained in Z,. Combined with (4.104) this induces
a natural map

Hy(Do(£), M )iy — H1(To(£), M[,). (4.105)
([A1] = [A2]) @ opo — ([A1] = [A2]) @ P

Theorem 4.27 implies that for [C] € Hy(To(€), M} )int, we have

(Wil [CT) = ([uel, [DD), (4.106)

where [D] denotes the image of [C] under (4.105).

4.4.2 p-adic zeta functions

We now return to the setting of a real quadratic field F'. Let a be an integral ideal of F
and let ¢ be an ideal of norm ¢ such that (ac,f) = 1. Let S and T be finite sets of primes
of F' as before, and assume that S contains all the primes of F' lying above p. We will use
the p-adic measures defined above to construct the p-adic zeta functions associated to the
extension K/F.
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Theorem 4.28. Fiz K/F,S,T, and p as above. Let 0 € G = Gal(K/F). There exists a
unique Zy-valued analytic function Cx/psrp(0,s) of the p-adic variable s € W such that

gK/F,S,T,p(Ua 1—r)= CK/F,S,T(O'a 1—r). (4.107)
for all positive integers r.

The special values of the classical zeta function on the right side of (4.107) lie in Z[4] C Z,
by Theorem 4.6.

Proof. First we note that it suffices to consider the case where f is divisible by all primes of
F above p. Indeed, if we let g denote the least common multiple of § and the primes dividing
p, then the p-adic zeta functions for K/F' and K;/F are related as follows:

Ck/PSTp(0,5) = Z Ciy /P51 p(T, 8)- (4.108)

T€Gal(Kg/F)
T|K:o'

The analogous equation for the classical partial zeta functions follows from the condition
that S contains all the primes above p.

Therefore, suppose that f is divisible by all primes of F' above p. Fix a relatively prime to
f and p such that o, = 0. Let P,v, and y be as in (4.40)—(4.41). For any x € Z™ the quantity
P(v+ x) is the norm of an integral ideal of F' relatively prime to f. Since f is divisible by all
the primes above p, this quantity is an integer relatively prime to p. By the continuity of P,
we find that

Plv+x) € Z;

for all x € Z;.
We define a p-adic analytic Z,-valued function on Y, x W:

flx,s) = P(x)*.
The function f in turn yields a p-adic analytic family of cycles
Ds = ([1] - [7]) ® SOf(—,S),”U
giving classes [D,] € H1(I'o(¢), M/,). We define an analytic function (x/rs1p(0,5): W — Z,
by:
Cx/rsrp(0,s) = ([pe, [Ds]) (4.109)

_ / P(x)~*dp( Ay, Ay)(v)(x). (4.110)

v

If r is a positive integer, then the image of Cp,, = ([41] — [A2]) ® ppr-1, under (4.105) is
D;_,. Therefore, we find from (4.106):

CK/F,S,T,p(@ 1 —7) = ([1e, [D1-+])
= ([¥e], [CPu.])
= CK/F,S,T(Ua 1—7).

This is the desired interpolation property of our p-adic zeta function. O
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Note that the meromorphic function (x/ps,: W — Qp, mentioned in (2.5) can be defined
by choosing the set 7' = {¢} such that ¢ splits completely in K, and letting

Cr/pstp(0,8)

ST (4.111)

CK/F,S,p(O-a S) -

Exercise: Show that (x/r,s, has the desired interpolation property (2.6) and that (4.111) is
independent of the choice of T'.

4.4.3 A conjectural formula for Stark units

We finally come to the climax of our discussion of the Eisenstein cocycle—a conjectural
formula for Stark units in case TR,. Recall that K is the narrow ray class field of conductor
f of F'. To simplify notation, we assume that the rational prime p is inert in F', and satisfies
p =1 (mod f). This implies that p splits completely in K. The general case—in which p is
replaced by an arbitrary prime ideal p and K is replaced by its maximal subfield in which p
splits—is similar, but notationally more complicated.

Denote by X := Zg — pi) the set of primitive vectors in ZIQ,.

Proposition 4.29. With notation as above, we have

CK/F,S,T,p(O'a,S):/XP(x)sdug(l,’}/)<v)($). (4.112)

Proof. It is possible to prove this directly from our construction of (x/ps7,(0q,5) using
(4.108). However, we sketch a shorter argument. Let R = S — {p}. Since p splits completely
in K, we have

Cr/rs (00, 8) = Cryrrr(0a, $)(1 — p~>°) (4.113)

for s € C. Let s = 1 —r, with r a positive integer. We will express the zeta value in (4.113)
as an integral against the measure p using Theorems 4.16 and 4.27. Note that Y, = Zf7
since (f,p) = 1. We have:

Crppnin(0m 8) = / P(x)~*due(1,7)(0) () (4.114)

z;

and

p_QSCK/F,R,T<Uaa3) :/ P(px) *dpe(1,7)(v)(x)

z;

:/z P(z) " dpe(1,7)(v)(z). (4.115)
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The last equality uses the fact that pv = v (mod Z?), which holds since p = 1 (mod f).
Combining (4.113)—(4.115) we find

Gigrsir(oass) = [ Pa) *dua(1,2)(0)(a). (4-116)

X
Now the left and right sides of (4.112) are continuous functions on W that agree with the
left and right sides of (4.116) on the dense set of s = 1 —r, for positive integers r. Therefore
they agree as functions on W. m

Note that by specializing (4.112) to s = 0, one finds that p(1,7)(v) has total measure 0
when restricted to X:

(1,7) (0)(X) = 0. (4.117)
(This is easy to prove directly as well.) Writing (4.112) using the definition of P, we have:

Cr/r,51p(00,8) = Na_s/ Ng,/qQ, (T1wr + mows) *due(1,v)(v) ().
X

Taking the derivative with respect to s and evaluating at s = 0, we obtain

§}</F,S7T7p(aa,0) = —/ log,, Np,/q, (T1w1 + zows)dpe(1,v)(v)(x). (4.118)
X

Let us fix a prime B of K above p. Gross’s Conjecture 2.3 states that the left side of (4.118)
is equal to —log, Nk, /q,(u7"), where ur is the Brumer-Stark-Tate unit associated to the
data (K/F,S,T,p,B):

2

—log, Nk, /q, (uf") = —/ log, N£,/q, (z1w1 + xaws)dpe(1, v) (v)(2). (4.119)
X

It is natural to try to refine Gross’s conjecture by simply removing the norms from (4.119).
We arrive at:

Conjecture 4.30 (Logarithmic form). We have

log,(u7") = /Xlogp(azlwl + zows)dpe(1,7)(v)(x) € Op,.

Here OF, denotes the p-adic completion of Op, and log,: ) — Op, is the Iwawasa
branch of the p-adic logarithm (log,(p) = 0). The p-unit u7" is viewed as an element of F*
viaupt € K C Ky = F,.

Conjecture 4.30 is a true strengthening of Gross’s Conjecture 2.3. Whereas Gross’s
formula for u7* has an ambiguity of multiplication by elements of norm 1 in C);’p, Conjec-
ture 4.30 only has a finite ambiguity of the roots of unity in (’);p. (Recall that the p-adic
valuation of u7* is specified by the Brumer—Stark-Tate conjecture.) Gross’s conjecture is an
equality in Z,,, whereas Conjecture 4.30 is an equality in the quadratic unramified extension

Opp.
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We now remove the logarithms from Conjecture 4.30 in order to present an exact formula
for w7*. Suppose that ¢ > 3. Using Lemma 4.22, let us assume that neither coordinate of
v € Vy is integral. Following the proof of Lemma 4.23 one finds that neither coordinate of y
is integral for y € p, (2 + m(%52)) when a € Z*. By Propositions 4.19 and 4.21, it follows
that

1(1,7)(0) (v +a+p'Z2) = Uy(1,7) (1, v;;a) €7Z, (4.120)

i.e. u(l,7v)(v) is a Z-valued measure on X.
Let O, be the ring of integers in an extension of Q,. Given a Z-valued measure y on X
and a continuous function f: X — Oy, there is a multiplicative integral defined as follows:

][ f@dpz) = lim J[ fla)?%) e 0x.
X e a€(z/p"z)?
pfa
Here f(a) denotes the value of f at any test point in the open set a+ pTZIQ,. The multiplicative
integral and the additive integral of (4.98) are related by the formula

log, (7{( f<x>du<w>) = /X log, ((2))dpu(x).

The following conjecture refines Conjecture 4.30.

Conjecture 4.31 (Multiplicative form). The element

up(a) = ptr/rrr(@a0) f (z1w1 + zowa)dpue(1,7)(v) () € Ff (4.121)
X
is an element of K C Ky = F,. Furthermore, up(a) € U, sr(K), and we have the “Shimura
Reciprocity Law:”
UT(G)U[’ = UT(OB).

Note that Conjecture 4.31 is self-contained and makes no reference to the conjectures of
Brumer—Stark—Tate or Gross. In fact, the steps we used above to motivate the statement of
Conjecture 4.31 can be easily reversed to show that this conjecture implies Conjectures 1.6
and 2.3, with u7* = ur(a). We leave as an exercise the proof of the less obvious fact that
Conjecture 4.31 implies Gross’s strong Conjecture 2.1 (see [11, Theorem 3.22]).

We conclude this chapter by formulating Conjecture 4.31 in terms of pairings between
cohomology and homology. Let M(X; Z) denote the I-module of Z-valued measures on X,
and let My(X;Z) denote the submodule of measures with total measure zero. Let C'(X)
denote the I>module of continuous functions X — O, and let Cy(X) denote the quotient
of C(X) by the subgroup of constant functions. There is a natural pairing:

My (X; Z) x Co(X) — O (4.122)

(11, f) 7{( f(@)dp(z).
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Let H'(T'o(¢), My,)mt denote the subgroup generated by classes [u] such that
p(Ar, Az)(v) € Mo(X;Z)
whenever Ay, Ay € T'y(¢) and v € V, satisfy
AT'v = A, pv=v (mod Z).

Our work above (including the application of Lemmas 4.22 and 4.23 to pass from %Z to Z)
shows that the cohomology class [p] lies in H(To(£), My, )int-
Let Vi, = {v €V, :pv =v (mod Z?*)}, and let A;, denote the I'-module of divisors on
the I'-set Cp(X) X Vi
Nip = Z[Co(X) X V).

To be consistent with our previous notation, we denote the element corresponding to the
pair (f,v) by ¢, Let Hi(To(€), Nop)ine denote the subgroup of Hy(To(¢), Ne,p) generated
by cycles of the form ([A;] — [A2]) ® ¢y, 1.e. such simple tensors such that A! f = AL f and

ATty = Ay .
The pairing (4.122) then induces a pairing:
H'(Do(€), Mep)ine x Hi(Do(0), Nep)ing —> O (4.123)

(1 (141 = 14D 9 1) — o F@)di(Ar, A0 @),
Given the setting of our real quadratic field F, it is easy to check that if
f(l'l, 1’2) = T1wn -+ ToWa,

the cycle
Cro =[] =D) ®¢ro
defines a class [Cy,| € H1(T'o(¢), Nep)int- The main part of this verification is the observation

that v'f = - f, so the functions ' f and f are equal in Cy(X). We then have the following
restatement of Conjecture 4.31:

Conjecture 4.32 (Multiplicative pairing form). The element
ur(a) = plermnr O[], [Cr.]) € F

is an element of K C Ky = F,. Furthermore, up(a) € U, s1r(K), and we have the “Shimura
Reciprocity Law:”
up(a)?® = ur(ab).

4.5 General degree

The constructions of this chapter, from Sczech’s definition of the cocycle ¥ in Section 4.2
onward, generalize to degree n > 2. Furthermore, in the description above we removed
{0} from (Q/Z)? in the definition of V to simplify matters. In this section we describe the
generalization to n > 2 and V := (Q/Z)".
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4.5.1 Sczech’s construction of ¥

Let I' = SL,(Z). Fori =1,...,m, let Q; denote a linear form in n-variables with coefficients
in R that are linearly independent over Q (in particular, all the coefficients are non-zero).
Let Q = [[2, @i, and let Q denote the I'-module of such products @, with vQ(z) := Q(z7).
In our discussion above, we considered the case m =n = 2.

For an n-tuple of matrices A = (Ay,...,A4,) and an element z € Z", let 0 = 0(A4, 2)
denote the n X n matrix whose ith column o; is the first column of the matrix A; that is not
orthogonal to z. For a polynomial P € P := Qlxy,...,x,], let

det (o)
(z,01) - (z,00)

If P is homogenous of degree d and v € V = (Q/Z)", define

V(A)(P, z) := P(=0,,...,—0,,)

VAPQu) = g i 3 U)ol (z.0).

z€ZM

1Q(z)I<t
Sczech proved that this limit exists, but its value in general depends on ) (we saw this already
in the proof of Theorem 4.7 when n = 2 and v = 0). Furthermore, its value is expressible in
finite terms as a Q-linear combination of generalized Dedekind sums. The dependence on @)
is mild—only the signs of the coefficients of Q;(zo~!) enter into the formula.

Next, we let M denote the I'-module of functions P x Q x V — Q that are distributions

in the V variable and linear in the P variable, with

(WNP,Qv) = f(Y Py Qv ).
Then ¥ is a homogeneous (n — 1)-cocycle for I' on M:
Ve z"YT,M).

Specializations of [U] yield the classical partial zeta-values of totally real fields F' of degree
n at nonpositive integers. Let a,f denote integral ideals of F' that are relatively prime. Let
{wy,...,w,} denote a Z-basis of a™'f, and define v € Q" by 1 = >, v;w;. Define P € P and
Q€ Qby

P(x) = Normp/q (i: xiwi> , Q(x) = Normp/q (i: xzw:‘> ,

=1 =1

where {w;} is the dual basis to {w;} with respect to the trace. Let {&;}7-]' denote a basis
for the (free abelian) group of totally positive units of O congruent to 1 (mod f). There is
a sign condition on the regulator of the {g;} to ensure compatibility with the orientation of
the {w;}, as in (4.13) and (4.15). Let A; € I' denote the matrix for multiplication by &; with
respect to the basis {w;} considered as a row vector. Finally, let

A= Z sgn(7)[(1, Arr), Ar()Ar@)s - - Ae()Ar(2) - - - Ar(n—1))] € Z[I"].

TESn—1
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Let K be the narrow ray class extension of F' associated to the conductor f, and let R
denote the set of infinite primes of F' and the primes dividing §. Sczech proves

CK/F,R(O-CU 1-— T) = \I/(A)(Pr_l,Q,U) c Q

for each positive integer r.

4.5.2 (-smoothing

The integrality results obtained from f-smoothing Sczech’s cocycle ¥ and applications to-
wards the construction of p-adic zeta functions and Stark units is the topic of the work in
progress [5]. The basic results are sketched here.

Let T'g(¢) C T' denote the congruence subgroup containing those matrices whose first
columns have every entry but the first divisible by ¢. Let 7, denote the n x n diagonal
matrix whose first entry is £ and other diagonal entries are 1. For P homogeneous of degree
d, define

Uy (A)(P,Q,v) = ¢* (\If(wAW[l, 7, P,mQ, ) — LV (A, P,Q, v)) )

The smoothed cocycle ¥, satisfies the following integrality property analogous to Theo-
rem 4.15:

U,(A)(P,O,v) € %zg]

if P € Z[§][z1,...,x,) and v satisfy
Pv+3Z®Z) C Z[3).

Up to the factor m2™, which we are currently trying to eliminate using arguments such as
those in Lemmas 4.22 and 4.23, this integrality property implies Theorem 4.6 of Deligne—
Ribet, Cassou-Nogues, and Barsky for the partial zeta functions of F"

Ckyrrr(00, 1 —7) € Z[%]

for positive integers r, where T' = {¢} for a prime of F' of norm /.

The arguments of Section 4.4.3 can be generalized to define a cocycle of measures 1 on
the sets Y, = v+ Z;. The cocycle p can in turn be used to produce the p-adic partial zeta
functions of F' as in (4.110):

Che st (Tas 8) i= / P(x)~*du(A)(Q, v)(x),

where S contains all primes of F' above p. Finally, we may state a conjectural formula for
Stark units in the general case TR, as in (4.30). For simplicity we assume that p is inert in
F and that p =1 (mod f). We only present the logarithmic form of the conjecture because
of the nuisance factor n2™ (note m = n for our choice of @)) that prevents the definition of
Z-valued measures.

Conjecture 4.33. Let f(z) = rqwy + - -+ + zow,. We have

log, (u3°) = /X log, (/(2))due(A)(Q. v)(x) € Oy,
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